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PEEFACE.

In offering to students and teachers a new edition of

the Elements of Euclid, it will be proper to give some ac-

count of the plan on which it has been arranged, and of the

advantages which it hopes to present.

Geometry may be considered to form the real founda-

tion of mathematical instruction. It is true that some

acquaintance with Arithmetic and Algebra usually precedes
the study of Geometry; but in the former subjects a begin-
ner spends much of his time in gaining a practical facility

in the application of rules to examples, while in the latter

subject he is wholly occupied in exercising his reasoning

faculties.

In England the text-book of Geometry consists of the

Elements of Euclid
;
for nearly every official programme of

instruction or examination explicitly includes some portion

of this work. Numerous attempts have been made to find

an appropriate substitute for the Elements of Euclid ;
but

such attempts, fortunately, have hitherto been made in

vain. The advantages attending a common standard of

reference in such an important subject, can hardly be over-

estimated
;
and it is extremely improbable, if Euclid were

once abandoned, that any agreement would exist as to the

author who should replace him. It cannot be denied that

689483



vm PREFACE.

defects and difficulties occur in the Elements of Euclid, and

that tlicse become more obvious as we examine the work

more closely ;
but probably during such examination the

conviction will grow deeper that these defects and diflB-

culties are due in a great measure to the nature of the

subject itself, and to the place which it occupies in a course

of education ;
and it may be readily believed that an equally

minute criticism of any other work on Geometry would

reveal more and gi*aver blemishes.

Of all the editions of Euclid that of Robert Simson has

been the most extensively used in England, and the pre-

sent edition substantially reproduces Simson's; but his

translation has been carefully compared with the original,

and some alterations have been made, which it is hoped
will be found to be improvements. These alterations, how-

ever, are of no great importance ;
most of them have been

introduced with the view of rendering the language more

uniform, by constantly using the same words when the

same meaning is to be expressed.

As the Elements of Euclid are usually placed ia the

hands of young students, it is important to exhibit the work

in such a form as will assist them in overcoming the diffi-

culties which they experience on their first introduction to

processes of continuous argument. No method appears to

be so useful as that of breaking up the demonstrations into

their constituent parts; this was strongly recommended

by Professor De Morgan more than thirty years ago as a

suitable exercise for students, and the plan has been adopt-
ed more or less closely in some modern editions. An ex-

cellent example of this method of exhibiting the Elements
of Euclid will be found in an edition in quarto, published
at the Hague, in the French language, in 1 762. Two per-
sons are named in the title-page as concerned in the work.
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Koenig and Blassiere. This edition has served as the

model for that which is now offered to the student : some

slight modifications have necessarily been made, owing to

the difference in the size of the pages.

It will be perceived then, that in the present edition

each distinct assertion in the argument begins a new line
,-

and at the ends of the lines are placed the necessary refer-

ences to the preceding principles on which the assertions

depend. Moreover, the longer propositions are distributed

into subordinate parts, which are distinguished by breaks

at the beginning of the lines.

This edition contains all the propositions which are

usually read in the Universities. After the text will be

found a selection of notes
;
these are intended to indicate

and explain the principal difficulties wliich have been

noticed in the Elements of Euclid, and to supply the most

important inferences which can be drawn from the propo-

sitions. The notes relate to Geometry exclusively; they

do not introduce developments involving Arithmetic and

Algebra, because these latter subjects are always studied

in special works, and because Geometry alone presents suf-

ficient matter to occupy the attention of early students.

After some hesitation on tlie point, all remarks relating to

.Logic have also been excluded. Although the study of

Logic appears to be reviving in this country, and may
eventually obtain a more assured position than it now
holds in a course of liberal education, yet at present few

persons take up Logic before Geometry ;
and it seems

therefore premature to devote space to a subject which will

be altogether unsuitable to the majority of those who use a

work like the present.

After the notes will be found an Appendix, consisting of

propositions supplemental to those in the Elements of

Euclid ; it is hoped that a judicious choice has been made
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from the abundant materials which exist for such an Ap-

pendix. The propositions selected are worthy of notice on

various grounds ;
some for their simplicity, some for their

value as geometrical facts, and some as being proI>lems

which may naturally suggest themselves, but of which the

solutions are not very obvious.

Tlie work finishes with a collection of exercises. Geo-

metrical deductions afford a most valuable discipline for a

student of mathematics, especially in the earlier period of

his course; the numerous departments of analysis which

subsequently demand his attention will leave him but little

time then for pure Geometry. It seems however that the

habits of mind which the study of pure Geometry tends to

form, furnish an advantageous corrective for some of the

evils resulting from an exclusive devotion to Analysis, and

it is therefore desirable to engage the attention of begin-

ners with geometrical exercises.

Many persons whose duties have rendered them familiar

with the examination of large numbers of students in

elementary mathematics have noticed with regret the

frequent failures in geometrical deductions. Several col-

lections of exercises already exist, but the general com-

plaint is that they are too difficult. Those in the present

volume may be divided into two parts ;
the first part con-

tains 440 exercises, which it is hoped will not be found

beyond the power of early students ;
the second pai-t consists

of the remainder, which may be reserved for practice at a

later stage. These exercises have been principally selected

from College and University examination papers, and have

been tested by long experience with pupils. It will be seen

that they are distributed into sections according to the

propositions in the Elements of Euclid on which they chiefly

depend. As far as possible they are arranged in order of

difliculty, but it must sometimes happen, as is the case
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in the Elements of Euclid, that one example prepares
the way for a set of others which are much easier than

itself. It should be observed that the exercises relate to

pure Geometry; all examples which would find a more

suitable place in works on Trigonometry or Algebraical

Geometry have been carefully rejected.

It only remains to advert to the mechanical execution

of the volume, to which great attention has been devoted.

The figures will be found to be unusually large and dis-

tinct, and they have been repeated when necessary, so that

they always occur in immediate connexion with the corre-

sponding text. The type and paper have been chosen so

as to render the volume as clear and attractive as possible.

The design of the editor and of the publishers has been to

produce a practically useful edition of the Elements of

Euclid, at a moderate cost ;
and they trust that the design

has been fairly realised.

Any suggestions or corrections relating to the work

will be most thankfully received.

I. TODIIUNTER.

St John's College,

October 1862.
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INTKODUCTOHY REMAEKS.

The subject of Plane Geometry is here presented to the

s-tudent arranged in six books, and each book is subdivided

into propositions. The propositions are of two kinds, pro-
Hems and theorems. In a problem something is required

to be done; in a theorem some new principle is asserted to

be true.

A proposition consists of various parts. "We have first

the general enunciation of the problem or theorem ;
as for

example, To describe an equilateral triangle on a given

finite straight line, or Any two angles of a triangle are

together less than two right angles. After the general

enunciation follows the discussion of the proposition. First,

the enunciation is repeated and applied to the particular

figure which is to be considered ;
as for example, Let AB

be the given straight line : it is required to describe an

equilateral triangle on AB. The construction then usually

follows, which states the necessary straight lines and circles

which must be drawn in order to constitute the solution of

the problem, or to furnish assistance in the demonstration

of the theorem. Lastly, we have the demonstration itself,

which shews that the problem has been solved, or that the

theorem is true.

Sometimes, however, no construction is required ;
and

sometimes the construction and demonstration are com-

bined.
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The demonstration is a process of reasoning in which

wo draw inferences from results already obtained. These

results consist partly of truths established in former propo-

sitions, or admitted as obvious in commencing the subject,

and partly of truths which follow from the construction

that has been made, or which are given in the supposition

of the proposition itself. The word hypothesis is used in

the same sense as sujyposition.

To assist the student in following the steps of the

reasoning, references are given to the results already ob-

tained which are required in the demonstration. Thus I. 5

indicates that we appeal to the result established in the

fifth proposition of the First Book; Constr. is sometimes

used as an abbreviation of Construction, and Hyp. as an

abbreviation of Hypothesis.

It is usual to place the letters q.e.f. at the end of the

discussion of a problem, and the letters q.e.d. at the end of

the discussion of a theorem, q.e.f. is an abbreviation for

quod erat faciendum, that is, which was to he done; and

Q.E.D. is an abbreviation for quod erat demonstrandum,
that is, which was to he proved.
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BOOK I.

DEFINITIONS.

^E 1. A POINT is that which has no parts, or which has no

magnitude.

2. A line is length without breadth.

3. The extremities of a line are points.

4. A straight line is that which lies evenly between

its extreme points.

5. A superficies is that which has only length and

breadth.

6. The extremities of a superficies are lines.

7. A plane superficies is that in which any two points

being taken, the straight line between them lies wholly in

that superficies.

8. A plane angle is the inclination of two lines to one
another in a plane, which meet together, but are not in the
same direction.

1
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9. A plane rectilineal angle is the inclination of two

straight lines to one anotlier, which meet together, but are

;iu)i in the saraer gtraigiit line.

• '•
'Not^. **Vheh Several angles are at one point Z?, any

•o;ne.of .them is expressed by three letters, of which the

•Ifeittr whicii is. Av i-^i^ vertex of the angle, that is, at the

'point at which the straight lines that contain the angle
meet one another, is put between the other two letters,

and one of these two letters is somewhere on one of

those straight lines, and the other letter on the other

straight line. Thus, the angle which is contained by the

straight lines AB, CB is named the angle ABC, or CBA ;

the angle which is contained by the straight lines AB, DB
is named the angle ABD, or DBA

;
and the angle which

is contained by the straight lines DB, CB is named the

angle DBC, or CBD
; but if there be only one angle at a

point, it may be expressed by a letter placed at that point;
as the angle at E.

10. "When a straight line standing
on another straight line, makes the adja-
cent angles equal to one another, each of
the angles is called a right angle ;

and
the straight line which stands on the
other is called a perpendicular to it.

11. An obtuse angle is that which
is greater than a right angle.

12. An acute angle is that which
is less than a right angle.
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13. A term or boundary is the extremity of any thing".

14. A figure is that which is enclosed by one or more
boundaries.

15. A circle is a plane figure
contained by one line, which is

called the circumference, and is

such, that all straight lines drawn
from a certain point within the

figure to the circumference are

equal to one another :

16. And this point is called the centre of the circle.

17. A diameter of ft circle is a straight line drawn
through the centre, and terminated both ways by the cir^

cumference.

[A radius of a circle is a straight line drawn from the
centre to the circumference.]

18. A semicircle is the figure contained by a diameter
and the part of the circumference cut off by the diameter.

19. A segment of a circle is the figure contained by a

straight line and the circumference which it cuts off.

20. Rectilineal figures are those which are contained

by straight lines :

21. Trilateral figures, or triangles, by three straight
lines :

22. Quadrilateral figures by four straight lines :

23. Multilateral figures, or polygons, by mere than
four straight lines.

24. Of three-sided figures,

An equilateral triangle is that which
has three equal sides :

1—2
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25. An isosceles triangle is that

which has two sides equal :

26. A scalene triangle is tliat

which has three unequal sides :

27. A right-angled triangle is that

which has a right angle :

[The side opposite to the right

angle in a right-angled triangle is fre-

quently called the hypotenuse.]

28. An obtuse-angled triangle is

that which has an obtuse angle :

29. An acute-angled triangle ig

that which has three acute angles.

Of four-sided figures,

30. A square is that which has
all its sides equal, and all its angles
right angles :

31. An oblong is that which has
all its angles right angles, but not all

its sides equal :

/
1

J

32. A rhombus is that which has
all its sides equal, but its angles are
not right angles :
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33. A rhomboid is that which has
its opposite sides equal to one another,
but all its sides are not equal, nor its

angles right angles :

34. All other four-sided figures besides these are

called trapeziums.

35. Parallel straight lines are such _
as are in the same plane, and which

being produced ever so far both ways — •

do not meet.

\^Note. The terms oblong and rhomboid are not often

used. Practically the following definitions are used. Any
four-sided figure is called a quadrilateral. A line joining
two opposite angles of a quadrilateral is called a diagoncd.
A quadrilateral which has its opposite sides parallel is

called a parallelogram. The words square and rhombus
are used in the sense defined by Euclid

;
and the word

rectangle is used instead of the word oblong.

Some writers propose to restrict the word trapezium,
to a quadrilateral which has two of its sides parallel ;

and
it would certainly be convenient if this restriction were
universally adopted,]

POSTULATES.

Let it be granted,

1. That a straight line may be drawn from any one
point to any other point :

2. That a terminated straight Hue may be produced to

any length in a straight line :

3. And that a circle may be described from any centre,
at any distance from that centre.
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AXIOMS.

1. Things which are equal to the same tiling arc equal
to one another.

2. If equals be added to equals the wholes are equal

3. If equals be taken from equals the remainders are

equal.

4. If equals be added to unequals the wholes are

unequal.

5. If equals be taken from unequals the remainders
are unequal.

6. Things which are double of the same thing are

equal to one another.

7. Things which are halves of the same thing are

equal to one another.

8. Magnitudes which coincide with one another, that

is, which exactly fill the same space, arc equal to one
another.

9. The whole is greater than its part.

10. Two straight lines cannot enclose a space.

11. All right angles are equal to one another.

12. If a straight line meet two straight lines, so as to

make the two interior angles on the same side of it taken

together less than two right angles, these straight lines,

being continually produced, shall at length meet on that

side on which are the angles which are loss than tw^o right
angles.



PROPOSITION 1. PROBLEM.

To describe an equilateral triangle on a giten finite

straight line.

Let AB \iQ the given straight line: it is required to

describe an equilateral triangle on AB,

From the centre A^ at the distance AB^ describe the
circle BCD. [Postulate 3.

From the centre B, at the distance BA, describe the
circle ACJ^. [Postulate 3.

From the point C, at which the circles cut one another, draw
the straight lines CA and CB to the points A and B. [Post. 1.

ABC shall be an equilateral triangle.

Because the point A is the centre of the circle BCD,
-4C is equal to Jt^. [Definition 15.

And because the point B is the centre of the circle ACB,
BCis eqvicil to BA. [Definition 15.

But it has been shewn that CA is equal to AB;
therefore CA and CB are each of them equal to AB.
But things which are equal to the same thing are equal to

one another. [Axiom 1.

Therefore CA is equal to CB.
Therefore CA, AB, ^(7 are equal to one another.

Wherefore the triangle ABC is equilateral, [Def. 24.

and it is described on the given straight line AB. q.e.f.
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PROPOSITION 2. PROBLEM.
From a given point to draw a straight line equal to a

given straight line.

Let A be the given point, and BC the given straight
line : it is required to draw from the point A a straight
line equal to JSC.

From the point A to i?draw
the straight line AB

; [Post. 1.

and on it describe the equi-
lateral triangle DAB, [I. 1.

and produce the straight lines

DA, DB to E and F. [Post. 2.

From the centre B, at the dis-

tance BC, describe the circle

CGII, meetingDFat G. [Post.Z.

From the centre D, at the dis-

tance DG, describe the circle

GKL, meeting Z>^at L. [Post. 3.

AL shall be equal to BC.

Because the point B is the centre of the circle CGIT,
BC is equal to BG. [Definition 15.

And because the point D is the centre of the circle GKL,
DL is equal to DG

; [Definition 15.

and DA, DB parts of them are equal ; [Definition 24.

therefore the remainder AL ia equal to the remainder
BG. [Axiom 3.

But it has been shewn that BC is equal to BG
;

therefore AL and BCare each of them equal to BG.
But things which are e(iual to the same thing are equal to

one another. [Axiom 1.

Therefore ^Z is equal to BC.
Wherefore from the given point A a straight line AL

has been draiC7i equal to the given straight line BC. q.e.f.

PROPOSITION 3. PROBLEM.
From the greater of two given straight lines to cut off

a part equal to the less.

Let AB and C be the two given straight lines, of which
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AB\% the greater : it is required to cut off from AB^ tho

greater, a part equal to C the less.

From the point A draw
the straight line AD equal
to (7; [I. 2.

and from the centre A, at
the distance AD, describe
the circleDEF meetingAB
at E. [Postulate 3.

AE shall be equal to C.

Because the point A is tho centre of the circle DEF,
AE ia equal to AD. [Definition 15.

But C is equal to AD. [Construction.

Therefore AE and Care each of them equal to AD.
Therefore AE is equal to C. [Axiom 1.

Wherefore from AB the greater of two given straight
lines a part AE has been cut off equal to G the less, q.e.f.

PROPOSITION 4. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, and have also the angles
contained hy those sides equal to one another, they shall

also have their bases or third sides equal; and the two

triangles shall he equal, arid their other angles shall he

equal, each to each, namely those to which the equal sides

are opposite.

Let ABC,DEFhe two triangles which have the two sides

AB,^Cequal to the two sidesDE, DF, each to each, namely,
AB to DE, and ^C to

DF, and the angle BAG
equal to the angle EDF:
the base i?(7shall be equal
to the base EF, and the

triangle ABC to the tri-

angle DEF, and the other

angles shall be equal, each
to each, to which the equal
sides are opposite, namely, the angle ABC to the angle
DEF, and the angle ACB to the angle DFE.
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For if the triangle ABC bo applied to the triangle DEFy
so that the point A may be on the point X>, and the

straight line AB on the

straight line DE, the

point B will coincide with

the point E, because AB
is equal to DE, [Hyp.

And, AB coinciding with

DE, AC vfiW MlonDF,
because the angle BAG ^
is equal to the angle EDF. [Hypothesis.

Therefore also the point C will coincide with the point F,
because ^C is equal to DF. [Hypothesis.

But the point B was shewn to coincide with the point E^
therefore the base BC will coincide with the base EF

;

because, B coinciding with E and C with F, if the base BC
does not coincide with the base EF, two straight lines will

enclose a space ;
which is impossible. [Axiom 10.

Therefore the base BC coincides with the base EF, and is

equal to it. [Axiom 8.

Therefore the whole triangle ABC coincides with the whole

triangle DEF, and is equal to it. [Axiom 8.

And the other angles of the one coincide with the other

angles of the other, and are equal to them, namely, the

angle ABC to the angle DEF, and the angle ACB to the

angle DFE.

Wherefore, if two triangles &c. q.e.d.

PROPOSITION 5. THEOREM.
TJie angles at the hase of an isosceles triangle are equal

to one another; and if the equal sides he produced the

angles on the other side of the hase shall he equal to one
another.

Let ABC be an isosceles triangle, having the side AB
equal to the side AC, and let the straight lines AB, AC
be produced to D and E : the angle ABC shall be equal to

the angle ACB, and the angle CBD to the angle BCE.
In BD take any point F,

and fromAE the greater cutoSAG equal toAFihQ less, [1.3.
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and join FC, GB.

Because ^i^is equal to ^(r, \C(m$tr.

and ^^ to J^ (7, [Hypothesis.

the two sides FA,ACsirG equal to the

two sides GA, AB, each to each
;
and

they contain the angle FAG common
to the two triangles AFC, AGB ;

therefore the baseFG is equal to the

base GB, and the triangle AFG to

the triangle AGB, and the remaining
angles of the one to the remaining
angles of the other, each to each, to

which the equal sides are opposite,

namely the angle AGF to the angle ABG, and the angle
AFC to the angle A GB. [I. 4.

And because the whole AF is equal to the whole AG,
of which the parts AB, AG 2iVQ equal, [Hypothesis,

the remainder BF is equal to the remainder GG. [Axiom 3.

And FC was shewn to be equal to GB
;

therefore the two sides BF, FG are equal to the two sides

CG, GB, each to each
;

and the angle 5-F(7was shewn to be equal to the angle GGB ;

therefore the triangles BFC, GGB are equal, and their

other angles are equal, each to each, to which the equal
sides are opposite, namely the angle FBG to the angle

GGB, and the angle BGF to the angle GBG. [I. 4.

And since it has been shewn that the whole angleABG
is equal to the whole angle AGF,
and that the parts of these, the angles GBG, BGF are also

equal ;

therefore the remaining angle ABG is, equal to the remain-

ing angle AGB, which are the angles at the base of the

triangle ABC. [Axiom 3.

And it has also been shewn that the angle FBG is

equal to the angle GGB, which are the angles on the other

side of the base.

Wherefore, the angles &c. q.e.d.

Corollary. Hence every equilateral triangle is also

equiangular.
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PROPOSITION 6. THEOREM.

If two angles of a triangle he equal to one anotfter, tlie

sides also which subtend, or are oppo-
site to, the equal angles,

shall he equal
to one another.

Let ABC be a triangle, having the

angle ABC equal to the angle ACB : the

side AC shall be equal to the side AB.
For a AC be not equal to AB, one

of them must be greater than the other.

Let ABhe the greater, and from it

cut off DB equal to AC the less, \l. 3.

and join DC.

Then, because in the triangles DBCj A CB,
DB is equal to A C, {Construction.

and BC is common to both,

the two sides DB, BC are equal to the two sides AC, CBy
each to each

;

and the angle DBC is equal to the angle -<4C!5 ; [ffrjpotkesis.

therefore the base DC is equal to the base AB, and the

triangle DBCis equal to the triangle ACB, [I. 4.

the less to the greater; which is absurd. [Aodom 9.

Therefore ^^ is not unequal to AC, that is, it is equal to it.

Wherefore, \f two angles &c. q.e.d.

Corollary. Hence every equiangular triangle is also

equilateral.

PROPOSITION 7. THEonEM.
On the same hase, and on the same side of it, there can-

not he two triangles having their

sides which are terminated at one

extremity of the hase equal to one

another, and likewise those which
are terminated at the other ex-

tremity equal to one another.

If it be possible, on the same
base AB, and on the same side of

it, let there be two triangles A CB,
ADB, having their sides CA, DA,
which are terminated at the extremity A of the base, equal
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to one another, and likewise their sides CB^ DB, which are

terminated at B equal to one another.

Join CD. In the case in which the vertex of each tri-

angle is without the other triangle ;

because ^C is equal to AD^ [Hypothesis.

the angle ACD is equal to the angle ADC. [I. 5.

But the angle ACD is greater than the angle BCD, [Ax. 9.

therefore the angle ADC is also greater than the angle

BCD;
much more then is the angle BDC greater than the angle
BCD,
Again, because BC is equal to BD, [Hypothesis.

the angle BDC is equal to the angle BCD. [1. 5.

But it has been shewn to be greater ; which is impossible.

But if one of the vertices as

D, be within the other triangle

ACB, produce AC, AD to E, F.

Then because AC \^ equal to

ADy in the triangle ACD, [Hyp.

the angles BCD, FDC, on the
other side of the base CD, are

equal to one another. [I. 5.

But the angle BCD is greater
than the angle BCD,
therefore the angle FDC is also greater than the angle
BCD;
much more then is the angle BDC greater than the angle
BCD.
Again, because BC is equal to BD, [Hypothesis.

the angle BDC is equal to the angle BCD. [I. 5.

But it has been shewn to be greater ;
which is impossible.

The case in which the vertex of one triangle is on a side
of the other needs no demonstration.

Wherefore, on the same base &c. q.e.d.

PROPOSITION 8. THEOREM.
If two triangles have two sides of the one equal to two

sides qf the other, each to each, and have likewise their
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hoses equal, the angle tchich is contained by the ttro sidet

of the one shall be equal to the angle which is contained by
the two sides, equal to them, of the other.

Let ABC, DEF be two triangles, having the two sides

AB, AG equal to the two sides DE, DF, each to each,

namely AB to DE, and ^C to DF, and also the base BG
equal to the base EF: the angle i?Jc shall bo equal to the

angle EDF.

For if the triangle ABGhe applied to the triangle DEF^
so that the point B may be on the point E, and the straight
line BG on the straight line EF, the point Cwill also coin-

cide with the point F, because BG is equal to EF. [Hyp.

Therefore, BG coinciding with EF, BA and AG will coin-

cide with ED and DF.
For if the base BG coincides with the base EF, but the

sides BA, GA do not coincide with the sides ED, FD, but
have a different situation as EG, FG ;

then on the same
base and on the same side of it there will be two triangles

having their sides which are terminated at one extremity
of the base equal to one another, and likewise their sides

which are terminated at the other extremity.

But this is impossible. [I. 7,

Therefore since the base BG coincides with the base EF,
the sides BA, AG must coincide with the sides ED, DF,
Therefore also the angle BAG coincides with the angle

EDF, and is equal to it. [Axiom 8.

Wherefore, if two triangles &c. q.e.d.

PROPOSITION 9. PROBLEM.
To bisect a given rectilineal angle, that is to divide it

into two equal angles.
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Let BAGhe the given rectilineal

angle : it is required to bisect it.

Take any point D in AB, and
from AG cut off AB equal to

AD; [1.3.

join BB, and on BB, on the side

remote from A, describe the equi-
lateral triangle BBF, [I. 1.

Join AF. The straight line AF shall bisect the angle BAG.
Because AB is equal to AB, [Construction.

and AF is common to the two triangles BAF, BAF,
the two sides BA, AF are equal to the two sides BA, AF,
each to each

;

and the base BF is equal to the base BF
; [JDefinition 24.

therefore the angle i>.^i^ is equal to the angle BAF. [I. 8.

Wherefore the given rectilineal angle BAG is bisected

by the straight line AF. q.e.f.

PEOPOSITION 10. PROBLEM.
To bisect a given finite straight line, that is to divide it

into two equal parts.

Let AB \)Q the given straight
line ; it is required to divide it into

two equal parts.

Describe on it an equilateral
triangle ABG, [I. 1.

and bisect the angle ACB by the

straight line GD, meeting ^^ at

B. [L 9.

AB shall be cut into two equal parts at the point B.

Because AG is equal to GB, [Definition 24.

and GB is common to the two triangles AGB, BGB,
the two sides AC, GB are equal to the two sides BG, GB,
each to each

;

and the angle AGB is equal to the angle BGB ; [Constr.

therefore the base ^Z> is equal to the base BB. [I. 4.

Wherefore the given straight line AB is divided into

two equal parts at the point B. q.e.f.
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a given

PROPOSITION 11. PROBLEM.

To draw a straight line at right angles to

straight line, from a given p
point in the same.

Let AB be the given

straight line, and G the given

point in it : it is required to

draw from the point C a

straight line at right angles
to AB.
Take any point £> in AC, and make CE equal to CD. [I. 3

On DE describe the equilateral triangle i>FE, [I. 1.

and join CF.

The straight line CF dra^vn from the given point C shall

be at right angles to the given straight line AB.
Because DCis equal to CE, [Construction.

and CF is common to the two triangles DCF, ECF ;

the two sides DC, CF are equal to the two sides EC, CF,
each to each

;

and the base DFia equal to the base EF; [Definition 24.

therefore the angle DCF is equal to the angle ECF; [I. 8.

and they are adjacent angles.

But when a straiglit line, standing on another straight

line, makes the adjacent angles equal to one another, each
of the angles is called a right angle ; [Definition 10.

therefore each of the angles DCF, ECF is a right angle,

Whereforeyro?/! the given point C in the given straight
line AB, CFhas been drawn at right angles to AB. q.e.f.

Corollary. By the help of this problem it may bo shewn
that two straight lines cannot

have a common segment. E

If it be possible, let the

two straight lines ABC,ABD
have the segment AB com-
mon to both of them.

From the point B draw
BE at right angles to A B.

Then, because ABC is a straiglit line,

the angle CBE is equal to the angle EBA.
[Hypothesis.

[Definition 10.
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Also, because ABD is a straight line, [Hypothesis.

the angle DBE is equal to the angle EBA.
Therefore the angle DBEh equal to the angle CBE, [Ax. 1.

the less to the greater; which is impossible. [Axiom 9'.

Wherefore two straight lines cannot have a common
segment.

PROPOSITION 12. PROBLEM.
To dravy a straight line perpendicular to a given

straight line of an unlimited length, from a given point
without it.

Let ABhQ the given straight line, which may be pro-
duced to any length both ways, and let C be the given point
without it : it is required to draw from the point G a

straight line perpendicular to AB.
Take any point J) on

the other side of AB, and
from the centre G, at the
distance GD, describe the
circle EGF, meeting AB at

F and G. [Postulate 3.

Bisect FG at IT, [I. 10.

and join CZT.

The straight line OH drawn from the given point G
shall be perpendicular to the given straight line AB.

Join GF, GG.

Because FH is equal to HG, [Construction.

and HG is common to the two triangles FUG, GHG ;

the two sides FH^ HG are equal to the two sides GH, HG,
each to each

;

and the base GF is equal to the base GG
; [Definition 15.

therefore the angle GHF is equal to the angle GHG ; [I. 8.

and they are adjacent angles.

But when a straight line, standing on another straight line,

makes the adjacent angles equal to one another, each of the

angles is called a right angle, and the straight line which
stands on the other is called a perpendicular to it. [Bef. 10.

Wherefore a perpendicular GH has been drawn to

the given straight line ABfrom the given point G with-
out it. Q.E.F.
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PROPOSITION 13. THEOREM.

The angles which one straight line makes with another

straight line on one side of it, either are two right angles,
or are togetJier equal to two right angles.

Let the straight line AB make with the straight line

CD, on one side of it, the angles CBA, ABD : these either

are two right angles, or are together equal to two right

angles.

For if the angle CBA is equal to the angle ABD, each
of them is a right angle. [DefiaUion 10,

But if not, from the point B draw BE at right angles to

CD; [I. 11.

therefore the angles CBE,EBD are two right angles,[Z)</.10.

Now the angle CBEia equal to the two angles CBA, ABE;
to each of these equals add the angle EBD ;

therefore the angles CBE, EBD are equal to the three

angles CBA, ABE, EBD. [Axiom 2.

Again, the angle DBA is equal to the two angles DBE,
EBA;
to each of these equals add the angle ABC;
therefore the angles DBA, ABC are equal to the three

angles DBE, EBA, ABC. [Axiom 2.

But the angles CBE, EBD have been she\^•n to be equal
to the same three angles.

Therefore the angles CBE, EBD are equal to the angles

DBA, ABC [Axiom 1.

But CBE, EBD are two right angles ;

therefore DBA, ABC are together equal to two right

angles.

Wherefore, the angles &c. q.e.d.
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PROPOSITION 14. THEOREM.

If, at a point in a straight line, two other straight lines,

on the opposite sides of it, make the adjacent angles toge-

ther equal to two right angles, these two straight lines

shall he in one and the same straight line.

At the point B in the straight line AB, let the two

straight lines BC, BD, on the opposite sides of AB, make
the adjacent angles ABC, ABD together equal to two

right angles : BD shall be in the same straight line with GB^

For if BD be not in a
the same straight line with

CB, let BE be in the same

straight line with it.

Then because the straight
line AB makes with the

straight line CBE, on one
side of it, the angles ABC,
ABE, these angles are to-

gether equal to two right angles. [I. 13.

But the angles ABC, ABD are also together equal to two
right angles. [Hypothesis.

Therefore the angles ABC, ABE are equal to the angles
ABC, ABD.
From each of these equals take away the common angle
ABC, and the remaining angleABE is equal to the remain-

ing angle ABD, [Axiom 3.

the less to the greater ;
which is impossible.

Therefore BE is not in the same straight line with CB.
And in the same manner it may be shewn that no other

can be in the same straight line with it but BD
;

therefore BD is in the same straight line with CB.

Wherefore, if at a point &ic. q.e.d.

PROPOSITION 15. THEOREM.

If two straight lines cut one another, the vertical, or
opposite, angles shall he equaL

2—2
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Let the two straight lines AB, CD cut one another at

the point^; the angle AEC shall bo equal to the angle

DEB, and the angle CEB
to the angle AED,

Because the straight line

^J5^ makes with the straight
line CD the angles CEAj
AEDjtho&e angles are toge-
ther equal to two right angles,

Again, because the straight lineDE makes with the straight
line AB the angles A ED, DEB, these also are together

equal to two right angles. [1. 13.

But the angles CEA, AED have been shewn to be toge-
ther equal to two right angles.
Therefore the angles CEA^ AED are equal to the angles

AED, DEB.
From each of these equals take away the common angle
AED, and the remaining angle CEA is equal to the re-

maining angle DEB, [Axiom 3.

In the same manner it mny be shewn that the angle
CEB is equal to the angle A ED.

Wherefore, if two straight lines &c. q.e.d.

Corollary 1. From this it is manifest that, iftwo straight
lines cut one- another, the angles which they make at the

point where they cut, are together equal to four right angles.

Corollary 2. And consequently, that all the angles made
by any number of straight lines meeting at one point, are

together equal to four right angles.

PROPOSITION 16. THEOREM.

If one side of a triangle he produced, the exterior angln
shall he greater than either of the interior opposite angles.

Let ABC be a triangle, and let one side BC be pro-
duced to D : the exterior angle ACD shall be greater than
either of the interior opposite angles CBA, BAC.

Bisect ylC at ^, [I. 10.

join BE and produce it to F, making EF equal to EB, [I. 3.

and join EC.

Because AE\% equal to EC, and BE to EF
; [Com'r.

the two sides AE^ EB are equal to the two sides CE, EF,
each to each ;
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and the angle AEB is equal to the angle CEF,
because they are opposite ver-

tical angles ; [I. 15.

therefore the triangle AEB
is equal to the triangle CEF,
and the remaining angles to

the remaining angles, each to

each, to which the equal sides

are opposite ; [1. 4.

therefore the angle BAE is

equal to the angle EOF.
But the angleECD is greater
than the angle EOF. [^xiom 9 .

G-\

Therefore the angle ACD is greater than the angle BAE.
In the same manner if BG\>q bisected, and the side ^(7

be produced to G, it may be shewn that the angle BCG^
that is the angle ^CZ>, is greater than the angle ABC. [1. 15.

Wherefore, if one side &c. q.e.d.

PROPOSITION" 17. THEOREM.
Any two angles of a triangle are together less than two

right angles.

Let ABC be a triangle : any two of its angles are

together less than two right angles.

Produce BC to D.

Then because ACD is the exte-

rior angle of the triangle ABC, it

is greater than the interior oppo-
site QXiglQ ABC. [I. 16.

To each ofthese addthe angledC^
Therefore the angles ACD, ACB
are greater than the angles ABC^ ACB.
But the angles ACD, ACB are together equal to two right

angles. [I. 13.

Therefore the angles ABC, ACB are together less than
two right angles.

In the same manner it may be shewn that the angles

BAC, ACB, as also the angles CAB, ABC, are together
less than two right angles.

Wherefore, any two angles &c. q.e.d.
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PROPOSITION 18. THEOREM.

TJie greater side of every triangle has the greaten^

angle opposite to it.

Let ABC be a triangle, of which the side AC\» greater
than the side AB : the angle ABC is also greater than the

angle ACB.
Because AC \% greater than

AB, make AD equal to AB, [I. 3.

and join BD.

Then, becauseADB is the ex-

terior angle of the triangle BDG,
it is greater than the interior op-

posite angle DCB. [I. 16.

But the angle ADB is equal to the angle ABD, [I. 5.

because the side ^7> is equal to the side AB. [Comtr.

Therefore the angle ABD is also greater than the angle
ACB.
Much more then is the angle ABO greater than the angle
ACB. [Axiom 9.

Wherefore, the greater side &c. q.e.d.

PROPOSITION 19. THEOREM.

The greater angle of every triangle is subtended by the

greater side, or /las the greater side opposite to it.

Let ABC be a triangle, of which the angle ABC is

greater than the angle ACB : the side AC is also greater
than the side AB.

For if not, AC must be either

equal to ^^ or less than AB.
But ^C is not equal to AB,
for then the angle ABC would
be equal to the angle^C5; [1.5.

but it is not
; [Hypothesis,

therefore ^Cis not equal to AB.
Neither is ^C less than AB,
for then the angle ABC would be less than the angle
ACB; [L 18.

but it is not ; [Hypothesis.
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therefore ACi?, not less than AB.
And it has been shewn that AG is not equal to AB.
Therefore AG is. greater than AB.

"Wherefore, the greater angle &c. q.e.d.

PROPOSITION 20. THEOREM.

Any two sides of a triangle are together greater than
the third side.

Let ABG be a triangle : any two sides of it are together
greater than the third side

;

namely, BA, AG greater than
BG ;

and AB, BG greater than

AG; and BG, GA greater than
AB.

Produce BA to D,

making AD equal to AG, [I. 3.

and join DG.

Then, because ^Z> is equal to AG, [Construction.

the angle ADG is equal to the angle AGD. [I. 5.

But the angle BGB is greater than the angle AGI>. [Ax. 9.

Therefore the angle BGB is greater than the angle BBG.
And because the angle BGI) of the triangle BGJD is

greater than its angle BBG, and that the greater angle is

subtended by the greater side
; [I. 19.

therefore the side BB is greater than the side BG.
But BB is equal to BA and AG.
Therefore BA, AG are greater than BG.

In the same manner it may be shewn that AB, BG are

greater than AG, and BG, GA greater than AB.

Wherefore, any two sides &c. q.e.d.

PROPOSITION 21. THEOREM.

Iffrom the ends of the side of a triangle there he drawn
two straight lines to a point icithin the triangle, these
shall he less than the other tico sides of the triangle, hut
shall contain a greater angle.
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Let ABC bo a triangle, and from the points J5, (7,

the ends of tlie side BC,
let the two straight lines

BD, CD be drawn to the

point D within the triangle :

BD, DC shall be less

than the other two sides

BA, AC oi the triangle,
but shall contain an angle
BDC greater than the

angle BAC.
Produce BD to meet AC iii E,

Because two sides of a triangle are greater than the
third side, the two sides BA, AE of the triangle ABE are

greater than the side BE. [I, 20.

To each of these add EC.

Therefore BA, AC a.re greater than BE, EC.

Again ;
the two sides CE, ED of the triangle CED are

greater than the third side CD. [I, 20.

To each of these add DB.
Therefore CE, EB are greater than CD, DB.
But it has been shewn that BA, AC are greater than

BE, EC;
much more tlien are BA, yl (7 greater than BD, DC

Again, because the exterior angle of any triangle is

greater than the interior opposite angle, the exterior

angle BDC of the triangle CDE is greater than the angle
CED. [I. 16.

For the same reason, the exterior angle CEB of the tri-

angle ABE is greater than the angle BAE.
But it has been shewn that the angle BDC is greater than
the angle CEB ;

much more then is the angle BDC greater than the angle
BAC.

Wherefore, iffrom the ends &c. q.e.d.
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PROPOSITION 22. PROBLEM.

To make a triangle of which the sides shall he equal to

three given straight lines, hut any two whatever of these

must he greater than the third.

Let A, B, ChQ the three given straight lines, of which

any two whatever are greater than the third; namely,
A ^T\di B greater than G ;

A and C greater than B
;
and

B and C greater than A: it is required to make a triangle
of which the sides shall be equal to A, B, C, each to each.

Take a straight line

DE terminated at the

point B, but unlimited
towards B, and make
BF equal to A, FG
equal to B, and GH
equal to (7. [I. 3.

From the centre i^,

at the distance FD,
describe the circle

DKL. IPo&t. 3.

From the centre G, at the distance GH, describe the circle

HLK, cutting the former circle at K.
Join KF, KG. The triangle KFG shall have its sides

equal to the three straight lines A, B, C.

Because the point F is the centre of the circle DKL,FD is equal to F'K. [Definition 15.

But FB is equal to A. [Construction.

Therefore jP^ is equal to yl. [Axiom 1.

Again, because the point G is the centre of the circle HLK,GH is equal to GK [Definition 15.

But GH is equal to O. [Construction.

Therefore GKis equal to C. [Axiom 1.

And FG is equal to B. [Construction.

Therefore the three straight lines KF, FG, GK are equal,
to the three A, B, C.

Wherefore the triangle KFG has its three sides

KF, FG, GK equal to the three given straight lines

A, B, C. Q.E.F.
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PROPOSITION 23. PROBLEM.

At a given point in a given straight line, to make a
rectilineal angle equal to a given rectilineal angle.

Let AB be the given straight line, and A the given
point in it, and DCE tlie given rectilineal angle : it is

required to make at the given point ^,in the given straight
line AB, an angle equal to the given rectilineal angle
DCE.

In CD, CE take any
points D, E, and join DE.
Make the triangle AFG the
sides of which shall be equal
to the three straight lines

CD, DE, EC ; so that AF
shall be equal to CD, AG to

CE, and FG to DE. [I. 22.

The angle FAG shall be

equal to the angle DCE.
Because FA, AG are equal to DC, CE, each to each,

and the base FG equal to the base DE
; [Construction.

therefore the angle FAG is equal to the angle DCE. [I. 8.

Wherefore at the given point A in the given straight
line AB, the angle FAG has been made equal to the given
rectilineal angle DCE. q.e.f.

PROPOSITION 24. THEOREM.

If two triangles have two sides of the one equal to tico

sides of the other, each to each, hut the angle contained hy
the two sides of one of them greater than the angle con-

tained hy the two sides equal to them, of the other, the base

of that which has the greater angle shall he greater than
the hase of the other.

Let ABC, DEF be two triangles, which have the two
sides AB, AC, equal to the two sides DE, DF, each to

each, namely, AB to DE, and AC to DF, but the angle
-5^C greater than the angle EDF: the base BC shall be
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greater than the base
EF.

Of the two sides

DE, DF, let DE be
the side which is not

greater than the other.
At the point D in

the straight line DE^
make the angle EDG
equal to the angle
BAG, [I. 23.

and make DG equal to J! (7 or DF^
and join EG, GF.

Because ^^ is equal to BE,
2.Xi^ACioDG;

[1.3.

[CoTistruction.

the two sides BA, AC ^yq equal to the two sides ED, DG,
each to each

;

and the angle BAG is equal to the angle EDG ; [Constr.

therefore the base BC is equal to the base EG. [I. 4.

And because DG is equal to DF, [Construction.

the angle DGF is equal to the angle DFG. [I. 5.

But the angleDGF is greater than the angle EGF. [Ax. 9.

Therefore the angle DFG is greater than the angle EGF.
Much more then is the angle EFG greater than the angle
EGF. [Axiom 9.

And because the angle EFG of the triangle EFG is

greater than its angle EGF, and that the greater angle is

subtended by the greater side, [I. 19.

therefore the side EG is greater than the side EF.
But EG was shewn to be equal to BC

\

therefore BC is greater than EF.

Wherefore, if two triangles &c. q.e.d.

PEOPOSITION 25. THEOREM.

^
If two triangles have two sides of the one equal to two

sides of the other, each to each, but the base of the ofie
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greater than the base of tJie other, the angle contained Vy
the sides of that which has the greater base, shall be

greater than the angle contained by the sides equal to

them, of the other.

Let ABC, DEF be two triangles, which have the two
sides AB, AC equal to the two sides DE, J)F, each to

each, namely, AB io DE, and AC to DF, but the base

BC greater than the base EF: the angle BAC shall

be greater than the angle
EDF.

For if not, the angle
BAC must be either equal
to the angle EDF or less

than the angle EDF.
But the angle BAC is not

equal to the angle EDF,
for then the base BC
would be equal to the base EF; [T. 4.

but it is not
; [Hypothesis.

therefore the angle BACis not equal to the angle EDF.
Neither is the angle BAC less than the angle EDF,
for then the base i?(7 would be less than the base EF; [1. 24.

but it is not
; [Hypothesis,

therefore the angle BACis not less than the angle EDF.
And it has been shewn that the angle BAC is not equal
to the angle EDF.
Therefore the angle BACis greater than the angle EDF.

"Wherefore, if two triangles &c. q.e.d.

PROPOSITION" 26. THEOREM.

If two triangles have two angles of the one equal to two

angles of the other, each to each, and one side equal to

one side, namely, either the sides adjacent to the equal
angles, or sides which are opposite to equal angles in each,
then shall the other sides be equal, each to each, and also

the third angle of the one equal to the third angle of the

other.

Let ABC, DEF be two triangles, which have the

angles ABC, BCA equal to the angles DEF, EFD, each
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[ConstructioTtt

\_IIypothesis,

to each, namely, ABC to DBF, and BCA to EFD
;
and

let them have also one side equal to one side
;
and first let

those sides be equal which are adjacent to the equal angles
in the two triangles, namely, BG to EF: the other sides

shall be equal, each to each, namely, AB to DE, and
^C to DF, and the third

angle BAG equal to the
third angle EDF.

Fol- If AB be not

equal to DE, one of them
must be greater than the
other. Let AB be the

greater, and make BG
equal to DE, [I. 3.

and join GG.

Then because GB is equal to DE,
md BG to EF;
the two sides GB, BG are equal to the two sides DE, EF,
each to each

;

and the angle GBG is equal to the angle DEF ; [Hypothesis,

therefore the triangle GBG is equal to the triangle DEF,
and the other angles to the other angles, each to each, to

which the equal sides are opposite ; [I. 4.

therefore the angle GGB is equal to the angle DFE.
But the angle DFE U equal to the angle AGB. [Hypothesis,

Therefore the angle GGB is equal to the angle yl (75, [Ax.\.

the less to the greater ;
which is impossible.

Therefore AB i% not unequal to DE,
that is, it is equal to it

;

and BG is equal to EF
; [Hypothesis.

therefore the two sides AB, BG are equal to the two sides

DE, EF, each to each
;

and the angle ABG is equal to the angle DEF; [Hypothesis.

therefore the base AG h equal to the base DF, and the
third angle BAG to the third angle EDF. [I. 4.
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Next, let sides which are opposite to equal angles in

each triangle be equal to one another, namely, AB \io

DE : likewise iii this case the other sides shall be equal,
each to each, namely, BG to EF, and AC to DF, and
also the third angle ^^C equal to the third angle EDF.

For if BC bo not

equal to EF, one ofthem
must be greater than
the other.

Let BC he the greater,
and make BH equal to

EF, [I. 3.

and join AH.
Then because BH is equal to EF, [Construction.

and ABio DE
; [Hypothesis.

the two sides AB, BHsire equal to the two sides DE, EF,
each to each

;

and the angle ^^.H'is equal to the smgieDEF ; [Hypothesh.

therefore the triangle ABH is equal to the triangle DEF,
and the other angles to the other angles, each to each, to

which the equal sides are opposite ; [I. 4.

therefore the angle BHA is equal to the angle EFD.
But the angle EFD is equal to the angle BCA. [Hypothesis.

Therefore the angle BHA is equal to the angle BCA ; [Ax.l.

that is, the exterior angle BHA of the triangle AHC is

equal to its interior opposite angle BCA ;

which is impossible. [I- 1^-

Therefore BC is not unequal to EF,

that is, it is equal to it
;

and ABis equal to DE ; [Hypothesis.

therefore the two sides AB, BC are equal to the two sides

DE, EF, each to each
;

and the angle ABC is equal to the angle DEF; [Hypothesis.

therefore the base ^C is equal to the base DF, and the

third angle BAC to the third angle EDF. [I. 4.

Wherefore, if two triangles &c. q.e.d.
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PROPOSITION 27. THEOREM.

If a straight line falling on two other straight lines,
make the alternate angles equal to one another, the two

straight lines shall he parallel to one another.

Let the straight line EF, which falls on the two straight
lines AB, CD, make the alternate angles AEF, EFD
equal to one another : AB shall be parallel to CD.

For if not, AB and CD, being produced, will meet
either towards B, D or towards A, C. Let them be pro-
duced and meet towards B. D at the point G.

Therefore GEF is a triangle, and its extei-ior angle AEF
is greater than the interior opposite angle EFG ; [I. 16.

But the angle AEF is also equal to the angle EFG ; [ffyp.
which is impossible.

Therefore AB and CD being produced, do not meet to-

wards B, D.

In the same manner, it may be shewn that they do not
meet towards A, C.

But those straight lines which being produced ever so far
both ways do not meet, are parallel. [Definition 35.

Therefore AB is parallel to CD.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 28. THEOREM.

If a straight line falling on two other straight lines,
make the exterior angle equal to the interior and opposite
angle on the same side of the line, or make the interior

angles on the same side together equal to tioo right angles,
the two straight lines shall he parallel to one another.
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Let tho straight lino EF, which falls on the two

Btraight lines AB, CD, make the exterior angle EGB
equal to the interior and opposite angle GHD on the same
side, or make the interior angles on the same side BGH,
GHD together equal to two right angles : AB shall bo

parallel to CD.
Because the angle EGB is e

equal to the angle GHD, [Ilyj}. \
and the angleEGB is also equal ^
to the angle ^6?/^, [1.15.

therefore tho angle AGH la

equal to the angle GHD ',[Ax.l.
^—

and they are alternate angles ; \^
therefore AB is parallel to F
CD. [I. 27.

Again; because the angles BGH, GHD are together
equal to two right angles, [Hypothesis.

and the angles A GH, BGH are also together equal to two

right angles, [1. 13.

therefore the angles AGH, BGH are equal to the angles
BGH, GHD.
Takeaway the common angle BGH; therefore the remaining
angleAGH is equal to the remaining angle GHD; [Aodoni 3.

and they are alternate angles ;

therefore ^^ is parallel to CD. [I. 27.

"Wherefore, if a straight line &c. q.e.d.

PEOPOSITION 29. THEOREM.

If a straight line fall on two parallel straight lines,

it makes the alternate angles equal to one another, and
the exterior angle equal to the interior and opposite angle
on the same side; and also the two interior angles on
the same side together equal to two right angles.

Let the straight line EF fall on the two parallel

straight lines AB, CD : the alternate angles AGH, GHD
shall be equal to one another, and the exterior angle
EGB shall be equal to the interior and opposite angle
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on the same side, GHD, and the two interior angles on
the same side, BGH, GHD, shall be together equal to two
right angles.

For if the angle AGH be ^^
not equal to the angle GHD,
one of them must be greater
than the other

;
let the angle A

AGH be the greater.

Then the angle AGH is greater c~
than the angle GHD ;

to each of them add the angle ^F
BGH;
therefore the angles AGH, BGH are greater than the

angles BGH, GHD.
But the angles AGH, BGH are together equal to two
right angles ; [I. 13.

therefore the angles BGH, GHD are together less than
two right angles.

But if a straight line meet two straight lines, so as to

make the two interior angles on the same side of it, taken

together, less than two right angles, these straight lines

being continually produced, shall at length meet on that

side on which are the angles which are less than two

right angles. [Axiom 12.

Therefore the straight lines AB, CD, if continually pro-

duced, will meet.

But they never meet, since they are parallel by hypothesis.

Therefore the angle AGH is not unequal to the angle
GHD

;
that is, it is equal to it.

But the angle AGH is equal to the angle EGB. [I. 15.

Therefore the angle EGB is equal to the angle GHD. [Ax. 1 .

Add to each of these the angle BGH.
Therefore the angles EGB, BGH are equal to the angles
BGH, GHD. [Axiom 2.

But the angles EGB, BGH are together equal to two
right angles. [I. 13.

Therefore the angles BGH, GHD are together equal to

two right angles. [Axiom 1.

Wherefore, if a straight line &c. q.e.d.

a
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PROPOSITION 30. TUEOREM.

Straight lines which are parallel to the same straight

line are parallel to each other.

Let AB, CD be each of them parallel to EF: AB
shall be parallel to CD.

Let the straight IhieGHK
cut AB, EF, CD.

Then, because GHK cuts

the parallel straight lines AB,
EF, the angle AGH is equal
to the angle GHF. [I. 29.

Again, because GK cuts

the parallel straight lines EF,
CD, the angle GHF is equal
to the angle GKD. [I. 29.

And it was shewn that the

angle AGK i^. equal to the angle GHF.
Therefore the angle AGK is equal to the angle GKD \

and they are alternate angles ;

therefore AB \^ parallel to CD.

"V\'herefoi*e, straight lines &c. q.A.d.

U^. 1.

[T. 27.:

PROPOSITION 31. PROBLEM.

To draw a straight line throtigh a given point parallel
to a given straight line.

Let A be the given point, and BC the given straight
line : it is required to draw a straight line through the

point A parallel to the straight line BC.
in BC take any point

D, and join AD ;
at the

point A in the straight
line AD, make the angle
DAE equal to the angle -^

—
ADC', [L23.

and produce the straight line EA to F.

EF&\i2i\\ be parallel to BC.

D C
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Because the straight line AD^ which meets the two

straight lines BC^ EF, makes the alternate angles BAD,
ADC equal to one another, [Construction.

EF is parallel to BG. [I. 27.

Wherefore the straight line EAFis drawn through the

given point A, parallel to the given straight line BC. q.e.f.

PROPOSITION 32. THEOREM,

If a side of any triangle he produced, the exterior

angle is equal to the two interior and opposite angles;
and the three interior angles of eiiefy triangle are toge-
ther equal to two right angles.

Let ABC be a triangle, and let one of its sides BG
be produced to D : the exterior angle AGD shall be equal
to the two interior and opposite angles (7^ J5, ^^(7; and
the three interior angles of the triangle, namely, ABG,
BOA, CAB shall be equal to two right angles.

Through the point Cdraw
CS parallel to ^Z?. [1.31.

Then, because^5 is par-
allel to CE, and AC falls on

^ ^
them, the alternate angles B C D
BAG, ACE are equal. [I^ 29.

Again, because AB is parallel to GE, and BD falls on

them, the exterior angle ECD is equal to the interior and

opposite angle ABC. [I. 29.

But the angle AGE was shewn to be equal to the angle
BAG]
therefore the whole exterior angle AGD is equal to the
two interior and opposite angles CAB, ABG. [Axiom 2.

To each of these equals add the angle AGB ;

therefore the angles AGD, AGB are equal to the three

angles CBA, BAG, AGB. [Axiom 2.

But the angles AGD, AGB are together equal to two right

ingles ; [I. 13.

herefore also the angles CBA, BAG, AGB are together
squal to two right angles. [Axiom 1.

Wherefore, if a side ofany triangle &c. q.e.d.

3—2



36 EUCLID'S ELEMENTS.

Corollary 1. All the interior angles of any recti-

linealfigure, together icithfour right angles, are equal to

twice as many right angles as thefigure has sides.

For any rectilineal fi^ire ABCDE can be divided into

as many triangles as the figure has sides, by drawing;

straight linos from a point F within the figure to each o!

its angles.

And by the preceding proposition,
all the angles of these triangles aro

equal to twice as many right angles
as there are triangles, that is, as the

figure has sides.

And the same angles are equal to the

interior angles of the figure, together
with the angles at the point F, which
is the common vertex of the triangles,

that is, together with four right angles. [I. 15. Corollary 2.

Therefore all the interior angles of the figure, together with

four right angles, are equal to twice as many right angles
as the figure has sides.

Corollary 2. All the exterior angles of any recti-

linealfigure are togetJier equal tofour right angles.

Because every interior angle
ABC, with its adjacent exterior

angle ABD, is equal to two

right angles ; [I. 13.

therefore all the interior angles
of the figure, together with all

its exterior angles, are equal to

twice as many right angles as

the figure has sides.

But, by the foregoing Corollary all the interior angles of the

figure, together with four right angles, are equal to twice
as many right angles as the figure has sides.

Therefore all the interior angles of the figure, together with
all its exterior angles, are equal to all the interior angles of

the figure, together with four right angles.

Therefore all the exterior angles are equal to four right;

angles.
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PEOPOSITION 33. THEOREM.

The straight lines ichich join the extremities of two

equal and parallel straight lines towards the same parts,
are also themselves equal and parallel.

Let AB and CD be equal and parallel straight lines,
and let them be joined towards the same parts by the

straight lines AC and BD : AC and BD shall be equal
and parallel.

tL, Join BC.IE A n
Vf Then because AB \& par-
allel to CD, [Hypothesis.
and BC meets them,
the alternate angles ABC,
BCD are equal. [I. 29.

And because AB'is equal to CD, [Hypothesis.

and BC is common to the two triangles ABC, DCB ;

the two sides AB, BC are equal to the two sieves DC, CB,
I

each to each
;

and the angle ABC was shewn to be equal to the angle
I
BCD-
therefore the base AC \& equal to the base BD, and the

i triangle ABC to the triangle BCD, and the other angles
to the other angles, each to each, to which the equal sides
are opposite ; [I. 4.

therefore the angle ACB is equal to the angle CBD.
And because the straight line BC meets the two straight

lines AC, BD, and makes the alternate angles ACB, CBD
equal to one another, AC h parallel to BD, [I. 27.

And it was shewn to be equal to it.

Wherefore, the straight lines &c. q.e.d.

PEOPOSITION 34. THEOREM.
The opposite sides and angles of a parallelogram are

equal to one another, and the diameter bisects the par-
allelogram, that is, divides it into two equal parts.

Note. A parallelogram is a four-sided figure of which the
opposite sides are parallel ; and a diameter is the straight line

joining two of its opposite angles.
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Let ACDB bo a parallelogram, of wliicli BC is a

diameter ;
the opposite sides and angles of the figure shall

be equal to one another, and the diameter BC shall bi^

sect it.

Because -^i? is parallel
to CD, and BC meets them,
the alternate angles ABC,
BCD are equal to one an-

other. [I. 29,

And because AC is parallel
to BD, and BC meets them,
the alternate angles ACB, CBD are equal to one
another. [I. 29.

Therefore the two triangles ABC, BCD have two angles

ABC, BCA in the one, equal to two angles DCB, CBD in

the other, each to each, and one side BC is common to the

two triangles, which is adjacent to their equal angles ;

therefore their other sides are equal, each to each, an^
the third angle of the one to the third angle of the other,

namely, the side AB equal to the side CD, and the side

AC equal to the side BD, and the angle BAC equal to the

angle CDB. [I. 2a.

And because the angleABC is equal to the angle BCD^
and the angle CBD to the angle ACB,
the whole angleABD is equal to the whole angle 4 CD. [A x. 2.

And the angle BAC has been shewn to be equal to the

angle CDB.
Therefore the opposite sides and angles of a parallelogram
are equal to one another.

Also the diameter bisects the parallelogram.

For AB being equal to CD, and J^C common,
the two sides AB, BC are equal to tlie two sides DC, OB
each to each

;

and the angle ABC has been shewn to be equal to the

angle BCD ;

therefore thetriangle^-SCis equal to the triangle -BC'Z), [1. 4,

and the diameter BC divides the parallelogram 4CDB
into two equal parts.

Wherefore, the opposite sides &c. q.e.d.
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PROPOSITION 35. THEOREM.

Parallelograms on the same base, and between the same
parallels, are equal to one another.

Let the parallelograms ABCD, EBCF be on the same
base BC, and between the same parallels A F, BC : the paral-

lelogramABCD shall be equal to the parallelogram EBCF.
If the sides AD, DF of

the parallelograms ABCD,
DBCF, opposite to the base

BC, be terminated at the same

point D, it is plain that each of

the parallelograms is double of

the triangle BDC; [I. 34.

and they are therefore equal to one another. [Axiom 6.

But if the sides AD', EF, oppositp to the base BC
of the parallelo-

grams ABCD,
EBCF be not
terminated at

the same point,

then, because
ABCD is a par-

allelogram AD is equal to BO ; [I. 34.

for the same reason EFis, equal to BC ;

therefore AD is equal to EF; [Axiom 1.

therefore the whole, or the remainder, AE is equal to the

whole, or the remainder, DF. [Axioms 2, 3.

And AB is equal to DC
; [I. 34.

therefore the two sides EA, AB q,r9 equal to the two sides

i^i>,Z) (7 each to each;

and the exterior angle FDG is equal to the interior and

opposite angle EAB ; [I. 29.

therefore the triangle EAB is equal to the triangle
FDC. [I. 4.

Take the triangle FDC from the trapezium ABCF,
and from the same trapezium take the triangle EAB,
and the remainders are equal ; [Axiom 3.

that is, the parallelogram ABCD is equal to the parallelo-
gram EBCF.

'Wherefore,parallelograms on the same base &c. q.e.d.
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PROPOSITION 36. THEOREM.

Parallelograms on equal bases, and hetioeen the same
parallels^ are equal to one another.

Let ABCD, EFGII bo parallelograms on equal bases

BC^ FGy and between the same parallels AH, BG: the

parallelogram ABCD shall bo equal to the parallelogram
EFGIL

Join BE, CH.

Then, because BC
is equal to FG, {Hyp.

ixini FG toEH,[l.U.
BC is equal to

EH; {Axioml. B O F^ G
and they are parallels,

-

[Hypothesi.;.

and joined towards the same parts by the straight lines

BE, CH.
But straight lines which join the extremities of equal and

parallel straight lines towards the same parts are them-
selves equal and parallel. [I. 33.

Therefore BE, CH are both equal and parallel.

Therefore EBCH is a parallelogram. [Definition.

And it is equal to ABCD, because they are on the same
base BC, and between the same parallels BC,AH. [I. 35.

For the same reason the parallelogram EFGH is equal
to the same EBCH.
Therefore the parallelogram ABCD is equal to the par-
allelogram ^i^6^-fl^. [Axioml.

Wherefore, parallelograms &c. q.e.d.

PROPOSITION 37. THEOREM.

Triangles on the same base, and between the same par-
allels, are equal.

Let the triangles ABC,
DBG be on the same base

BC, and between tie same

parallels AD,BC\ the tri-

angle ABC shall be equal
to the triangle DBC.

Produce AD both ways
to the points E, F ; [Post. 2.
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through B draw BE parallel to CA, and through G draw
CF parallel to BD. [I. 31.

Then each of the figures EBGA, DBCF is a parallelo-

gram ; [Definition.

and EBGA is equal to DBGF, because they are on the same
base BG, and between the same parallels BG, EF. [I. 35.

And the triangle ABG is, half of the parallelogram EBGA,
because the diameterAB bisects the parallelogram ; [I. 34.

and the triangle DBG is half of the parallelogram DBGF,
because the diameter DG bisects the parallelogram. [I. 34.

But the halves of equal things are equal. [Axiom 7.

Therefore the triangle ABG is equal to the triangle DBG.
"Wherefore, triangles &c. q.e.d.

PEOPOSITION 38. THEOREM.

Triangles on equal bases, and between the same par-
allels, are equal to one another.

Let the triangles ABG, BEF be on equal bases BG,
EF, and between the same parallels ^i^, AD : the triangleABG shall be equal to the triangle DEF,

Produce^Z>both
ways to the points 9 d 1^ ^
G,H;
through B draw BG
parallel to GA, and

through F draw FH
parallelto^Z>.[I.31.

Then each of the

figures GBGA, DEFII is a parallelogram. [Definition.

And they are equal to one another because they are on

equal bases BG, EF, and between the same parallels

BF, Gil. [1. 36.

And the triangle ABG is half of the parallelogram GBGA,
because the diameter ^-5 bisects the parallelogram ; [I. 34.

and the triangle DEF is half of the parallelogram DEFII,
because the diameter DF bisects the parallelogram.

But the halves of equal things are equal. [Axiom 7.

Therefore the triangle ABG is equal to the triangle DEF.

Wherefore, triangles &c. q.e.d.
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PROPOSITION 39. THEOREM.

Equal triangles on the same base, and on the same
side of it, are between the same parallels.

Let the equal triangles ABC, J)BC bo on the same
base BC, and on the same side of it : they shall be be-

tween the same parallels.

Join AD.
AD shall be parallel to BG.

For if it is not, through A draw
AE parallel to BC, meeting BD
at E. [I. 31.

and join EC.

Then the triangle ABC is equal to the triangle EBC,
because they are on the same base BC, and between the
same parallels BC, AE. [I. 37.

But the triangle ABCia equal to the triangle Z>i?(7. [Hyp.

Therefore also the triangle DBC is equal to the triangle

EBC, [Axiom 1.

the greater to the less
;
which is impossible.

Therefore AE is not parallel to BC.
In the same manner it can be shewn, that no other

straight line through A but AD is parallel to BC;
therefore AD is parallel to BC

Wherefore, equal triangles &e, q.e.d.

PROPOSITION 40. THEOREM.

Equal triangles, on equal bases, in the same straight line,

and on the same side of it, arebetween the same parallels.

Let the equal triangles ABC, DEF be on equal bases

BC, EF, in the same straight line BF, and on the same
side of it : they shall be between the same parallels.

Join AD. AD
^Z) shall be parallel to BF.

For if it is not, through A
draw AG parallel to BF,
meeting jG;Z> at (^ [L31.

and join GF.



BOOK L 40, 41. A^

Tlien the triangle ABCh equal to the triangle GEF,
because they are on equal bases BC, EF, and between
the same parallels, [I. 38.

But the triangle ABC is equal to the triangle DEF. [Hyp-

Therefore also the triangle DEF is equal to the triangle

GEF, [Axiom 1.

the greater to the less
; which is impossible.

Therefore 4^ is not parallel to BF,
In the same manner it can be shewn that no other

straight line through A but 4D \^ parallel to BF
;

therefore ^i> is parallel to BF,

Whgrefore, equal triangles &c. q.e.d.

proposition: 41. THEOREM.

Jf a parallelogram and a triangle he on the same base

and between the same parallels, theparallelogram, shall he

double of the triangle.

Let the parallelogran} ABCD and the triangle EBC be
on the same base BG, ^nd between the same parallels

BC, AE : the parallelogram ABCD shall be double of tho

triangle EBC.
Join AC.
Then the triangle ABO

is equal to the triangle E^BC^
because they are on the same
base BC, and between the same

parallels BC, AE. [I. 37.

But the pfirallelogram ABCD
is double of the triangle ABC,
because the diameter AC bisects the parallelogram. [J . 34.

Therefore the parallelogram ABCD is also double of the

triangle EBC.

YfheYefQVG, if a parallelogram &c. q.e.d.
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PROPOSITION 42. PROBLEM.

To describe a parallelogram that shall he equal to a

given triangle^ and have one of its angles equal to a given
rectilineal angle.

Let ABC be the given triangle, and D the given recti-

lineal angle : it is required to describe a parallelogram that
shall be equal to the given triangle ABC, and have one of

its angles equal to D.

Bisecti?(7at^:[1.10.

join AE, and at the point

E, in the straight line EC,
make the angle C^jPequal
ioD; [1.23.

through A draw AFG
parallel toEC, and through
C draw CG parallel to

EF. [I. 31.

Therefore FECG is a parallelogram. [Definition.

And, because BE is equal to EC, [Comtrucdm.

the triangle ABE is equal to the triangle AEC, because

they are on equal bases BE, EC, and between the same

parallels BC, AG. [I. 38.

Therefore the triangle ABC is double of the triangle yl ^(7.

But the parallelogram FECG is also double of the triangle

AEC, because they are on the same base EC, and between
the same parallels EC. AG. [I. 41.

Therefore the parallelogram FECG is equal to the triangle
ABC

; [Axiom 6.

and it has one of its angles CEF equal to the given angle
D. [Construction.

Wherefore a parallelogram FECG lias been described

equal to the given triangle ABC, and having one of its

angles CEF equal to the given angle D. q.e.f.
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PROPOSITION 43. THEOREM.

The complements of the parallelograms which are about
the diameter of any parallelogram^ are equal to one
another.

Let ABCD be a parallelogram, of which the diameter
\% AC

',
and EH, GF parallelograms about AC, that is,

through which AC passes ;
and BK, KD the other paral-

lelograms which make up the whole figure ABCD, and
which are therefore called the complements : the comple-
ment BK shall be equal to the complement KD.

Because ABCD is a

parallelogram, and AC its

diameter, the triangle ABC
is equal to the triangle
ADC. [I. 34.

Again, because AEKH is

a parallelogram, and AK
its diameter, the triangle
AEK is equal to the triangle
AHK. [I. 34.

For the same reason the triangle KGC is equal to the

triangle KFC.

Therefore, because the triangle AEK is equal to the tri-

angle AHK, and the triangle KGC to the triangle KFC ;

the triangleAEK together with the triangle KGC is equal
to the iv\siX\g\eAHK togetherwith the triangle KFC. [Ax. 2.

But the whole triangle ABC was shewn to be equal to the
whole triangle ADC.
Therefore the remainder, the complement BK, is equal to

the remainder, the complement KD. [Axiom 3,

Wherefore, the complements &c. q.e.d.

PROPOSITION 44. PROBLEM.

To a given straight line to apply a parallelogram,
which shall he equal to a given triangle, and have one

of its angles equal to a given rectilineal angle.

A H
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Let AB he the given straight line, and C tlio given
triangle, and D the given rectilineal angle : it is required
to apply to the straight line AB o. parallelogram equal to

the triangle C, and having an angle equal to D.

T E

Make the parallelogi*am B^FG equal to the triangle

C, and having the angle EBG equal to the angle I), so

that BE maybe in the same straight line with AB
; [I. 42.

produce FG to H
;

through A draw AH parallel to BG or EF, [I. 31.

and join HB.
Then, because the straight lineHF falls on the parallels

AH, EF, the angles AHF, HFE are together equal to

two right angles. [I. 29.

Therefore the angles BHF, HF*E ai-e together less than
two right angles*

But straight lines which with another straight line make the
interior angles on the same side togetJier less than two right

angles will meet on that side, if produced far enough. [Ax. 12.

Therefore HB and FE will meet if pi'oduccd ;

let them meet at K.

Through K draw KL parallel to EA or FH
; [I. 31.

and produce HA, GB to the points L, M.
Then HLKF is a parallelogram, of which the diameter

is HK; and AG, ME are parallelograms about HK; and

LB, BF are the complements.

Therefore LB is equal to BF. [I. 43.

But BF is equal to the triangle C {Construction.

Therefore LB is equal to the triangle G [Axiom 1.

A. W. f^OOTT
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And because the angleGBE is equal to the angleABM, [1.15.

and likewise to the angle D ; [Construction.

the angle ABM is equal to the angle Z>. [Axio7n 1.

Wherefore to the given straight line AB the parallelo-

gram LB is applied, equal to the triangle C, and having
the angle ABM equal to the angle D. qe.f.

PROPOSITION 45. PROBLEM.

To describe a parallelogram equal to a given rectilineal

figure, and having an angle equal to a given rectilineal

angle.

Let ABCD be the given rectilineal figure, and E the

given rectilineal angle: it is required to describe a par-

allelogram equal to ABCD, and having an angle equal to E.

Join DB, and describe the parallelogram FLI equal to

the triangle ADB, and having the angle FKH equal to the

angle E ; [I. 42.

and to the straight line GH apply the parallelogram GM
equal to the triangle DBG, and having the angle GHM
equal to the angle E. [I. 44.

The figure FKML shall be the parallelogram required.
Because the angleE is equal to each of the angles FKH,

GHM, {Construction.

the angle FKH is, equal to the angle GHM. {Axiom 1.

Add to each of these equals the angle KHG ;

therefore the angles FKLL. KLtG are equal to the angles
KHG,GHM. {Axiom2.

hxiiFKH,KHG aretogetherequaltotworightangles;[1.29.
thereforeKHG,GHM2iVQ together equal to two right angles.
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And because at the point H in the straight line GH, the

two straight lines KH, HM, on the opposite sides of it,

make the adjacent angles together equal to two right angles,KH is in the same straight line with HM. [I. 14.

And because the straight line HG meets the parallels

KM, FG, the alternate angles MHG, IIGFare equal. [1. 29.

Add to each of these equals the angle HGL ;

therefore the angles MUG, HGL, are equal to the angles

HGF, HGL. [Axiom 2.

ButMHG,HGLare together equal to two right angles; [1. 29.

therefore /TG^i^, HGL are together equal to two right angles.

Therefore FG is in the same straight line with GL. [1. 14.

And becauseAT^is parallel toHG, andHG to ML,[Comtr.
KF is parallel to ML

; [I. 30.

and KM, FL are parallels ; {Construction.

therefore KFLM'm a parallelogram. [Dcfinitiov .

And because the triangle ABD is equal to the parallelo-

gram HF, [Construction.

and the triangle DBC to the parallelogram GM ; [Constr.

the whole rectilineal figure ABCD is equal to the whole

parallelogram KFLM. [Axiom 2.

Wherefore, the farallelogram KFLM has been de-

scribed equal to the given rectilinealfigure ABCD, and
having the angle FKM equal to the given angle E. q.e.f.

Corollary. From this it is manifest, how to a given

straight line, to apply a parallelogram, which shall have an

angle equal to a given rectilineal angle, and shall be equal
to a given rectilineal figure ; namely, by applying to the

given straight line a parallelogram equal to the first tri-

angle ABD, and having an angle equal to the given angle ;

and so on. [I. 44.
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PEOPOSITION 46. PROBLEM.

To describe a square on a given straight line.

Let AB he the given straight line : it is required to

describe a square on AB.
From the point A draw AG

at right angles to AB; [1. 11.

and make AD equal toAB
; [1. 3.

through D draw DE parallel to

AB
;
and through B draw BIJ

parallel to AD. [I. 31.

ADEB shall be a square.

For ADEB is by construction
a parallelogram ;

therefore AB is equal to DE^
and AD to BE. [I. 34.

But AB is equal to AD. [Construction.

Therefore the four straight lines BA^ AD, DE, EB are

equal to one another, and the parallelogram ADEB is

equilateral. {Axiom 1.

Likewise all its angles are right angles.

For since the straight line AD meets the parallels ABy
DE, the angles BAD, ADE are together equal to two
right angles ; [I. 29.

but BAD is a right angle ; [Construction.

therefore also ADE is a right angle. [Axiom 3.

But the opposite angles of parallelograms are equal. [1. 34.

Therefore each of the opposite angles ABE, BED is a

right angle. [Axiom L

Therefore the figure ADEB is rectangular;
and it has been shewn to be equilateral.

Therefore it is a square. [Definition, SO.

And it is described on the given straight line AB. q.e.p.

Corollary. From the demonstration it is manifest that

every parallelogram which has one right angle has all its

angles right angles.

4
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PROPOSITION 47. TUEOREM.

In any right-angled triangle, tlie square which is de-

scribed on the side subtending the right angle is equal to

the squares described on the sides which contain the right

angle.

Let ABC be a right-angled triangle, having the right

angle BA C : the square described on the side BC shall be

equal to the squares described on the sides BA, AC.
On BG describe

the square BDEC,
and on BA, AC de-

scribe the squares
GB,HC', [1.46.

through A draw AL
parallel to BD or

CE
; [I. 31.

and join AD, FC.

Then, because the

angle BACis a right

angle, [Hypothesis.

and that the angle
BAG is also a right

angle, {Drfinitlon 30.

the two straight lines AC, AG, on the opposite sides of

AB, make with it at the point A the adjacent angles equal
to two right angles ;

therefore CA is in the same straight line with AG. [I, 14.

For the same reason, AB and All are in the same straight
line.

Now the angleBBC is equal to the angle FBA, for each
of them is a riglit angle. [Axiom 11.

Add to each the angle ABC.
Therefore the whole angle DBA is equal to the whole angle
FBC. [Axiom 2.

And because the two sides AB, BD are equal to the two
sides FB, BC, each to each

; [Definition 30.

and the angle DBA is equal to the angle FBC ;

therefore the triangle A.BD is equal to the triangle
FBC.

^

[i. 4.
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Now the parallelogram BL is double of the triangle

ABB, because they are on the same base BB, and between
the same parallels BB, AL. [I. 41.

And the square GB is double of the triangle FBC, because

they are on the same base FB, and between the same

parallels FB, GC. [I. 41.

But the doubles of equals are equal to one another. \Ax. 6.

Therefore the parallelogram BL is equal to the square GB.
In the same manner, by joining AE, BK, it can be

shewn, that the parallelogram CL is equal to the square CH.

Therefore the whole square BBEC is equal to the two

squares GB, HO. [Axiom 2.

And the square BDECis described on BC, and the squares
GB,HConBA,Aa
Therefore the square described on the side BC is equal to

the squares described on the sides BA, AG.

"Wherefore, in any right-angled triangle &c. q.e.d.

PROPOSITION 48. THEOREM.

If the square described on one of the sides of a tri-

angle he equal to the squares described on the other two
sides of it, the angle contained by these two sides is a

right angle.

Let the square described on BC, one of the sides of

the triangle ABC, be equal to the squares described on
the other sides BA, AC: the angle BAC shall be a right

angle.

From the point A draw AD 2A

right angles to AC
; [1. 11.

and make AD equal to BA ; [I. 3.

and join DC.
Then because DA is equal to

BA, the square on DA is equal to

the square on BA.
To each of these add the square
on^a
Therefore the squares on DA, AC are equal to the souares

"^

{Axiom ±
4—2



52 EUCLID'S ELEMENTS.

But because the angle DAG is a right angle, [Comtructlr^n.

the square on DCh equal to the squares on DA, AC. [I. 47.

And, by hypothesis, the square on BCh equal to the squares
on BA, AC.
Therefore the squareoni)Cis equal to the square on BC.\.AxX

Therefore also the side DC is equal to the side BC.

And because the side DA is equal
to the side AB

; {Comtr.

and the side AC \^ common to the

two triangles DAC, BAC ;

the two sides DA, AC are equal to

the two sides BA, AC, each to each
;

and the base DC has been shewn to

be equal to the base BC;
therefore the angle DAC is equal to the angle BAC. [I. 8.

But DAC is a right angle ; [Construction.

therefore also BAC is a right angle. [Axiom \.

Wherefore, i/ the square &c. Q.E.p,

BOOK IL

DEFINITIONS.

^

1. Every right-angled parallelogram, or rectangle, is

said to be contained by any two of the straight lines which
contain one of the right angles.

2. In every parallelogram, any of the parallelograms
about a diameter, together with the two complements, is

called a Gnomon.
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Thus the parallelogram HG^
together with the complements
AF^ FC, is the gnomon, which is

more briefly expressed by the let-

ters AGK, or EHC, which are at

the opposite angles ofthe parallelo-

grams which make the gnomon.

PROPOSI'TION 1. THEOREM.

If there he two straight lines, one of icJtich is divided
into any number of parts, the rectangle contained by the
two straight lines is equal to the rectangles contained by
the lindiclded line, and the severalparts ofthe divided line.

Let A and BG be two straight lines ; and let BG be
divided into any number of parts at the points D, E : the

rectangle contained by the straight lines A, BG, shall be

equal to the rectangle contained by A, BD, together with
that contained by A, DE, and that contained by A, EG.

From the point B draw BF
at right angles to BG ; [1. 11.

and make BG equal to A ; [I. 3.

through G draw Gil parallel
to BG', and through D, E, G
draw DK, EL, Gil, parallel
to BG. [I. 31.

Then the i-ectangle Bll
is equal to the rectangles
BK, DL, EIL
But BH is contained by A, BG, for it is contained by
GB, BG, and GB is equal to A. [Construction.

And BK is contained by A, BD, for it is contained by
GB, BD, and GB is equal to A

;

and DL is contained by A, DE, because DK is equal to

BG, which is equal to A
; [I. 34.

and in like manner ^^is contained by A, EG.
Therefore the rectangle contained by A, BG is, equal to the
rectangles contained byA ,BD, and by A,DE, and by A, EG.

Wherefore, if there be two straight lines &c. q.e.d.

I
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PROPOSITION 2. THEOREM.

If a straight line he divided into any two parts, the

rectangles contained by the whole and each of the parts,
are together equal to the square on the whole line.

Let the straight line AB ha divided into any two parts
at the point C: the rectangle contained by AB, BC, toge-
ther with the rectangle AB, ACy shall be equal to the

square on AB.
[Note. To avoid repeating the word

contained too frequently, the rectangle
contained by two straight lines AB, AG
is sometimes simply called the rectangle

AB, AC]
On AB describe the square

ADEB; [1.46.

and through C draw CF parallel
to AD or BE. [1.31.

Then ^^ is equal to the rectangles AF, CE.

But AE is the square on AB.
And AF is the rectangle contained by BA, AC, for it is

contained by DA, AC, of which DA is equal to BA
;

and CE is contained by AB, BC, for BE is equal to AB.
Therefore the rectangle AB, AC, together with the rect-

angle AB, BC, is equal to the square on AB.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 3. THEOREM.

If a straight line he divided into any tico parts, the

rectangle contained by the whole and one of the parts, is

equal to the rectangle contained by the tico parts, together
with the square on the aforesaid part.

Let the straight line AB be divided into any two parts
at the point C: the rectangle AB, BC shall be equal to

the rectangle AC, CB, together with the square on BC.
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On BC describe the square CDEB ;

produce ED to F, and through A A.
draw^i^paralleltoC/)or^^. [1. 31.

'

Then the rectangle ^^ is equal
to the rectangles AD, CE.

But .4^ is the rectangle contained

by AB, BG, for it is contained

by AB, BE, of which BE is equal ^

\IbC; ^'

and AD IS contained by AC, CB, for CD is eoual to CB ;

and CE is the square on BC.
Therefore the rectangle AB, BC is equal to the rectangle
AC, CB, together with the square on BC.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 4. THEOREM.

If a straight line he divided into any two parts, the

squam on the whole line is equal to the squares on the two

parts, together with twice the rectangle contained hy the
two parts.

Let the straight line ^^ be divided into any two parts
at the point C : the square on AB shall be equal to the

squares on A C, CB, together with twice the rectangle con-
tained by AC, CB.

On AB describe the square
ADEB

; [I. 46. A_

join BD; through C draw CGF
parallel to ^Z> or BE, and through G
draw ZTA^parallel to AB or DE. [1. 31.

^

Then, because CF is parallel
to AD, and BD falls on them,
the exterior angle CGB is equal
to the interior and opposite an- I> T E

gle ADB ; [I. 29.

but the angle ADB is equal to the angle ABD, [I. 5.

because BA is equal to AD, being sides of a square ;

therefore the angle CGB is equal to the angle CBG ; [Ax. 1.

and therefore the side CG is equal to the side CB. [I. 6.

But CB is also equal to GK, and CG to BK
; [I. 34.

therefore the figure CGKB is equilateral.

G
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unequalparts, tof/ether with the square on the line between
the points of section, is equal to the square on half theline.

Let the straight line AB \)Q divided into two equal
parts at the point C, and into two unequal parts at the

point D : the rectangle AD,DB, together with the square
on CD, shall be equal to the square on CB.

On CB describe the

square CEFB
; [l- 46.

join BE; through D draw 1 TJ hX
^j-

A



\ c
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H-

B

D

K

I>

PROPOSITION 7. THEOREM.

If a straight line he divided into any two parts, the

squares on the whole line, and on one of the parts, are

equal to twice the rectangle contained by the whole and
that part, together with the square on the other part.

Let the straight line AB be divided into any two
parts at the point C -. the squares on AB, BG shall be

equal to twice the rectangle AB, Bd together with the

square on AG.
On AB describe the square

ADEB, and construct the figure
as in the preceding propositions.

Then AGh equal to GE
; [1. 43.

to each of these add GK;
therefore the wholeAK is equal to

the whole GE
;

therefore AK, GE are double of
AK.
But AK, GE are the gnomon AKF, together with the
square GK;
therefore the gnomon AKF, together with the square GK,
is double of AK.
But twice the rectangle AB, BG is double of AK,
for BK is equal to BG. [II. 4, Corollary.

Therefore the gnomon AKF, together with the square GK,
is equal to twice the rectangle AB, BG.
To each of these equals add HF, which is equal to the

square on AG. [II. 4, Corollary, and I. 34.

Therefore the gnomon AKF, together with the squares
GK, HF, is equal to twice the rectangle AB, BG, together
with the square on AG.
But the gnomon ^-O^ together with the squares GK, HF,
make up the whole figure ADEB and GK, which are the

squares on AB and BG.
Therefore the squares on AB, BG, are equal to twice the

rectangle AB, BG, together with the square on AG.

Wherefore, if a straight line &c. q.e.d.
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M H

]^ROPOSITION 8. TH^ORtlM.

Xf a itraight line he divided into any two parts, foU7*
times the rectangle contained by the whole line and one of
the parts, together with the square on the other part, is

equal to the square on the straight line which is made up
of the whole and that part.

Let the straight line AB be divided into any two parts
at tlie point C: foUr times the rectangle AB, BC, together
with the square on AC^ shall be equal to the square on the

straight line made up oiAB and iJCHogether.

Produce AB to i>, so

that BD may be equal ^ ^—^ ^
to CB

; [Post. 2. and I. 3.

on AD describe the square
AEFD

;

and construct two figures
such as in the preceding
propositions.

Then, because CB is equal
to BD, [Construction.

and that CB is equal to GK, and BD to KN, [I. 34.

therefore G^A^is equal to KN. [Axiom 1.

For the same reason PR is equal to RO.
And because CB is equal to BD, and GK to KN, the rect-

angle CK is equal to the rectangle BN, and the rectangle
GR to the rectangle RN. [I. 36.

But CK is equal to RN, because they are the complements
of the parallelogram CO ; [I. 43.

therefore also BN is equal to GR. [Axiom 1.

Therefore the four rectangles BN, CK, GR, RN are equal
to one another, and so the four are quadruple of one of

them CK

G
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that is to GP ; [II, 4, Corollary,

therefore CG is equal to GP. [Axiom 1,

And because CG is equal to GP, and PR to RO, tho

rectangle AG\^ equal to the rectangle MP, and the rect-

angle PL to the rectangle RF, [I. 36.

But MP is equal to PL, because they are tho complements
of the parallelogram ML ; [I. 43.

therefore also ^G' is equal to RF. [Axiom 1,

Therefore the four rectangles AG, MP, PL,RF are equal
to one another, and so the four are quadruple of one of
them AG.

And it was shewn that the four CK, BN, GR and RN
are quadruple of CK ;' therefore the eight rectangles
which make up the gnomon AOH are quadruple of ^iT.

And because AK is the rectangle contained by AB, BC,
for BK is equal to BC

;

therefore four times the rectangle AB, BC is quadruple
ofAK,
But the gnomon AOH was shewn to be quadruple
oiAK,

Therefore four times the rectangle AB, BC is equal to tho

gnomon A OH. [Axiom 1 .

To each of these add XH, which is equal to the square on
AC. [II. 4, Corollary, and I. 34,

Therefore four times the rectangle AB, BC, together with
the square on AC, is equal to tho gnomon AOH and the

square XH.
But the gnomon AOH and tho square XH make up tho

figure AEFD, which is the square on ^i>.

Therefore four times the rectangle AB, BC, together with
the square on AC, is equal to the square on AD, that is to
the square on the line made of AB and BC together.

Wherefore, if a straight line &c. q.e.d.
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PROPOSITION 9. THEOREM.

If a straight line he divided into two equals and also

into two unequal parts, the squares on the two unequal
parts are together double of the square on haJf the line

and of the square on tJie lirie between the points of section.

Let the straight line AB he divided into two equal

parts at the point (7, and into two unequal parts at the

point J) : the squares on A D, DB shall be together double
of the squares on AC, CD.

From the point C draw
CE at right angles to AB] [1. 1 1.

and make it equal io AC or .

CB, [I. 3.

and join EA, EB ; through
D draw DF parallel to CE, and

through F draw FG parallel
to BA ; [I. 31.

and join .4 F.

Then, because ACi& equal to GE, {Construction.

the angle EAC is equal to the angle AEC. [I. 5.

And because the angle ACE is a right angle, {Construction.

the two other angles AEG, EAC sltq together equal to one

right angle ; [I. 32.

and they are equal to one another
;

therefore each of them is half a right angle.

For the same reason each of the angles CEB, EBC is half

a right angle.

Therefore the whole angle AEB is a right angle.

And because the angle GEF is half a right angle, and
the angle EGF a right angle, for it is equal to the interior

and opposite angle ECB ; [I. 29.

therefore the remaining angle EFG is half a right angle.

Therefore the angle GEF is equal to the angle EFG, and
the side EG is equal to the side GF. [I. 6.

Again, because the angle at ^ is half a right angle, and the
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angle FDB a right angle, for it is equal to the interior and

opposite angle jEC^
; [1.29.

therefore the remaining angle BFD is half a right angle.
Therefore the angle at B is equal to the angle BFD^
and the side DF is equal to the side DB. [I. 6.

And because ^ C is equal to OE^ [Construction.

the square on ^Cis equal to the square on CE
;

therefore the squares on AC, CE slyg double of the square
on^a
But the square on AE is equal to the squares on AC, CE,
because the angle ACE is a right angle ; [I. 47.

therefore the square on AE is double of the square on AC.

Again, because EG is equal to GF, [Construction.

the square on EG is equal to the square on GF;
therefore the squares on EG, GF are double of the square
on6^i^.

But the square on ^i^is equal to the squares on EG, GF,
because the angle EGF is a right angle ; [I. 47.

therefore the square on EF is double of the square on GF.

And GF is equal to CD ; [I. 34.

therefore the square on EF is double of the square on CD.

But it has been shewn that the square on AE is also

double of the square on A C.

Therefore the squares on AE, EF are double of the

squares on AC, CE.

But the square on ^i^ is equal to the squares on AE,
EF, because the angle AEF is a right angle, [I. 47.

Therefore the square on AF is double of the squares on

AC, CE.

But the squares on AD, DF are equal to the square on

AF, because the angle ADFis, a right angle. [I. 47.

Therefore the squares on AD, DF are double of the

squares on A C, CD.

And DF is equal to DB
;

therefore the squares on AD, DB are double of the

sqliares on AC, CD.

Wherefore, if a straight line &c. q.e.d.
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PROPOSITION 10. THEOREM,

If a straight line he bisected, and produced to any
point, the square on the rchole line thus produced, and
the square on the part of it produced, are together double

of the square on half the line bisected and of the square
on the line made up of the half and the part produced.

Let the straight hno AB hQ bisected at C, and pro-
duced to D : the squares on AD, DB shall bo together
double of the squares on A C, CD.

From the point Cdraw C^at right angles to AB, [I, 11.

and make it equal to AC
or CB; [1.3.

andjoin^^, EB ; through
E draw EF parallel to

AB, and through D draw

/>i^parallelto(7^. [1.31,

Then because the straight
line ^i^meets the parallels
EC, FD, the angles GEF^ EFD are together equal to two

right angles ; [J. 29.

and therefore the angles BEF, EFD are together less

than two right angles.

Therefore the straight lines EB, FD will meet, if produced,
towards B, D, [Axiom 12.

Let them meet at G, and join AG.
Then because AC h ecjual to CE, {Construction.

the angle CEA is equal to the angle EAC ; [I. 5.

and the angle ACE is a right angle ; [Consfruction.

therefore each of the angles CEA, EAC is half a right

angle. [I. 32.

For the same reason each of the angles CEB, EBC is half

a right angle.

Therefore the angle AEB is a right angle.

And because the angle EBC is half a right angle,

the angle DBG is also half a right angle, for they are verti-

cally opposite ; [I. 15.

but the angle BDG is a right angle, because it is equal to

the alternate angle DCE ; [I. 29.

therefore the remaining angle DGB ishalf aright angle, [1. 32.



BOOK II, 10. ^b

and is therefore equal to the angle BBG ;

therefore also the side BD is equal to the side DG. [I. 6.

Again, because the angle EGF is half a right angle,
and the angle at i^ a right angle, for it is equal to the

opposite angle ECD ; [I. 34.

therefore the remaining angle i^jE^(? ishalfaright angle, [1. 32.

and is therefore equal to the angle EGF \

therefore also the side G^i^is equal to the side FE. '[I. 6.

And because EG is equal to CA, the square on EG is

equal to the square on CA ;

bherefore the squares on EG^ GA are double of the square
)n(7^.

But the squareon^^is equal to the squares onEG, GA. [1. 47.

Therefore the square on yl^ is double of the square on AG.

^gain, because GF is equal to FE, the square on GF is

iqual to the square on FE %

herefore the squares on GF, FE are double of the square
>n FE.
iJut the square onEG is equal to the squares on GF, FE.{1. 47.,

therefore the square on EG is double of the square on FE.
Lnd FE is equal to GD

; [I. 34.

herefore the square on EG is double of the square on GD.
Jut it has been shewn that the square on AE is double
f the square on AG.
'herefore the squares on AE, EG are double of the

quares on AG, GD.
But the square on AG is^ equal to the squares on AE,

-^.G. [I. 47.

'herefore the square on AG '\% double of the squares on
I (7, CD.
lut the squares on AD, DG are equal to the square on

\G. [1. 47.

herefore the squares on AD, DG are double of the

luares oxvAG, CD.
nd DG'\% equal to DB ;

lerefore the squares on AD,DB are double of the squares

\AC,CD.
Wherefore, if a straight line &c. q.e.d.

5



GG EUCLID'S ELEMENTS.

PROPOSITION 11. PROBLEM.

To divide a given straight line into two parts, so that

the rectangle contained hy the ichole and one of the parts

inay he equal to the square on the other part.

Let ABhQ the given straight line: it is required to

divide it into two parts, so that the rectangle contained by
the whole and one of the parts may be equal to the scpiare

on the other part.

On AB describe the square
ABDC\ [[. 46.

bisect ^(7 at J^; [F. 10.

join BE ; produce CA to F, and
make EF equal to EB

; [I. 3.

and on J[i^ describe the square
AFGH. [1. 46.

AB shall be divided at H so

that the rectangle AB, BH is

equal to the square on AH.
Produce Gil to FT.

Then, because the straight lino

AC is bisected at E, and pro-
duced to F, the rectangle CF, FA, together with the

square on AE, is equal to the square on EF. [II. 6.

But EFis equal to EB. [Construction.

Therefore the rectangle CF, FA, together with the square
on AE, is equal to tlie square on EB.
But the square on EB is equal to the squares on AE,AB,
because the angle EAB is a right angle. [I. 47.

Therefore the rectangle CF, FA, together with the square
on AE, is equal to the squares on AE, AB.
Take away the square on AE, which is common to both

;

therefore the remainder, the rectangle CF, FA, is equal to

the square on AB. [Axiom 3.

But the figure FK is the rectangle contained by CF, FA,
for FG is equal to FA

;

and AD is the square on AB
;

therefore FA' is equal to AD.
Take away the common part AIC, and the remainder FJf
is equal to the remainder IW. [Axiom 3.
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But HD is the rectangle contained by AB, BH, for AB is

equal to BD
;

and FH is the square on AH;
therefore the rectangleyl^,5^is equal to the squareon AH.

Wherefore the straight line AB is divided at H, so that

the rectangle AB,BH is equal to the square on AH. q.e.f.

PROPOSITION 12. THEOREM.

In odtuse-angled triangles, if a perpendicular be drawn
from either of the acute angles to the opposite side pro-
duced, the square on the side subtending the obtuse angle is

greater than the squares on the sides containing the obtuse

angle, by twice the rectangle contained by the side on
which, ichen produced, the perpendicular falls, and the

straight line intercepted without the triangle, between the

perpendicular and the obtuse angle.

Let ABC be an obtuse-angled triangle, having the
)btuse angle ACB, and from the point A let ADhQ drawn

perpendicular to BC produced ; the square on AB shall be

i^reater than the squares on AG, CB, by twice the rectangle
BC, CD.

Because the straight line

BD is divided into two parts
it the point C, the square on
3D is equal to the squares on

5(7, CD, and twice the rectangle

3C, CD. [tl. 4.

^o each of these equals add the

quare on DA.
'herefore the squares onBD, DA are equal to the squares on

3C, CD, DA, and twice the rectangle BC, CD. [Axiom 2.

Jut the square on BA is equal to the squares on BD, DA,
lecause the angle at Z> is a right angle ; [I. 47.

ndthe square on CA is equal to the squares on CD,DA. [1. 47.

'herefore the square on BA is equal to the squares on

?C, CA, and twice the rectangle BC, CD ;

liat is, the square on BA is greater than the squares on

?C, CA by twice the rectangle BC, CD.

Wherefore, in obtuse-angled triangles &c. q.e.d.

6—2
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PROPOSITION 13. THEOREM.
In every triangle, the square on the side si(htencling

an acute angle, is less than the squares on the sides con-

taining that angle, by twice the rectangle contained by
eitJier of these sides, and the straight line intercepted
between the perpendicular letfall on it from the opposite
angle, and the acute angle.

Let ABC be any triangle, and the angle at B an acute

angle ;
and on BC one of the sides containing it, let fall

the perpendicular AD from the opposite angle: the square
on AC, opposite to the angle B, shall be less than the

squares on CB, BA, by twice the rectangle CB, BD.

First, let AD fall within the

triangle ABC.
Then, because the straight lino

CB is divided into two parts
at the point D, the squares on

CB, BD are equal to twice the

rectangle contained by CB, BD
and the square on CD. [II. 7.

To each of these equals add the

square on DA.
Therefore the squares on CB, BD, DA are equal to twice
the rectangle CB, BD and the squares on CD, DA. [Ax. 2.

But the square on AB is equal to the squares on BD, DA,
because the angle BDA is a right angle ; [I. 47.

and the square onA Cis equal to the squares on CD, DA. [1. 47.

Therefore the squares on CB, BA are equal to the sc^uare
on AC and twice the rectangle CB, BD ;

that is, the square on AC alone is less tlian the squares on

CB, BA by twice the rectangle CB, BD,
A

Secondly, let ^ Z) fall without
the triangle ABC.
Then because the angle at D is

a right angle, [Construction.

the angle ACB is greater than
a right angle ; [I. 1^.
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and therefore the square on AB is equal to the squares
on AC, CB, and twice the rectangle BC, CD. [II. 12.

To each of these equals add the square on BG.
Therefore the squares on AB, BC are equal to the square
on AC, and twice the square on BC, and twice the rect-

angle BC, CD. {Axiom 2.

But because BD is divided into two parts at C, the rect-

angle DB, BC is equal to the rectangle BC, CD and the

square on -5(7; [II. 3.

and the doubles of these are equal,

that is, twice the rectangle DB, BG is equal to twice the

rectangle BC, CD and twice the square on BC.

Therefore the squares on AB, BC are equal to the square
on AC, and twice the rectangle DB, BC ;

that is, the square on AC alone is less than the squares on

AB, BC by twice the rectangle DB, BC.

Lastly, let the sideAC ho perpendicular
to^a
Then BG is the straight line between the

perpendicular and the acute angle at B ;

and it is manifest, that the squares on

AB, BG are equal to the square on AC,
and twice the square on BC. [I. 47 and Ax. 2.

Wherefore, in every triangle &c. q.e.d.

PEOPOSITION 14. PROBLEM.

To describe a square that shall he equal to a given recti-

linealfigure.

Let A be the given rectilineal figure : it is required to

describe a square that shall be equal to A.

Describe the rect-

angular parallelogram a ..-^ -.H

^6'i>^equal tothe rec-
tilineal figure A. [1. 45.

Then if the sides of it,

BE, ED are equal to

one another, it is a

square, and what was

required is now done.
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But if tliey are not equal, produce one of them BE to Fy
make EF equal
to ED, [I. 3.

and bisect BF
at G

; [I. 10.

from the centre

G, at the distance

GB, or GF, de-
scribe the semi-

circle BHF, and

produceDEtoH.
The square described on EH shall be equal to the given
rectilineal figure A.

Join GH. Then, because the straight line BF is divided
into two equal parts at the point G, and into two unequal
parts at the point E, the rectangle BE, EF, together with
the square on GE, is equal to the square on GF. [II. 6.

But GF is equal to GH.
Therefore the rectangle BE, EF, together with the square
on GE, is equal to the square on GH.
But the square on GH'iB equal to the squareson GE, EH;[I.i7.

therefore the rectangle BE, EF, together with the square
on GE, is equal to the squares on GE, EH.
Take away the square on GE, which is common to both

;

therefore the rectangle BE, EF is equal to the square on
EH. [Axiom 3.

But the rectangle contained by BE, EF is the parallelo-

gram BD,
because EF is equal to ED. [Construction.

Therefore BD is equal to the square on EH.
But BD is equal to the rectilineal figure A. [Construction.

Therefore the square on EH is equal to the rectilineal

figure A.

Wherefore a square has been made equal to the given
rectilineal figure A, namely, the square described on
EH. Q.E.P.



BOOK III.

DEFINITIONS.

1. Equal circles are tliose of which the diameters are

equal, or from the centres of which the straight lines to
the circumferences are equal.

This is not a definition, but a theorem, the truth of
which is evident

; for, if the circles be applied to one

another, so that their centres coincide, the circles must
likewise coincide, since the straight lines from the centres
are equal.

2. A straight line is

said to touch a circle,

when it meets the circle,
and being produced does
not cut it.

3. Circles are said

to touch one another,
which meet but do not
cut one another.

4. Straight lines are said to

be equally distant from the centre
of a circle, when the perpendicu-
lars drawn tothemfrom the centre
are equal.

5. And the straight line on
which the greater perpendicular
falls, is said to be farther from the
centre.
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6. A segment of a circle is the

figure contained by a straight lino

and the circumference it cuts off.

7. The angle of a segment is that

which is contained by tiie straight
line and the circumference.

8. An angle in a segment is

the angle contained by two straight
lines drawn from any point in the

circumference of the segment to

the extremities of the straight line

which is the base of the segment.

9. And an angle is said to in-

sist or stand on the circumference

Intercepted between the straight
lines which contain the angle.

10. A sector of a circle is the

figure contained by two straight
lines drawn from the centre, and
the circumference between them.

11. Similar segments of

circles are those in which
the anglesare equal, orwhich
contain equal angles.

[Note. In the following propositions, whenever the expression
''straight lines from the centre," or "drawn from the centre,"
occurs, it is to be understood that the lines are drawn to the cir-

cumference.

Any portion of ttie circumference is called an arc]

PROPOSITION 1. PROBLEM.

To find the centre of a given circle.

Let ABC be the given circle : it is required to find its

centre.
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Draw within it any straight
line ABj and bisect AB
at D

; [I. 10.

from the point D draw DG
at right angles to AB

; [I. 11.

l^roduce CD to meet the cir-

cumference at E, and bisect

CE at F. [I. 10.

The point F shall be the centre
of the circle J i? (7.

For if F be not the centre,
if possible, let G be the centre

;
and join GA, GD, GB.

Then, because DA is equal to DB, [Construction.

and DG is common to the two triangles ADG, BDG ;

the two sides AD,DG are equal to the two sides BD, DG,
each to each

;

and the base GA is equal to the base GB, because they are
drawn from the centre G ; fl. Definition 15.

therefore the angle ADG is equal to the angle BDG. [I. 8.

But when a straight line, standing on another straight line,
makes the adjacent angles equal to one another, each of

the angles is called a right angle ; [I. Definition 10.

therefore the angle BDG is a right angle.

But the angle BDF is also a right angle. [Construction.

Therefore the angle BDGis equal to the angle BDF, [Ax.ll.

the less to the greater ;
which is impossible.

Therefore G is not the centre of the circle ABC.
In the same manner it may be she^vn that no other point

out of the line GE is the centre
;

and since CE is bisected at F, any other point in CE
divides it into unequal parts, and cannot be the centre.

Therefore no point but F is the centre ;

that is, F is the centre of the circle ABC:
which was to he found.

Corollary. From this it is manifest, that if in a circle

a straight line bisect another at right angles, the centre of

the circle is in the straight line which bisects the other.
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PROPOSITION 2. THEOREM.

If any two points he taken in tJie circuinference of a

circle, the straight line which joins them shallfall within
the circle.

Let ABC be a circle, and A and B any two points in

the circumference : the straight line drawn from A to B
shall fall within the circle.

For if it do not, let it fall, if

possible, without, as AEB.
Find Z> the centre of the circle

ABC] [III. 1.

and join DA, DB ;
in the arc

AB take any point F, join DF,
and produce it to meet the

straight lineAB at E.

Then, because DA is equal
to DB, [I. Definition 15.

the angle DAB is equal to the angle DBA. [I. 5.

And because AE, a side of the triangle DAE, is pro-
duced to B, the exterior angle DEB is greater than the

interior opposite angle DAE. [I. 16.

But the angleZ>^^w^as shewn to be equal tothe angle DBE;
therefore the angle DEB is greater than the angle DBE.
But the greater angle is subtended by the greater side

; [1. 19.

therefore DB is greater than DE.
But DB is equal to DF; [I. Definition 15.

therefore DF is greater than DE, the less than the greater ;

which is impossible.

Therefore the straight line drawn from A to B does not
fall without the circle.

In the same manner it may be shewn that it does not
fall on the circumference.

Therefore it falls within the circle.

Wherefore, if any two points &c. q.e.d.

PROPOSITION 3. THEOREM.

If a straight line drawn through the centre of a circle,
bisect a straight line in it which does not pass through the
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centre^ it shall cut it at right angles ; and if it cut it at

right angles it shall bisect it.

Let ABC be a circle
;
and let CD, a straight line drawn

through the centre, bisect any straight line AB, which does

not pass through the centre, at the point F: CD shall cut

^^ at right angles.

Take B the centre of the
circle

; andjoin^"^, BB. [III.l.

Then, because AFis equal
to FB, [Hypothesis.

and FB is common to the two

triangles AFB, BFE ;

the two sides AF, FE are

equal to the two sides BF^FE,
each to each

;

and the base EA is equal to the base EB ; [I. Def. 15.

therefore the angle AFE is equal to the angle BFE. [I. 8.

But when a straight line, standing on another straight line,

makes the adjacent angles equal to one another, each of

the angles is called a right angle ; [I. Definition 10.

therefore each of the angles AFE, BFE is a right angle.

Therefore the straight line CD, drawn through the centre,

bisecting another AB which does not pass througli the

centre, also cuts it at right angles.

But let CD cut AB Sit right angles : CD shall also

bisect AB
;
that is, AF shall be equal to FB.

The same construction being made, because EA, EB,
drawn from the centre, are equal to one another, [I. Def. 15.

the angle EAF is equal to the angle EBF. [I. 5.

And the right angle AFE is equal to the right angle BFE.
Therefore in the two triangles EAF, EBF, there are two

angles in the one eijual to two angles in the other, each to

each
;

and the side EF, which is opposite to one of the equal

angles in each, is common to both
;

therefore their other sides are equal ; [I. 26.

therefore ^i^ is equal to FB.

Wherefore, if a straight line &c. q.e.d.
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PROPOSITION 4. THEOREM.

If in a circle two straight lilies cut one another, which

do not both pass through the centre^ they do not bisect one

another.

Let ABCD be a circle, and AC, BD two straight lines

in it, which cut one another at the point E, and do not both

pass through the centre: AC, BD shall not bisect ono
another.

If one of the straight lines

pass through the centre it is plain
that it cannot be bisected by
the other which does not pass
through the centre.

But if neither of them pass
through the centre, if possible,
let AE be equal to EC^ and BE
equal to ED.
Take F the centre of the circle [III. 1.

and join EF.

Then, because FE, a straight line drawn through the

centre, bisects another straight line ^C which does not pass
through the centre

; [Hypothesis.

FE cuts AC Sit right angles ;

'

[III. 3.

tiierefore the angle FEA is a right angle.

Again, because the straight lino FE bisects the straight
line BD, which does not pass through the centre, [Hyp.

FE cuts BD at right angles ; [III. 3.

therefore the angle FEB is a right angle.

But the angle FEA was shewn to be a right angle ;

therefore the angle FEA is equal to the angle FEB, [Ax.U.

the less to the greater ;
which is impossible.

Therefore AC, BD do not bisect each other.

Wherefore, if in a circle &c. q.e.d.

PROPOSITION 5. THEOREM.

If two circles cut one another, they sJioll not have the

same centre.

Let the two circles ABC, CDG cut ono another at the
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[Axiom 1.

points B, C: they shall not have the same centre.

For, if it be possible, let E
be their centre

; join EC, and
draw any straight line EFG
meeting the circumferences at

F and G.

Then, becauseE is the cen-

tre of the circle ABC, EC is

equal to EF. [I. Definition 15,

Again, because E is the centre

of the circle CDG, EC is equal
to EG. [I. Definition 15.

But EC was shewn to be equal to EF
;

therefore EF is equal to EG,
the less to the greater ;

which is impossible,

therefore E is not the centre of the circles ABC, CDG.

"Wherefore, ifUco circles &c. q.e.d.

PROPOSITION 6. THEOREM.

If two circles touch one another internally^ they shall

not have the same centre.

Let the two circles ABC, CDE touch one another inter-

nally at the point G : they shall not have the same centre.

For, if it be possible, let

F be their centre
; join FC,

and draw any straight line

FEB, meeting the circum-

ferences at i5J and B.

Then, because F is the

centre of the circle ABC,
FC is equal to FB. [I. Def. 15.

Again, because F is the

centre of the circle CDE,
FC is equal to FE.
But FC was shewn to be equal to FB
therefore FE is equal to FB,
the less to the greater ;

which is impossible.

Therefore F is not the centre of the circles ABC, CDE.
Q.E.D.

[I. Definition 15.

[Axiom 1.
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PROPOSITION 7. THEOREM.

If any point he taken in the diameter of a circle which
is not the centre, of all the straight lines which can be

drawnfrom this point to the circumference, t/ie greatest
is that in which the centt-e is, and the other part of the

diameter is the least ; and, of any others, that which is

nearer to the straight line which passes through the centre,
is always greater than one more remote ; and from the

same point there can he drawn to the circumference two

straight lines, and only two, which are equal to one ano-

ther, one on each side of the shortest line.

Let ABCD be a circle and AD its diameter, in which
let any point F be taken wliich is not the centre

;
let E bo

the centre : of all the straight lines FB, FC, FG, &c. that
can be drawn from F to the circumference, FA, which

passes through E, shall be the greatest, and FD, the other

part of the diameter AD, shall be the least
;
and of the

others FB shall be greater than FC, and FC than FG.

Join BE, CE, GE.

Then, because any two sides

of a triangle are greater than the
third side, [I. 20.

therefore BE, EF are greater
than BF.
But BE is equal to AE; [l.Def. 15.

therefore AE, EF are greater
than BF,
that is, AF\?> greater than BF.

Again, because BE is equal to CE, [I. Definition 15.

and ^i^is common to the two triangles BEF, CEF;
the two sides BE, EF are equal to the two sides CE, EF,
each to each

;

but the angle BEF is greater than the angle CEF ;

therefore the base FB is greater than the base FC. [I. 24.

In the same manner it may be shewn that FC is greater
than FG.

Again, because GF, FE are greater than EG^ [I. 20.
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and that EG is equal to ED
; [I. Definition 15.

therefore GF, FE are greater than ED.
Take away the common part FE, and the remainder GF is

greater than the remainder FD.
Therefore FA is the greatest, and FD the least of all

the straight lines from F to the circumference
;
and FB is

greater than FC, and FC than FG.

Also, there can be drawn two equal straight lines from
the point F to the circumference, one on each side of the
shortest line FD.

For, at the point E, in the straight line EF, make the

angle FEH equal to the angle FEG, [I. 23.

and join FH.

Then, because EG is equal to EH, [I. Definition 15.

and EFh common to the two triangles GEF, HEF\
the two sides EG, EF are equal to the two sides EH, EF,
each to each

;

and the angle GEF is equal to the angle HEF ; \ComtT.

therefore the base FG is equal to the base FH. [I. 4.

But, besides FH, no other straight line can be drawn
from F to the circumference, equal to FG.

For, if it be possible, let FK be equal to FG.

Then, because FK is equal to FG, [Hypothesis.

and FH is also equal to FG,
therefore i^//is equal to FK

; {Axiom 1.

that is, a line nearer to that which passes through the

centre is equal to a line which is more remote ;

which is impossible by what has been already shewn.

Wherefore, ifany point he taken &c. q.e.d.

li
PROPOSITION 8. THEOREM.

If any point be taken without a circle, and straight
lines be draicnfrom it to the circumference, one of which

parses through the centre ; of those which fall on the con-

cave circumference, the greatest is that which passes

through the centre, and of the rest, that ichich is nearer
to the one passing through the centre is always greater
tlmn one more remote; but of those which fall on the
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convex ctrcun^ference, the least is tJiat between the point
without the circle and the diameter; and qf the rest, that
which is nearer to the least is always less than one more
remote ; andfrom the same point there can he drawn to

the circumference two straight lines, and only two, which
are equal to one another, one on each side ofthe shortest line.

Let ABG bo a circle, and D any point without it, and
from D let the straight lines DA, DE, DF, DC be drawn
to the circumference, of whichDA passes through the centre :

of those which fall on the concave circumference AEFC, the

greatest shall be DA which passes through the centre, and
the nearer to it shall be greater than the more remote,
namely, DE greater than DF, and DF greater than DC\
but of those which fall on the convex circumference GKLH,
the least shall be DG between the point D and the dia-

meter AG, and the nearer to it shall be less than the more
remote, namely, DK less than DL, and DL less than DH.

Take M, the centre of the
circle ABC, [III. 1.

and join ME, MF, MC, Mil,
ML, MK.

Then, because any two sides

of a triangle are greater than
the third side, [I. 20.

therefore EM,MD are greater
than ED.
But^J/is equal to AM;[I.Def.l5.

therefore AM, MD are greater
than ED,
that is, AD is greater than ED.

Again, because EM is equal
to FM,
and MD is common to the two

triangles EMD, FMD ;

the two sides EM,MD are equal to the two sides FM, MD,
each to each

;

but the angle EMD is greater than the angle FMD ;

therefore the base ED is greater than the base FD. [1. 24.

In the same manner it may be shewn that FD is

greater than CD.
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Therefore DA is the greatest, and BE greater than DF^
and DF greater than DO.

Again, because MK, KD are greater than JfZ), [I, 20.

andMK is equal to MG^ [I. Definition 15.

the remainder KD is greater than the remainder GD^
that is, GD is less than KD.

And because MLD is a triangle, and from the points

ilf, i>, the extremities of its side MD^ the straight lines

MK^ DK are drawn to the point K within the triangle,
therefore MK, KD are less than ML, LD \ [I. 21.

and MKSs, equal to ML ; [I. Definition 15.

therefore the remainderKD is less than the remainder LD.
In the same manner it may be shewn that LD is less

than HD.
Therefore DG is the least, and DK less than Z>Z, and DL
less than DH.

Also, tliere can be drawn two equal straight lines from
the point D to the circumference, one on each side of the
least line.

For, at the point M, in the straight line MD, make the

angle DMB equal to the angle DMK, [I. 23.

and join DB.
Then, because MK is equal to MB,

and MD is common to the two triangles KMD, BMD ;

the two sides KM,MD are equal to the two sides BM,MD,
each to each

;

and the angle DMK is equal to the angle DMB ; [Constr.

therefore the base DK is equal to the base DB. [I. 4.

But, besides DB, no other straight line can be drawn
from D to the circumference, equal to DK.

For, if it be possible, let DN be equal to DK
Then, because DN is equal to DK^
and DB is also equal to DK,
tiierefore DB is equal to DN; [Axiom 1.

that is, a line nearer to the least is equal to one which is

more remote
;

which is impossible by what has been already shewn.

Wherefore, if any point be taken &c. q.e.d.

G
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PROPOSITION 9. THEOREM.

If a 'point he taken within a circle, from wJdch there

fall more than ttco equal straight lines to the circum-

ference, that point is the centre of the circle.

Let the point Z> bo taken within the circle ABC, from
which to the circumference there fall more than two equal
straight lines, namely DA, DB, DC: the point D shall be
the centre of the circle.

For, if not, let E be the centre
;

join Z>^and produce it both ways to

meet the circumference at F and G
;

then FG is a diameter of the circle.

Then, because in FG, a diameter
of the circle ABC, the point D is

taken, which is not the centre, DG
is the greatest straight line from D
to the circumference, and DC is greater than DB, and
DB greater than DA

; [III. 7.

but they are likewise equal, by hypothesis ;

which is impossible.

Therefore E is not the centre of the circle ABC.
In the same manner it may be shewn that any other

point than D is not the centre ;

therefore D is the centre of the circle ABC.

Wherefore, if a point be taken &c. q.e.d.

PROPOSITION 10. THEOREM.

One circumference of a circle cannot cut another at

tnore than two points.

If it be possible, let the circumference ABC cut the

circumference DEF at more
than two points, namely, at the

iwints B, G, F.

Take K, the centre of the

circle ABC, [HI. 1.

and join KB, KG, KF.

Then, because K is the

centre of the circle ABC,
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therefore KB^ KG, KF^xq all equal to each other. [I.Z>e/15.

And because within the circle DEF, the point K is taken,
from which to the circumference DEF fall more than two

equal straight lines KB, KG, KF, therefore K is the
centre of the circle DEF. [III. 9.

But ^is also the centre of the circle ABC. [Construction.

Therefore the same point is the centre of two circles

which cut one another ;

which is impossible. [III. 5.

Wherefore, one circumference &c. q.e.d.

PKOPOSITION 11. THEOREM.

If two circles touch one another internally, the straight
line which joins their centres, being produced, shall pass
through the point of contact.

Let the two circles ABC, ADE touch one another inter-

nally at the point A ;
and let F be the centre of the circle

ABC, and G the centre of the circle ADE: the straight
line which joins the centres F, G, being produced, shall

pass through the point A .

For, if not, let it pass otherwise,
if possible, as FGDH, and join

AF,AG.
Then, because AG, GF are

greater than AF, [I. 20.

and ^i^ is equal to HF, [I. Def. 15.

therefore AG, GF, are greater
than HF.
Take away the common part GF;
therefore the remainder AG\% greater than the remainder
HG.
But AG\% equal to DG. [I. Definition 15.

Therefore DGxs, greater than HG, the less than the greater ;

which is impossible.

Therefore the straight line which joins the points F, G,
being produced, cannot pass otherwise than through the

point A,
that is, it must pass through A.

Wherefore, if two circles &c. q.e.d,

6—2
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PROPOSITION 12. THEOREM.

If two circles touch one another externally, the straight
line which joins their centres sJuill pass through t/te point
qfcontact.

Let the two circles ABC, ADE touch one another ex-

ternally at the point A ;
and let F be the centre of the

circle ABC, and G the centre of the circle ADE: the

straight line which joins the points F, G, shall pass through
the point A .

For, if not, let it

pass otherwise, if pos- y^ ^ E_

sible, as FCDG, and

join FA, AG.

Then, because i^ is

the centre of the cir-

cle ABC, FA is equal
to FC; [l.Def.l6.

and because G is the

centre of the circle ADE, GA is ecjual to GD ;

therefore FA, AG are equal to FC, DG. {Axiom 2.

Therefore the whole FG is greater than FA, AG.
But FG is also less than FA, AG-, [I. 20.

which is impossible.

Therefore the straight line w^hich joins the points F, G,
cannot pass otherwise than through the point A,
that is, it must pass through A.

Wherefore, if two circles &c. q.e.d.

PROPOSITION 13. THEOREM.

One circle cannot touch another at more points tlian

one, whether it touches it on the inside or outside.

For, if it be possible, let the circle EBF touch the
circle ABC at more points than one; and first on the

inside, at the points B, D. Join BD, and draw 6r// bisect-

ing BD at right angles. [I. 10, 11.

Then, because the two points B, D are in the circum-
ference of each of the circles, the straight line BD falls

within each of them
; [III. 2.
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and therefore the centre of each circle is in the straight
line GH which bisects BD at right angles ; [III. 1, Corol.

therefore G^^ passes through the point of contact. [III. 11.

But GH does not pass through the point of contact, be-
cause the points B, D are out of the line GH\
which is absurd.

Therefore one circle cannot touch another on the inside at
more points than one.

Nor can one circle touch an-

other on the outside at more
points than one.

For, if it be possible, let the
circleACK touch the circleABG
at the points A, C. Join AG.

Then, because the tw^o points

A, G are in the circumference of

the circle ACK, the straight line

AG which joins them, falls within

the circle AGK; [III. 2.

but the circle AGK is mthout the circle ABG; [Hypothesis,

therefore the straight line AG is without the circle ABG.
But because the two points A, G are in the circumference

of the c\Yc\e ABG, the straight line J[ (7 falls within the

circle ABG ; [III. 2.

which is absurd.

Therefore one circle cannot touch another on the outside

at ii\ore points than one.

And it has been shewn that one circle cannot touch
another on the inside at more points than one.

Wherefore, oiie chxle &c. q.e.d.
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PROPOSITION 14. THEOREM.

Equalstraight lines in a circle are equally distantfrom
the centre: and those ichich are equaUij distant from the

ce7itre are equal to one another. >

Let the straight lines AB, CD in tho circle ABDC, bo

equal to one another : they shall be equally distant from
the centre.

Take E, the centre of the

circle ABDC; [III. 1.

and from E draw EF, EG per-

pendiculars to AB, CD; [I. 12.

and join EA^ EC.

Then, because the straight
line EF, passing through tho

centre, cuts the straight line AB,
which does not pass through the

centre, at right angles, it also bisects it
; [III. 3.

therefore AFis equal to FB, and AB is double of AF.
For the like reason CD is double of CG.

But yl^ is equal to CD
; [Hypothesis.

therefore ^i'^is equal to CG. [Axiom 7.

And because AE is equal to CE, [I. Definition 15.

the square on AE is equal to the square on CE.

But the squares on AF, FE are equal to the square on AE,
because the angle AFE is a riglit angle ; [I. 47.

and for the like reason the squares on CG, GE are equal to

the square on CE;
therefore the squares on AFy FE are equal to the squares
on CG, GE. [Axiom 1.

But the square on ^7^ is equal to the square on CG,
because AF \& equal to CG ;

therefore the remaining square on FE is equal to the re-

maining square on GE
; [Axiom 3.

and therefore the straight line EF is equal to the straight
line EG.
But straight lines in a circle are said to be equally distant
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from the centre, when the perpendiculars drawn to them
from the centre are equal ; [III. Definition 4.

therefore AB, CD are equally distant from the centre.

Next, let the straight lines AB, CD be equally distant

from the centre, that is, let EF be equal to EG', AB shall

be equal to CD.

For, the same construction being made, it may be

shewn, as before, that ^^ is double of ^i^, and CD double
of CGj and that the squares on EF^ FA are equal to the

squares on EG^ GC\
but the square on EF is equal to the square on EG^
because EF is equal to EG

; [Hypothesis.

therefore the remaining square on FA is equal to the re-

maining square on GC, \Axiom 3.

and therefore the straight line AF is equal to the straight
line CG.

But AB was shewn to be double of AF, and CD double
oiCG.

Therefore AB is equal to CD. [Axiom 6.

"Wherefore, equal straight lines &c. q.e.d.

PEOPOSITION 15. THEOREM.
The diameter is the greatesi straight line in a circle ;

and, of all others, that which is nearer to the centre is

cdways greater than one more remote; and the greater
is nearer to the centre than the less.

Let ABCD be a circle, of which J[Z> is a diameter, and
E the centre

;
and letBC be nearer to the centre than FG :

AD shall be greater than

any straight line BC which
isnot a diameter, andBC shall

be greater than FG.
From the centre E draw

EH, EK perpendiculars to

BC, FG, [I. 12.

and join EB, EG, EF.

Then, because AE is equal
toBE, andED toEC, [l.Def.l5.

therefore AD is equal to BE, EC; [Axiorti 2.
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but BE, EC are greater than BC
-, [ I, 20.

therefore also AD h greater than BC.

And, because BC is nearer to

tlie centre than FG, [Hypothesis.

EH is less than EK. [UI.Def.5.

Now it may be shewn, as in the

preceding proposition, that BC
is double of BII, andFG double
of FK, and that the squares on

EH, HB are equal to the squares
on EK, KF.
But the square on EH is less than the square on EK,
because EH is less than EK;
therefore the square on HB is greater than the square
on KF;
and therefore the straight line BH is greater than the

straight line FK
;

and therefore BC is greater than FG.

Next, let BC be greater than FG : BC shall be nearer

to the centre than FG, that is, the same construction

being made, EH sliall be less than EK.
For, because BC is greater than FG, BH is greater

than FK.
But the squares on BH, HE are equal to the squares on

FK,KE;
and the square on BIL is greater than the square on FK,
because BH is greater than FK;
therefore the square on HE is less than the square on KE

;

and therefore the straight line EH is less than the straight
line EK.

Wherefore, the diameter &c. q.e.d.

PROPOSITION 16. THEOREM.

The straight line drawn at right angles to the diameter

of a circle from the extremity of it, falls without the

circle; and no straight line can he drawn froon the

extremity, between that straight line and the circumfer-
ctic(\ .s ; as not to cut the circle.
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Let ABC be a circle, of which D is the centre and
AB 2. diameter: the straight line drawn at right angles to

AB, from its extremity A, shall fall without the circle.

For, if not, let it fall, if pos-

sible, within the circle, as AC^
and draw DC to the point (7,

where it meets the circmnference.

Then, because DA is equal to

DC, [I. Definition 15.

the angle DAG is equal to the

angle DCA. [I. 5.

But the angle DACis a right angle ; {Hypothesis.

therefore the angle DCA is a right angle ;

and therefore the angles DAC, DCA are equal to two

right angles; which is impossible. [I. 17.

Therefore the straight line drawn from A at right angles to

AB does not fall within the circle.

And in the same manner it may be shewn that it does
not fall on the circumference.

Therefore it must fall without the circle, as AE.
Also between the straight line AE and the circumfer-

ence, no straight line can be drawn from the point A, which
does not cut the circle.

For, if possible, let ^ 7^ be between

them; and from the centre D draw
DG perpendicular to AF; [I. 12,

let DG meet the circumference at H.

Then, because the angle DGA is a

right angle, [Construction.

the angle DAG is less than a right

angle; [I. 17.

thereforeDA is greaterthan 2)6^. [1.19.

But DA is equal to DH; [I. Definition 15.

thereforeDH is greater than DG, the less than the greater ;

which is impossible.

Therefore no straight line can be drawn from the point
A between AE and the circumference, so as not to cut the
circle.
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"Wherefore, the straight line &c. q.e.d.

Corollary. From this it is manifest, that the straight

line which is drawn at right angles to the diameter of a

circle from the extremity of it, touches the circle ; [III.i>e/.2.

and that it touches the circle at one point only,

because if it did meet the circle at two points it would fall

within it. [LII. 2.

Also it is evident, that there can be but one straight line

which touches the circle at the same point.

PEOPOSITION 17. PROBLEM.

To draw a straight line from a given point, either

without or in the circumference, which shall toiich a given
circle.

First, let the given point A be without the given circle

BCD : it is required to draw from A a straight line, which

shall touch the given circle.

Take E, the centre of the

circle, [III. 1.

and join ^^ cutting the circum-

ference of the given circle at I)
;

and from the centre E, at the

distance EA, describe the circle

AFG; from the point D draw
DF at right angles to EA,\l.n.
and join ^i^ cutting the circum-

ference of the given circle at B
;

join AB. AB shall touch the circle BCD.
For, because E is the centre of the circle A FG, EA is

equal to EF. [1. Definition 15.

And because E is the centre of the circle BCD, EB is

equal to ED. [I. Definition 15.

Therefore the two sides AE, EB are equal to the two sides

FE, ED, each to each
;

and the angle at E is common to the two triangles AEB,
FED',
therefore the triangle AEB is equal to the triangle FED,
and the other angles to the other angles, each to each, to

which the equal sides are opposite ; [I. 4.
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therefore the angle ABE is equal to the angle FDE.
But the angle FDE is a right angle ; {Comtruction.

therefore the angle ABE is a right angle. [Axiom 1.

And EB is drawn from the centre
;
but the straight line

drawn at right angles to a diameter of a circle, from the

extremity of it, touches the circle; till. 16, Corollary.

therefore AB touches the circle.

And AB is drawn from the given point A. q.e.f.

But if the given point be in the circumference of the

circle, as the point D, drawDE to the centre E, and DF at

right angles to i>^; then DFtoliche* the circle. [III. 16, Cor.

PROPOSITION 18. THEOREM.

If a straight line touch a circle the straight line drawn
from the centre to the point of contact shall he perpen-
dicular to the line touching the circle.

Let the straight line DE touch the circle ABC at tlie

point C ;
take F, the centre ef the circle ABC, and draw

the straight line FC:. FC shall be perpendicular to DE.
For if not, let FG be drawn from the point F perpen-

dicular to DE, meeting the cir-

cumference at B.

Then, because FGCis a right

angle, [Hypothesis.

FGG is an acute angle; [I. 17.

and the greater angle of every
triangle is subtended by the

greater side
; [I. 19.

therefore FCi^ greater than FG.
But FC is equal to FB

; [I^ Definition 15.

therefore FB is greater than FG, the less than the greater;
which is impossible.

Therefore FG is not perpendicular to DE.
In the same manner it may be shewn that no other

straight line from F is perpendicular to DE, but FC;
therefore FC is perpendicular to DE.

"Wherefore, ifa straight line &c. q.e.d.
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PROPOSITION 19. THEOREM.

If a straight line touch a circle, and from the point of
contact a straight line he drawn at right angles to the

touching line, the centre of the circle shall he in that line.

Let the straight line DE touch the circle ABC at C,
and from C let CA be drawn at right angles to DE: the
centre of the circle shall be in CA.

For, if not, if possible, let F be
the centre, and join CF.

Then, because DE touches the circle

ABC, and FC is drawn ^from the

centre to the point of contact, FC
is perpendicular to DE; [III. 18.

thereforetheanglei^C^isaright angle,

But the angle ACE is also a right

angle ; [Construction.

therefore the angle FGE is equal to the angle A CE, [Ax.W.
the less to the greater ;

which is impossible.

Therefore i^^is not the centre of the circle ABC.
In the same manner it may be shewn that no other point

out of CA is the centre
;
therefore the centre is in CA.

"Wherefore, if a straight line &c. q.e.d.

PROPOSITION 20. THEOREM,
The angle at the centre of a circle is douhle of the angle

at the circumference on the same hase, that is, on the same
arc.

Let ABC he a circle, and BEC an angle at the centre,
and BAC an angle at the circumference, which have the
same arc, BG, for their base : the angle BEC shall be
double of the angle BAC.

Join AE, and produce it to F.

First let the centre of the circle

be within the angle BA C.

Then, because EA is equal to

EB, the angle EAB is equal to the

angle EBA ; [I. 5.

therefore the angles EAB, EBA
are double of the angle EAB.
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But the angle BBFis equal to the angles BAB,EBA ; [1. 32.

therefore the angle BEF is double of the angle BAB.
For the same reason the angle FBC is double of the

angle BAG.
Therefore the whole angle BBC is double of the whole
angle BAG.

Next, let the centre of the circle

be without the angle BAG.
Then it maybe shewn, as inthe first

case, that the angleFBC is double of

the angle FAG, and that the angle
FBB, a part of the first, is double of

the angle FAB, a part of the other
;

therefore the remaining angleBBG is

double of the remaining angle BA G.

"Wherefore, the angle at the centre &c. q.e.d.

PROPOSITION 21. THEOREM.

The angles in the same segment of a circle are equal to

one another.

Let ABGD be a circle, and BAD, BED angles in the
same segment BAED: the angles BAD, BED shall be

equal to one another.

Take F the centre of the circle

ABGD. [III. 1.

First let the segment BAED be

greater than a semicircle.

Join BF, DF.

Then, because the angleBFD is

at the centre, and the angle BAD is

at the circumference, and that they
have the same arc for their base,

namely, BGD ;

therefore the angleBFD is double of the angle BAD.[in.20.
For the same reason the angle BFD is double of the angle
BED.
Therefore the angleBAD is equal to the angle BED. [Ax. 7.
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Next, let the segment BAED be not greater than a
semicircle.

Draw AF to the centre, and pro-
duce it to meet the circumference at

C, and join CE.

Then the segment BAEC is

greater than a semicircle, and there-

fore the angles BAG, BEO in it, are

equal, by the first case.

For the same reason, because the

segment CAED is greater than a

semicircle, the angles CAD, CED are equal.

Therefore the whole angle BAD is equal to the whole

angle BED. {Axiom 2.

"Wherefore, the angles in the same segment &c. q.e.d.

PEOPOSITION 22. THEOREM.

Tlie opposite angles of any quadrilateral figure in-

scribed in a circle are together equal to two right angles.

Let ABCD be a quadrilateral figure inscribed in the

circle ABCD : any two of its opposite angles shall be toge-
ther equal to two right angles.

Join AC, BD.

Then, because the three angles
of every triangle are together

equal to two right angles, [I. 32.

the three angles of the triangle

CAB, namely, CAB, ACB, ABC
are together equal to two right

angles.

But the angle CAB is equal to the angle CDB, because

they are in the same segment CDAB; [III. 21.

and the angle ACB is equal to the angle ADB, because

they are in the same segment ADCB ;

therefore the two angles CAB, ACB are together equal
to the whole angle ADC. {Axiom 2.

To each of these equals add the angle ABC-,
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therefore the three angles CAB^ ACB, ABO, are equal to
the two angles ABC, ABC.
But the angles CAB, ACB, ABC are together equal to
two right angles ; [I. 32.

therefore also the Singles ABC, ABC are together equal to

two right angles.

In the same manner it may be shewn that the angles
BAB, BOB are together equal to two right angles.

Wherefore, the opposite angles &c. q.e.d.

PROPOSITION 23. THmREM.

On the same straight line, and on the same side of it,

there cannot he two similar segments of circles, not coin-

cidirig with one another.

If it Jbe possible, on the same straight line AB, and on
the same side of it, let there be two similar segments of

circles ACB, ABB, not coinciding with one another.

Then, because the circle A CB
cuts the circle ABB at the two

points A, B, they cannot cut one
another at any other point; [III. 10.

therefore one of the segments
must fall within the other; let

ACB fall within ABB; draw the

straight line BOB, and join AC, AB.

Then, because ACB, ABB are, by hypothesis, similar

segments of circles, and that similar segments of circles

contain equal angles, [III. Definition 11.

therefore the angle ACB is equal to the angle ABB ;

that is, the exterior angle of the triangle ACB is equal to

the interior and opposite angle ;

"which is impossible. [I. 16.

"Wherefore, on the same straight line &c. q.e.d.
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PROPOSITION 24. THEOREM.

Similar segments of circles on eqtial straight lines are

equal to one another.

Let AEB, CFD be similar segments of circles on the

equal straight lines AB, CD : the segment AEB shall be

equal to the segment CFD.
For if the segment e

AEB be applied to

the segment CFD^
80 that the point ^ A B CD
may be on the point

(7, and the straight line AB q>x\ the straight line CD, the

point B will coincide with the point D, because AB is

equal to CD.

Therefore, the straight line yf 2? coinciding with the straight
line CD, the segment AEB must coincide with the seg-

ment (7i^i>; [III. 23.

and is therefore equal to it.

Wherefore, similar segments &c. q.e.d.

PROPOSITION 25. PROBLEM.

A segment of a circle being given, to describe the circle

of which it is a segment.

Let ABCha the given segment of a circle : it is required
to describe the circle of which it is a segment.

Bisects (7 at 2>; [I- "^0.

from the point D draw DB at right angles io AC; [1. 11.

and join AB.

First, let the angles ABD, BAD, be equal to one another.

Then DB is equal to DA ;
[I- 6.

but DA is equal to DC; [Comtruction.

therefore DB is equal to DC. [Axiom 1.
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Therefore the three straight lines -Z>-4,i>^,Z)Care all equal;
and therefore D is the centre of the circle. [HI. 9.

From the centre i>, at the distance of any of the three

BA, DB^ DC, describe a circle; this will pass through
the other points, and the circle of which ABC is a segment
is described.

And because the centre D is in AC, the segment ABC
is a semicircle.

Next, let the angles ABD, BAD be not equal to one
another.

At the point A, in the straight line AB, make the angle
BAE equal to the angle ABD ; [I, 23.

produce BD, if necessary, to meet AE at E, and join EC.

Then, because the angle BAE is equal to the angle
ABE, {Construction.

EA is equal to EB. [I. 6.

And because AD '\^ equal to CD, {Construction.

and DE is common to the two triangles ADE, CDE ;

the two sides AD, DE are equal to the two sides CD, DE,
each to each ;

and the angle ADE is equal to the angle CDE, for each of

them is a right angle ; {Construction.

therefore the base EA is equal to the base EC. [I. 4.

But EA was shewn to be equal to EB ;

therefore EB is equal to EC. {Axiom 1.

Therefore the three straight lines EA, EB,EC Sire all equal ;

and therefore E is the centre of the circle. [III. 9.

From the centre E, at the distance of any of the three

EA, EB, EC, describe a circle
;
this will pass through the

other points, and the circle of which ABC is a segment is

described.

And it is evident, that if the angle ABD be greater
than the angle BAD, the centre E falls without the seg-
ment ABC, which is therefore less than a semicircle ;

but

if the angle ABD be less than the angle BAD, the centre

E falls within the segment ABC, which is therefore greater
than a semicircle.

Wherefore, a segment of a circle being given, the circle

has been described of which it is a segment. q.e.f.

7
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PROPOSITION 26. THEOREM.

In equal circles, equal angles stand on equal arcs,
wlietJier they be at the centres or circtimferences.

Let ABC, DEF be equal circles
;
and let BGC, EHF

be equal angles in them at their centres, and BAG, EDF
equal angles at their circumferences : the arc BKC shall

be equal to the arc ELF.

Join BC, EF.

Then, because the circles ABC, DEF are equal, [ffyp.

the straight lines from their centres arc equal; [III. Def. 1.

therefore the two sides BG, GC are equal to the two sides

EH, HF, each to each
;

and the angle at G is equal to the angle at H
; ^Hypothesis.

therefore the base BG is equal to the base EF. [I. 4.

And because the angle atA is equal to the angle at D,\_Hyp.

thesegmenti?^ dissimilar to the segment EDF; [III.2>e/,ll.

and they are on equal straight lines BG, EF.
But similar segments of circles on equal straight lines are

equal to one another; [III. 24.

therefore the segment BACm equal to the segment EDF.
But the whole circle ABG is equal to the whole circle

DEF; [Hypothesis.

therefore the remaining segment BKG is equal to the re-

maining segment ELF ; [Axiom 3.

therefore the arc BKG is equal to the arc ELF.

Wherefore, in equal circies &c. q.e.d.
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PEOPOSITION 27. THEOREM.

In equal circles, the angles which stand on equal arcs
are equal to one another^ whether they he at the centres or

circumferences.

Let ABC, DEF be equal circles, and let the angles
BGC, EHF at their centres, and the angles BAG, EDF
at their circumferences, stand on equal arcs BG, EF: the

angle BGG shall be equal to the angle EHF, and the angle
BAG equal to the angle EDF.

If the angle BGG be equal to the angle EHF, it is

manifest that the angle BAG is also equal to the angle
EDF. [III. 20, Axiom 7.

But, if not, one of them must be the greater. Let BGG be
the greater, and at the point G, in the straight line BG,
make the angle BGK equal to the angle EHF. [I. 23.

Then, because the angle BGK is equal to the angleEHF,
and that in equal circles equal angles stand on equal arcs,
when they are at the centres, [III. 26.

therefore the arc BK is equal to the arc EF.
But the arc EF is equal to the arc BG

; [Hypothesis,

therefore the arc BK is equal to the arc BG, [Axiom 1,

the less to the greater ;
which is impossible.

Therefore the angleBGG is not unequal to the angle EHF,
that is, it is equal to it.

And the angle at A is half of the angle BGG, and the

angle at D is half of the angle EHF; [III. 20.

therefore the angle at A is equal to the angle at D. [Ax. 7.

Wherefore, in equal circles &c. q.e.d.

7—2
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PROPOSITION 28. THEOREM.

In equal circles, eqiud straight lines cut off equal arcs,

the greater equal to the greater, and the less equal to the

less.

Let ABO, DEF bo equal circles, and BC^ EF equal

straight lines in them, which cut oflf the two greater arcs

BAG, EDF, and the two less arcs BGC, EHF\ the

greater arc BAG shall be equal to the greater arc EDF^
aud the less arc BGG equal to the less arc EHF.

Take K, L, the centres of the circles, [III. 1.

and join BK, KG, EL, LF,

Then, because the circles are equal, [TTypothesis.

the straight lines from their centres are equal ; [III. Def. 1.

therefore the two sides BK, KG are equal to the two sides

ELy LF, each to each
;

and the base BG is equal to the base EF ; [Hypothais.

therefore the angle BKG is equal to the angle ELF. [I. 8.

But in equal circles equal angles stand on equal arcs, when

they are at tlic centres, [III. 26.

therefore the arc BGG is equal to the arc EHF.
But the circumference ABGG is equal to the circum-

ference DEHF; [Hypothesis.

therefore the remaining arc j5-4C7 is equal to the remaining
arc EDF. [Axiom 3.

Wherefore, in equal circles &c. q e.d.
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PEOPOSITION 29. THEOREM.

In equal circles, equal vrcs ars szibiend(id-3y\cqucil

straight lines.

Let ABC, DBF be equal circles, and let BGG, EHF
be equal arcs in them, and join BC, EF: the straight line

BC shall be equal to the straight line EF.

Take K, L, the centres of the circles, [III. 1.

and join BK, KG, EL, LF,

Then, because the arc BGG is equal to the arc

EHF, [ffi/pothesis.

the angle BKG is equal to the angle ELF. [III. 27.

And because the circles ABG, DEF are equal, [Eypothem.

the straight lines from their centres are equal ; [III. Def. 1.

therefore the two sides BK, ^(7 are equal to the two sides

EL, LF, each to each
;

and they contain equal angles ;

therefore the base BC is equal to the base EF. [T. 4.

Wherefore, in equal circles &c. q.e.d.

I
PKOPOSITION 30. PROBLEM.

To bisect a given arc, that is, to divide it into two equal
-parts.
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Lftt ADBhe t|he given arc : it is required to bisect it.

Join AB;
WeufifatC?'; , . . [I. lo;

from the' point C drk^ CD ki

right angles to ^^ meeting
the arc at Z>. [I. IL

The arc ADJ5 shall be bisected

at the point £>.

Join AD, DB.

Then, because AC\» equal to CB, [Construction.

and CD is common to the two triangles ACD, BCD ;

the two sides AC, CD are equal to the two sides BC, CD,
each to each ;

and the angle JCD is equal to the angle -BCD, because

each of them is a right angle ; [Construction.

therefore the base ^Z> is equal to the base BD. [I. 4.

But equal straight lines cut off equal arcs, the greater

equal to the greater, and the less equal to the less
; [III. 28.

and each of the arcs AD, DB is less than a semi-circum-

ference, because DC, if produced, is a diameter ; [III. 1. Cor.

therefore the arc AD is equal to the arc DB.

Wherefore the given arc is bisected at D. q.e.p.

PROPOSITION 31. THEOREM.

In a circle the angle in a semicircle is a right angle;
hut the angle in a segment greater than a semicircle is less

tJian a right angle ; and the angle in a segment less than

a semicircle is greater than a right angle.

Let ABCD be a circle, of which BC is a diameter

and E the centre
;
and draw CA, dividing the circle into

the segments ABC, ADC, and join BA, AD, DC: the

angle in the semicircle BAC shall be a right angle; but

the angle in the segment ABC, which is greater than a
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semicircle, shall be less than a

right angle ;
and the angle in

the segment ADC, which is less

than a semicircle, shall be greater
than a right angle.

JoinAE, andproduceBA to F.

Then, because EA is equal to

EB, [I. Definition 15.

the angle EAB is equal to the

angle EBA ; [1.5,

and, because EA is equal to EG,
the angle EAC is equal to the angle EGA ;

therefore the whole angle BAG is. equal to the two angles,
ABG, AGB. [Axiom 2.

But FAG,i\\e exterior angle of the triangle ABC, is equal
to the two angles ABG, AGB; [I. 32.

therefore the angle ^^C is equal to the angle FAG, [Ax, I.

and therefore each of them is a right angle. [T. Def. 10.

Therefore the angle in a semicircle BAGh a right angle.

And because the two angles ABG, BAG, of the triangle
ABG, are together less than two right angles, [I. 17.

and that BAG has been shewn to be a right angle,

therefore the angle ABGh less than a right angle.

Therefore the angle in a segment ABG, greater than a
semicircle, is less than a right angle.

And because ABGD is a quadrilateral figure in a circle,

any two of its opposite angles are together equal to two
right angles ; [HI. 22.

therefore the angles ^5C, ADG are together equal to two
right angles.

But the angle ABG has been shewn to be less than a right
angle;

therefore the angle ADG is greater than a right angle.

Therefore the angle in a segment ADG, less than a semi-

circle, is greater than a right angle.

Wherefore, the angle &c. q.e.d.
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Corollary. From the demonstration it is manifest

that if one angle of a triangle bo equal to the other two, it

is a right angle.

For the angle adjacent to it is equal to the same two

angles ; [I. 32.

and when the adjacent angles are equal, they are right

angles. [I. Definition 10.

PEOPOSITION 32. THEOREM.

If a straight line touch a circle^ andfroan the point of
contact a straight line he drawn cutting the circle, the

angles ichich this line makes with the line touching the

circle shall he equal to the angles which are in the alternate

segments of the circle.

Let the straight line EF touch the circle ABCD at

the point B, and from the point B let the straight line BD
be drawn, cutting the circle : the angles which BD makes
with the touching line EF, shall be equal to the angles in

the alternate segments of the circle
;

that is, the angle
Z>i?i^ shall be equal to the angle in the segment BAD,
and the angle DBE shall be equal to the angle in the seg-
ment i?(7Z>.

From the points drawBA
at right angles to EF, [1. 11.

and take any point C in the,

arc BD, and jom AD, DC,
CB.

Then, because the straight
line EF touches the circle

ABCD at the point B, [Hyp.

and BA is drawn at right

angles to the touching line

from the point of contact B, [Const7'uctio7i.

therefore the centre of the circle is in BA. [III. 19.

Therefore the angle ADB, being in a semicircle, is a right

angle. [III. 31.

Therefore the other two angles BAD, ABD are equal to a

right angle. [I. 32.

But ABF is also a right angle. [Construction.
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Therefore the angle ABF is equal to the angles BAD,
ABD.
From each of these equals take away the common angle
ABD',
therefore the remaining angleDBF is equal to the remain-

ing angle BAD, {Axiom 3.

which is in the alternate segment of the circle.

And becauseABCD is a quadrilateral figure in a circle,

the opposite angles BAD, BCD are together equal to two

right angles. [III. 22.

But the angles DBF, DBE are together equal to two

right angles. [I. 13.

Therefore the angles DBF, DBE are together equal to the

angles BAD, BCD.
And the angle DBF has been shewn equal to the angle
BAD;
therefore the remaining angle DBE is equal to the re-

maining angle BCD, {Axiom 3.

which is in the alternate segment of the circle.

Wherefore, if a straight line &c. q.e.d.

PROPOSITION 33. PROBLEM.

On a given straight line to describe a segment of a

circle, containing an angle equal to a given rectilineal

angle.

Let AB he the given straight line, and G the given
rectilineal angle : it is required to describe, on the given
straight line AB, a segment of a circle containing an angle

equal to the angle C.

First, let the angle G
be a right angle.

Bisect AB at F, [1. 10.

and from the centre F, at

the distance FB, describe

the semicircle AHB.
Then the angle AHB

in a semicircle is equal to the right angle C. [III. 31.
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But if the angle C be
not a right angle, at the

point ^,iu the straight line

AB, make the angle BAD
equal to the angle C; [I. 23.

from the point A, draw AE
at right angles to ^li>;[I.ll.

bisect ^i? at J^; [I. 10.

from the point F, draw FG
at right angles to AB) [1. 11.

and join GB.

Then, because AF \^

equal to BF, [Const.

and FG is common to the

two triangles ^^G', BFG;
the two sides ^F, FG are

equal to the two sides

BF, FG, each to each
;

and the angle AFG is

equal to the angle BFG ; [I, Definition 10.

therefore the base AG h equal to the base BG
; [I. 4.

and therefore the circle described from the centre G, at the
distance GA, will pass through the point B.

Let this circle be described; and let it be AHB.
The segment AHB shall contain an angle equal to the

given rectilineal angle G.

Because from the point A, the extremity of the diameter
A E, AD is drawn at right angles to AE, [Construction.

therefore AD touches the circle. [III. 16. Corollary.

And because AB is drawn from the point of contact A,
the angle DAB is equal to the angle in the alternate

segment AHB. [III. 32.

But the angle DAB is equal to the angle 0. [Constr.

Therefore the angle in the segment AHB is equal to the

angle C. [Axiom 1.

Wherefore, on the given straight line AB, the segment
AHB of a circle has been described, containing an angle

equal to the given angle C. q.e.f.
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PROPOSITION 34. PROBLEM.

From a given circle to cut off a segment containirig an
angle equal to a given rectilineal angle.

Let ABC be the given circle, and D the given recti-

lineal angle : it is required to cut off from the circle ABG
a segment containing an angle equal to the angle D.

Draw the straight
line BF touching the
circle ABG at the

point jB; [III. 17.

and at the point ^,in the

straight linfe BF, make
the angle FBC equal
to the angle D. [I. 23.

The segmentBA (7shall

contain an angle equal
to the angle D.

Because the straight line FF touches the circle ABC,
and BCis drawn from the point of contact B, [Constr.

therefore the angle FBC is equal to the angle in the
alternate segment BAC of the circle. [III. 32.

But the angle FBC is equal to the angle D. [Construction.

Therefore the angle in the segment BAC is equal to the

angle D. [Axiom 1.

Wherefore, from the given circle ABC, the segment
BAC has been cut off, containing an angle equal to the

given angle D. q.e.f.

PROPOSITION 35. THEOREM.

If two straight lines cut one another within a circle,
the rectangle contained hy the segments of one of them
shall be equal to the rectangle contained by the segments
of the other.
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Let the two straight lines AC, BD cut one another at

the point E, within the circle ABCD : the rectangle con-

tained by AE, ^6^ shall be equal to

the rectangle contained by BE, ED.
I(ACandBD both passthrough

the centre, so that E is the centre,

it is evident, since EA, EB, EC,
ED are all equal, that the rect-

angle AE, EC is equal to the rect-

angle BE,- ED.

But let one of them, BD, pass through the centre, and
cut the other AC, whicli does not pass through the centre,
at right angles, at tlie point E.

Then, ifBD be bisected at F, F
is the centre of the circle ABCD;
join AF.

Then, because the straight
line BD which passes through
the centre, cuts the straight line

A C, which does not pass through
the centre, at right angles at the

point E, [Hypothesis.
AE is equal to EC. [III. 3.

And because the straight line BD is divided into two

equal parts at the point F, and into two unequal parts at

the point E, the rectangle BE, ED, together with the

square on EF, is equal to the square on FB, [II. 5.

that is, to the square on AF.

But the square on ^i^is equal to the squares onAE,EF.[l.i1.

Therefore the rectangle BE, ED, together with the square
on EF, is equal to the squares on AE, EF. [Axiom 1.

Take away the common square on EF-,
then the remaining rectangle BE, ED, is equal to the

remaining square on AE,
that is, to the rectangle AE, EC.

Next, let BD, which passes through the centre, cut

the other AC, which does not pass through the centre,

at the point E, but not at right angles. Then, if BD
be bisected at F, F is the centre of the circle ABCD;
join ^7^, and from i^draw FG perpendicular to AC. [I. 12.
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Then AG\^ equal to GO', [III. 3.

therefore the rectangle AE, EG,
together with the square on EG, is

equal to the square owAG. [II. 5.

To each of these equals add the

square on GF
;

then the rectangle AE, EG, to-

gether with the squares on EG,
GF, is equal to the squares on

AG, GF. [Axiom 2.

But the squares on EG, GF are equal to the square on

EF;
and the squares on AG, GF are equal to the square on
AF. [I. 47.

Therefore the rectangle AE, EC, together with the square
on EF, is equal to the square on A F,

that is, to the square on FB.

But the square on FB is equal to the rectangle BE, ED,
together with the square on EF. [II. 5.

Therefore the rectangle AE, EG, together with the square
on EF, is equal to the rectangle BE, EIX, together with
the square on EF.

Take away the common square on EF
;

then the remaining rectangle AE, EG is equal to the

remaining rectangle BE, ED. {Axiom 3.

Lastly, let neither of the straight lines AG, BD pass

through the centre.

Take the centre J^, [III. 1.

and through E, the intersection

of the straight lines AG, BD,
draw the diameter GEFH.

Then, as has been shewn,
the rectangle GE, EH is eqtLal
to the rectangle AE, EG, and
also to the rectangle BE, ED ;

therefore the rectangle AE, EG ^
is equal to the rectangle BE, ED. \Axiom 1.

Wherefore, if two straight lines &c. Q.E.D.
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PROPOSITION 36. THEOREM.

Iffrom any point witJwut a circle ttco straight lincx

be draw7i, one of which cuts the circle, and the other

touches it; the rectangle contained by the whole line which
cuts the circle, and the part of it without the circle, sJuill

be equal to the square on the line which touches it.

Let D be any point Avithout the circle ABC, and let

DCA, DB be two straight lines drawn from it, of which

DCA cuts the circle and DB touches it: the rectangle

AD, DG shall be equal to the square on DB.

First, let DCA pass through
the centre E, and join EB.

Then EBD is a right angle. [III. 18.

And because the straight line A C
is bisected at E, and produced to

D, the rectangle AD, DC together
with the square on EC is equal to

the square on ED. [II. 6.

But ^C is equal to ^5;
therefore the rectangle AD, DC
together with the square on EB is

equal to the square on ED.
But the square onED is equal to the

squares on EB, BD, because EBD is a right angle. [I. 47.

Therefore the rectangle AD, DC, together with the square
on EB is equal to the squares on EB, BD,

Take away the common square on EB ;

then the remaining rectangle AD, DC is equal to the

square on DB. [Axiom 3.

Next let DCA npt pass through the centre of the circle

ABC; take the centre E ; [HI. 1.

from E draw EF perpendicular io AC; [T. 12.

2indi^omEB,EC,ED,

Then, because the straight line jE^i^which passes through
the centre, cuts the straight line A C, which does not pass

through the centre, at right angles, it also bisects it
; [III. 3.

therefore AF'\9> equal to FC.
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And because the straight line AC \& bisected at F, and

produced to D, the rectangle AD, DC, together with the

square on FC, is equal to the square on FD. [II. 6.

To each of these equals add the square on FE.
Therefore the rectangle AD, DC
together with the squares on

CF, FE, is equal to the squares
on DF, FE. [Axiom 2.

But the squares on CF, FE are

equal to the square on CE, be-

cause CFE is a right angle ; [I. 47.

and the squares on DF, FE are

equal to the square on DE.
Therefore the rectangle AD, DC,
together with the square on CE,
is equal to the square on DE,
But CE is equal to BE;
therefore the rectangle AD, DC, together with the square
on BE, is equal to the square on DE.

But the square on DE is equal to the squares on DB,
BE, because EBD is a right angle. [I. 47.

Therefore the rectangle AD, DC, together with the square
on BE, is equal to the squares on DB, BE.
Take away the common square on BE

;

then the remaining rectangle AD, DC is equal to the

square on DB. {Axiom 3.

"Wherefore, iffrom any point &c. q.e.d.

Corollary. If from any point
without a circle, there be drawn
two straight lines cutting it, as

AB, AC, the rectangles contained

by the whole lines and the parts
of them without the circles are

equal to one another ; namely, the

rectangle BA, AE is equal to the

rectangle CA, AF
;

for each of

them is equal to the square on the

straight line AD, which touches
the circle.
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PROPOSITION 37. THEOREM.

Iffrom any point without a circle there he drawn two

straight lines, one of which cuts the circle, and the other

meets it, and if the rectangle contained In/ the whole line

which cuts the circle, and the part of it without the circle,

he equal to the square on the line which meets the circle,
tlie line which meets the circle shall touch it.

Let any point D be taken without the circle ABO,
and from it let two straight lines DCA, DB be dra^vTi,

-
i

of which DCA cuts the circle, and DB meets it; and let

the rectangle AD, DC ho equal to the square on DB:
DB shall touch the circle.

Draw the straight line DE,
touching the circle i(i?(7; [III. 17.

find /'the centre, [III. 1.

and join FB, FD, FE.
Then the angle FED is a

right angle. [III. 18.

And because DE touches the

circle ABC, and DCA cuts it,

the rectangle AD, DC is equal
to the square on DE. [III. 36.

But the rectangle AD, DC is

equal to the square on DB. {Hyp.

Therefore the square on DE'\s equal tothe square onDB-^Ax.!.

therefore the straight line DE is equal to the straight line

DB.
And EF'is. equal to BF; [I. Definition 15.

therefore the two sides DE, EF are equal to the two sides

DB, BF each to each
;

and the base Z>i^is common to the two triangles Z>^jP, DBF;
therefore the angle DEF is equal to the angle DBF. [I. 8.

But DEF is a right angle ; [Construction.

therefore also DBF is a right angle.

And BF, if produced, is a diameter
;
and the straight line

which is drawn at right angles to a diameter from the

extremity of it touches the circle
; [III. 16. Corollary.

therefore DB touclies the circle ABC.

Wherefore, iffrom a point &c. q.e.d.
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DEFINITIONS.

1. A RECTILINEAL figure 18 Said
to be inscribed in another rectilineal

figure, when all the angles of the in-
scribed figure are on the sides of the
figure in which it is inscribed, each on
each.

2. In like manner, a figure is said
to be described about another figure,
when all the sides of the circumscribed
figure pass through the angular points
of the figure about which it is de-

scribed, each through each.

3. A rectilineal figure is said to
be inscribed in a circle, when all the
angles of the inscribed figure are on
the circumference of the circle.

4. A rectilineal figure is said to be
described about a circle, When each
side of the circumscribed figure touches
the circumference of the circle.

5. In like manner, a circle is said
to be inscribed in a rectilineal figure,
vhen the circumference of the circle
ouches each side of the figure.
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6. A circle is said to be described
about a rectilineal figure, when the cir-

cumference of the circle passes through
all the angular points of the figure about
which it is described.

7. A straight line is said to be

placed in a circle, when the extremities
of it are in the circumference of the
circle.

PROPOSITION ]. PROBLEM.

In a given circle, to place a straight line, equal to a
given straight line, which is not greater than the diameter

of the circle.

Let ABC be the given circle, and D the given straight

line, not greater than the diameter of the circle: it is

required to place in the circle ABC, a straight line equal
toZ>.

Draw BC, a diameter of

the circle ABC.

Then, if BC is equal to 7),

the thing required is done
;
for

in the circle ABC, a straight
line is placed equal to D.

But, if it is not, BC is greater
than D. [Hypothesis.

Make CE equal to Z>,

and from the centre C, at the distance CE, describe the
circle AEF, and join CA.

Then, because C is the centre of the circle AEF,
CA is equal to CE; [I. Definition 15.

but CE is equal to D
; [Construction.

therefore CA is equal to D. [Axiom 1.

Wherefore, in the circle ABC, a straight line CA is

placed equal to the given straight line D, which is not

greater than the diameter of the circle, q.e.p.

[1.3.
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PROPOSITION 2. PROBLEM.

In a given circle, to inscribe a triangle equiangular to

a given triangle.

Let ABC be the given circle, and DEF the given

triangle: it is required to inscribe in the circle ABC a

triangle equiangular to the triangle DEF.
Draw the straight

line GAH touching
the circle at the point
A

; [III. 17.

at the point A, in the

straight line AH, make
the angle/O Cequal to

the angle Z>i^'i^;[L 23.

and, at the point ^4, in

the straight line AG,
make the angle GAB
equal to the angle DFE ;

and join BC. ABC shall be the triangle required.

Because GAH touches the circle ABC, and AG \%

drawn from the point of contact A, [Construction.

therefore the angle HAG is equal to the angle ABG in the
alternate segment of the circle. [III. 32.

But the angle HAC is equal to the angle DEF. [Constr.

Therefore the angle ABC is equal to the angle DEF. [Ax.l.

For the same reason the angle ACB is equal to the

angle DFE.
Therefore the remaining angle BAG is equal to the re-

maining angle EDF. [I. 32, Axioms 11 and 3.

Wherefore the triangle ABG is equiangular to the tri-

angle DEF, and it is inscribed in the circle ABG. q.e.f.

PROPOSITION 3. PROBLEM.

About a given circle, to describe a triangle equiangular
to a given triangle.

8—2
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Let ABC be the given circle, and DEF the given tri-

angle : it is required to describe a triangle about the circle

ABC, equiangular to the triangle DEF.
Produce ^i?" both

ways to the points A. D
G, H; take ^ the / \ /\

centre of the circle

ABC; [III. 1.

from K draw any
'^ ^^

radius KB)
at the point A", in

the straight line KB,
make the angleBKA
equal to the angle
DEG, and the angle BKC equal to the angle DFII; [I. 23.

and through the points A, B, C, draw the straight lines

LAM, MBN, NCL, touching the circle ABC. [HI. 17.

LMN shall be the triangle required.

Because LM, MN, NL touch the circle ABC at the

points A, B, C, [Construction.

to which from the centre are drawn KA, KB, KC,
therefore the angles atthepoints^,J5,Carerightangles.[IIT.18.
And because the four angles of the quadrilateral figureAMBK are together equal to four right angles,

for it can be divided into two triangles,

and that two of them KAM, KBM are right angles,

therefore the other two AKB, AMB are together equal
to two right angles. \Axiom, 3.

But the angles DEG^ DEF are together equal to two

right angles. [I. 13.

Therefore the angles AKB, AMB are equal to the angles
DEG, DEF;
of which the angle AKB is equal to the angleDEG ; \Constr.

therefore the remaining angle AMB is equal to the re-

maining angle DEF. [Axiom 3.

In the same manner the angleLNM may be shewn to bo

equal to the angle DFE.
Therefore the remaining angle MLN is equal to the

remaining angle EDF. [I. 32, Axio'mz 11 and 3.
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angle JJ±,ji, and it is described about thecircle ABC. q.e.f.

PROPOSITION 4. PROBLEM.
To inscribe a circle in a given triangle.

LetABC be the given triangle : it is required to inscribea circle m the triangle ^^a
t^u to mscrioe

Bisect the angles ABC, ACS,
by the straight lines BD, CD
meeting one another at the point
"^'

[I 9
andfromDdrawDE,DF,DG per-
pendiculars to AB, BC, CA. [1.12.

Then, because the angle EBD
IS equal to the angle FBD, for
the angle ABC is bisected by" » [Construction.
and that the

ri^ht angle BED is o j.

.^ual
to the right angle BFD; [^^,.,^ „^

therefore the two triangles EBD, FBD have two angles

ana tne side BD, which is opposite to one of the eaual
angles m each, is common to both

;

^
therefore their other sides are equLl ; rj 96
therefore DE is equal to DF.

' '

For the same reason DG is equal to DF.
Therefore DE is equal to DG.

'

[^^,-^^ j
Therefore the three straight lines DE, DF, DG are eaualto one another, and the circle described from the Sntre^A
;ltrttgsTtiriSrXot

^'^"^' ^^" p^^^ *^-^^^^ *^^

and it will touch the straight lines ^^, BC CA becausethe angles at the points E, F, G are right angle? and the

S'1^\",^^'^^^ f^.r ^^^"^ thelxtremUy ora dk!meter at right angles to
it, touches the circle. [III. 16. Cor

touX?l[«^*!i!l'*'*^'%^V^"^' ^^' ^^' ^^ do each of them

triangle !iia'
"'^'''^ *^'^ "^'"^^ ^' ^^«^"^^d ^" *h«

triZ^gk.^^Zl'^.
''''''^' ^""^ *""'' *^^m56c? in the given
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PROPOSITION 5. PROBLEM.
To describe a circle about a given triangle.

Let ABC be the given triangle : it is recjuired to de-
scribe a circle about ABC.

Bisect AB, AC at the points D, E ; [I. 10.

from these points draw DF, EF, at right angles to

AB,AC; [I. 11.

£>F, EF, produced, will meet one another
;

for if they do not meet they are parallel,

therefore AB, AC, which are at right angles to them are

parallel ;
which is absurd :

let them meet at F, and join FA ;
also if the point F be

not in BC, join BF, CF.

Then, because AD is equal to BDj [Construction.

and DF is common, and at right angles to AB,
therefore the base FA is equal to the base FB. [I. 4.

In the same manner it may be shewn that FC is equal to FA.
Therefore FB is equal to FC

; [Axiom 1.

and FA, FB, FC are equal to one another.

Therefore the circle described from the centre F, at the

distance of any one of them, will pass through the extre-

mities of the other two, and will be described about the

triangle ABC.
Wherefore a circle has been described about the

given triangle, q.e.f.

Corollary. And it is manifest, that when the centre

of the circle falls within the triangle, each of its angles is

less than a right angle, each of them being in a segment
greater than a semicircle

;
and when the centre is in one

of the sides of the triangle, the angle opposite to this side,

being in a semicircle, is a right angle ;
and when the centre
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falls without the triangle, the angle opposite to the side

beyond which it is, being in a segment less than a semi-

circle, is greater than a right angle. [III. 31.

Therefore, conversely, if the given triangle be acute-

angled, the centre of the circle falls within it ;
if it be a

right-angled triangle, the centre is in the side opposite to

the right angle ;
and if it be an obtuse-angled triangle, the

centre falls without the triangle, beyond the side opposite
to the obtuse angle.

PROPOSITION 6. PROBLEM.

To inscribe a square in a given circle.

Let ABCD be the given circle: it is required to in-

scribe a square in ABCD.
Draw two diametersA C, BD

of the circle ABCD. at right an-

gles to one another
; [III. 1, 1. 11.

and join AB, BC, CD, DA.
The figure ABCD shall be the

square required.

Because BE is equal to DE,
for E is the centre

;

and that EA is common, and at

right angles to BD ;

therefore the base BA is equal to the base DA. [I. 4.

And for the same reason BG, DC are each of them equal
to BA, or DA.
Therefore the quadrilateral figure ABCD is equilateral.

It is also rectangular.
For the straight line BD being a diameter of the circle

ABCD, BAD is a semicircle; [Construction.-

therefore the angle BAD is a right angle. [III. 31.

For the same reason each of the angles ABC, BCD, CDA
is a right angle ;

therefore the quadrilateral figure ABCD is rectangular.
And it has been shewn to be equilateral ; therefore it is

a square.

Wherefore a square has been inscribed in the given
circle, q.e.f.
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PROPOSITION 7. PROBLEM.

To describe a square about a given circle.

Let ABCD be the given circle: it is required to

describe a square about it.

Draw two diameters AC, BD
of the circle ABCD, at right an-

gles to one another; [III. 1, 1. 11.

and through the points A,B,C, D,
draw FG, GJI, HK, /i^F touching
the circle. [III. 17.

The figure GHKF shall be the

square required.

Because FG touches the circle vl^CZ), and EA is drawn
from the centre E to the point of contact A, [Construction.

therefore the angles at A are right angles. [III. 18.

For the same reason the angles at the points B, C, D are

right angles.

And because the angle AEB is a right angle, [Construction.

and also the angle EBG is a right angle,

therefore GHh parallel to AC. [I. 28.

For the same reason ACis parallel to FK. '

In the same manner it may be shewn that each of tho
lines GF, HKis parallel to BD.
Therefore the figures GK, GC, CF, FB, BK are parallelo-

grams;
and therefore GF'\9. equal to HK, and GH to FK. [I. 34.

And because ^Cis equal to BD^
and that AC\s, equal to each of the two GH, FK,
and that BD is equal to each of the two GF, HK,
therefore GH, FK are each of them equal to GF, or HK;
therefore the quadrilateral figure FGHK is equilateral.

It is also rectangular.

For sinceAEBG is a parallelogram, and ^j^J5 aright angle,

therefore AGB is also a right angle. [I. 34.

In the same manner it may be shewn that the angles at

//, K, F are right angles ;
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PROPOSITION 9. PROBLEM.

To describe a circle dbout a given sqvAire.

Let ABCD be the given square: it is required to

describe a circle about ABCD.
Join A C, BD, cutting one an-

other at E.

Then, because AB \& equal to

AD,
and AC h common to the two tri-

angles BAC, DAC;
the two sides BA, AC are equal to

the two sides Z>yl, ^(7each to each
;

and the base BC is equal to the base DC;
therefore the angle BAC is equal to the angle DAC, [I. 8.

and the angle BAD is bisected by the straight line AC.
In the same manner it may be shewn that the angles

ABC, BCD, CDA are severally bisected by the straight
lines BD, AC.

Then, because the angleDAB is equal to the angleABC,
and that the angle EAB is half the angle DAB,
and the angle EBA is half the angle ABC,
therefore the angle EAB is equal to the angle EBA ; [Ax. 7.

and therefore the side EA is equal to the side EB. [I. 6.

In the same manner it may be shewn that the straight
lines EC, ED are each of them equal to EA or EB.
Wherefore the four straight lines EA, EB, EC, ED are

equal to one another, and the circle described from tlio

centre E, at the distance of any one of them, will pass
through the extremities of the oti

'

described about the square ABCD.
Wherefore a circle has been described about the given

fsqiiare. q.e.f.

PROPOSITION 10. PROBLEM.

To describe an isosceles triavgle, having each of the

angles at the base double of the third angle.
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Take any straight line

AB^ and diVide it at the

point (7, so that the rectan-

gle AB, BG may be equal
to the square on ^1 6/; [ll. ii.

from the centre A, at the
distance AB^ describe the
circle BDE, in which place
the straight line BD equal
to AC, which is not greater
than the diameter of the
circle BDE; [IV. 1.

andjoinD^4. The triangle
ABD shall be such as is re-

quired; that is, each of the angles ABD, ADB shall be
double of the third angle BAD.

Join DC; and about the triangle ACD describe the
circle ACD. [IV. 5.

Then, because the rectangle AB, BC is equal to the

square on AC, [Construction.

and that AC\^ equal to BD, [Construction.

therefore the rectangle AB, BC is equal to the square
on^i>.

And, because from the point B, without the circle A CD,
two straight lines BCA, BD are drawn to the circumference,
one of which cuts the circle, and the other meets it,

and that the rectangle AB, BC, contained by the whole of

the cutting line, and the part of it without the circle, is

equal to the square on BD which meets it
;

therefore the straight lineBD touches the ciycIqACD. [I II. 3 7.

And, because BD touches the circle ACD, .and DC is

drawn from the point of contact D,
therefore the angle BDC is equal to the angle DAC in the

alternate segment of the circle. [III. 32.

To each of these add the angle CDA ;

therefore the whole angle BDA is equal to the two angles
CDA, DAC. [Axiam 2.

But the exterior angle BCD is equal to the angles CDA
DAC. [1.32.
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Therefore the angle BDA is

equal to the angle ^CZ>. lAx.l.

But the angle BDA is equal
to the angle DBA, [I. 5.

because AD \^ equal to AB.
Therefore each of the angles
BDA, DBA, is equal to the

angle BCD. [Axiom 6.

And, because the angle
DBC is equal to the angle

BCD, the side DB is equal
to the side Z)C; [1.6.

but DB was made equal to CA
therefore CA is equal to CD,
and therefore the angle CAD\9, equal to the angle CDA. [I.

'

Therefore the angles CAD, CDA are together doubl
the angle CAD.
But the angle BCD is equal to the angles CAD, CDA. ri.

Therefore the angle BCD is double of the angle CAD,
And the angle BCD has been shewn to be equal to each
of the angles BDA, DBA ;

therefore each of the angles BDA, DBA is double of the

angle BAD.
Wherefore an isosceles triangle has been described,

having each of the angles at the base double of the third

angle, q.e.f.

[Axiom

PROPOSITION 11. PROBLEM.

To inscribe an equilateral and equiangtdar pentagon
in a given circle.

Let ABCDE be the given circle: it is required to

inscribe an equilateral and equiangular pentagon in tlio

circle ABCDE.
Describe an isosceles triangle, FGH, having each of

the angles at G, H, double of the angle at F\ [IV. 10.

in the circle ABCDE, inscribe the triangle ACD, equian-
gular to the triangle FGH, so that the angle CAD may
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be equal to the angle at F, and each of the angles A CD,
J. ^C equal to the angle at Q or H\ [IV. 2.

t . therefore each of

: ^ngles^(72>,yiZ)(7is
do^L^e ofthe angle CAD ;

bisf^- the angles ACD,
ADC by the straight

Xma^CE^DB; [1.9.
and join AB, BC, AE,
ED.
ABODE shall be the

pentagon required.

For because each of
'

e angles ACD, ADCis double of the angle CAD,M that they are bisected by the straight lines CE, DB,
» i^refore the five angles ADB, BDC, CAD, DOE, EGA

;'qual to one another.

equal angles stand on equal arcs
; [III. 26.

•

.S8j!f'^re the five arcs AB, BC, CD, DE, EA are equal to

vuc another.

And equal arcs are subtended byequal straight lines
; [III. 29.

therefore the five straight lines AB, BC, CD, DE, EA are

equal to one another
;

and therefore the pentagon ABODE is equilateral.

It is also equiangular.

|For, the arc AB is equal to the arc DE
;

each of these add the arc BCD
;

herefore the whole arc ABOD is equal to the whole
c BODE. [Axiom 2.

And the angle AED stands on the arc ABOD, and the

,ngle BAE on the arc BODE.
herefore the angleAED is equal to the angle^^^. [III. 27.

For the same reason each of the angles ABO, BCD,
DE is equal to the angle AED or BAE;
erefore the pentagon ABODE is equiangular.

nd it has been shewn to be equilateral.

Wherefore an equilateral and equiangular pentagon
- ^-

inscribed in the given circle, q.e.f.
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PROPOSITION 12. PROBLEM.

To describe an equilateral and equiangular pentagon
about a given circle.

Let ABCDE be the given circle: it is required to
describe an equilateral and equiangular pentagon about
the circle ABCDE.

Let the angles of a pen-
tagon, inscribed in the circle,

by the last proposition, be
at the points A, B, C, Z>, E,
so that the arcs AB, BC,
CD, DE, EA are equal;
and through the points A,
B, C D, E, draw GH, HK,
KL, LM, MG^ touching the
circle. [Ill; 17.

The figure GIIKLM shall be the pentagon required.

Take the centre F, and join FB, FK, FC, FL, FD.

Then, because the straight line KL touches the circle

ABCDE at the point C to which FC is drawn from the

centre,

therefore FC is perpendicular to KL^ [III. 18.

therefore each of the angles at (7 is a right angle.

For the same reason the angles at the points B, D arc

right angles.

And because the angle FCKis, a right angle, the square
on FKh equal to the squares on FC, CK. [I. 47.

For the same reason the square on FK is equal to the

scjuares on FB, BK.

Therefore the squares on FC, CK are equal to the squares
on FB,BK; [Axiom 1.

of -which the square on FC is equal to the square on FB
;

therefore the remaining square on CK is equal to the

remaining square on BK, [Axiom 3.

and therefore the straight line CK is equal to the straighi

line BK.
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And because FB is equal to FG,
and FK is common to the two triangles BFK, CFK ;

the two sides BF, FK are equal to the two sides CF, FK,
each to each

;

and the base ^JTwas shewn equal to the base CK',

therefore the angle BFK is equal to the angle CFK, [I. 8.

and the angle BKF to the angle CKF. [I. 4.

Therefore the angle BFC is double of the angle CFK,
and the angle BKC is double of the angle CKF.

For the same reason the angle CFD is double of the

angle CFL, and the angle CLD is double of the angle CLF.

And because the arc BG is equal to the arc CD,
the angle BFC is equal to the angle CFD ; [III. 27.

and the angle BFC is double of the angle CFK, and the

angle CFD is double of the angle CFL ;

therefore the angle CFK is equal to the angle CFL. [Ax. 7.

And the right angle FCK is equal to the right angle FCL.

Therefore in the two triangles FCK, FCL, there are two

angles of the one equal to two angles of the other, each to

each
;

and the side FC, which is adjacent to the equal angles in

each, is common to both
;

therefore their other sides are equal, each to each, and the
third angle of the one equal to the third angle of the other

;

therefore the straight line CK is equal to the straight line

CL, and the angle FKC to the angle FLC. [I. 26.

And because CK is equal to CL, LK is double of CK.

In the same manner it may be shewn that HK is

[double
of BK.

And because BK is equal to CK, as was shewn,
md that HK is double of BK, andLK double of CK,
herefore HKis equal to LK. [Axiom 6.

In the same manner it may be shewn that GH,
txM, ML are each of them equal to HK or LK;
therefore the pentagon GHKLM is equilateral.

It is also equiangular.
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For, since the angle FKC is equal to the angle FLO^
and that the angle HKL is double
of the angle FKC, and the angleKLM double of the angle FLC,
as was shewn,
therefore the angle HKL is equal
to the angle KLM. [Axiom 6.

In the same manner it may bo
shewn that each of the angles
KHG, HGM, GML is equal to

the angle HKL or KLM
;

therefore the pentagon GHKLM is equiangular.

And it has been shewn to be equilateral.

Wherefore an equilateral and equiangular pentagon
has been described about the given circle, q.e.f.

PROPOSITION 13. PROBLEM.

To inscribe a circle in a given equilateral and equi-
angular pentagon.

Let ABCDE be the given equilateral and equiangular
pentagon: it is required to inscribe a circle in the pen-
tagon ABCDE.

Bisect the angles BCD^
CDE by the straight lines

CF,DF; [1.9.

and from the point F, at

which they meet, draw the

straight lines FB, FA, FE.

Then, because i?Cis equal
to DC^ [Hypothesis.

and CF is common to the two

tri^n^Xa^ BCF, DCF ',

the two sides BC, CF are

equal to the two sides Z>C, CF,
each to each

;

and the angle BCF is equal to the angle DCF; [Comtr.

therefore the base BF is equal to the base L>F, and the
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other angles to the other angles to which the equal sides

are opposite ; [I. 4.

therefore the angle CBF is equal to the angle CDF.
And because tlie angle CDE is double of the angle

CDF, and that the angle CDE is equal to the angle CBA,
and the angle CDF is equal to the angle CBF,
therefore the angle CBA is double of the angle CBF;
therefore the angle. ^i?i^ is equal to the angle CBF \

therefore the angle ABC is bisected by the straight line BF.

In the same manner it may be shewn that the angles

BAE., AED are bisected by the straight lines AF, EF.

From the point F draw FG, FH, FK, FL, FM perpen-
diculars to the straight lines AB, BC, CD, DE, EA. [1. 12.

Then, because the angle FCH is equal to the angle

FCK,
und the right angle FHC equal to the right angle FKC\
herefore in the two triangles FHC, FKC, there are two

j,ngles of the one equal to two angles of the other, each to

each;
and the side FC, which is opposite to one of the equal
angles in each, is common to both

;

therefore their other sides are equal, each to each, and
therefore the perpendicular FH is equal to the perpen-
dicular FK. [I. 26.

In the same manner it may be shewn that FL, FM, FG
are each of them equal to FH or FK.
Therefore the five straight lines FG, FH, FK, FL, FM are

equal to one another, and the circle described from the
centre F, at the distance of any one of them will pass
through the extremities of the other four

;

and it will touch the straight lines AB, BC, CD, DE, EA,
because the angles at the points G, H, K, L, M are right

angles, [Construction.

and the straight line drawn from the extremity of a dia-
"

meter, at right angles to it, touches the circle
; [III. 16.

Therefore each of the straight lines AB, BC, CD, DE, EA
touches the circle.

Wherefore a circle has been inscribed in the given
equilateral and equiangular pentagon, q.e.f.

9
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morosiTioN i4. problem.

To describe a circle about a gtcen equilateral and equi-

angular pentagon.

Let ABCDE bo the given equilateral and equiangular
pentagon : it is required to describe a circle about it.

Bisect the angles BCD, CDE
by the straight linos CF, DF\ [1.9.

and from the point F, at which

they meet, draw the straight lines

FB, FA, FE.

Then it may be shewn, as in

the preceding proposition, that

the angles CBA, BAE, AED are

bisected by the straight lines BF,
AF, EF.

And, because the angle BCD is equal to the angle CDL,
and that the angle FCD is half of the angle BCD,

•

and the angle FDC is half of the angle CDE,
therefore the angle FCD is equal to the angle FDC-, [Ax. 7.

therefore the side FCis equal to the side FD. [J. 6.

In the same manner it may be shewn that FB, FA, FE
are each of them equal to FC or FD

;

therefore the five straight lines FA
, FB, FC, FD, FE are

equal to one another, and the circle described from the

centre F, at the distance of any one of them, will pass
through the extremities of the other four, and will bo de-

scribed about the equilateral and equiangular pentagon
ABCDE.

"Wherefore a circle has been described about the given
equilateral and equiangular 2^entagon. q.e.f.

f!i

PROPOSITION 15. PROBLEM.

To inscribe an equilateral and equiangular hexagon
in a given circle

Let ABCDEI
scribe an eciuilatei

Find the centre G of the circle ABCDEF^

Let ABCDEFhe the given circle: it is requirerl f<

scribe an equilateral and equiangular hexagon in
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[Axiom 1.

and draw the diameter AGD;
from the centre Z>, at the dis-

tance L
UGCff:

joinEG, CG,BJid produce them
to thepoints^, I"; andjoin^^,
BC, CD, DB, BF, FA.
The hexagon ABCDBF shall

be equilateral and equiangular.

For, because G is the centre
K,: the circle ABCDBF, GB is

equal to GD
;

and because D is the centre
f the circle EGCH, DB is

;qual to DG;
..'ierefore G^^is equal to DE,

aiii^ the triangle EGD is equilateral ;

therefore the three angles EGD, GDE, DBG are equal to

one another. [I. 5. Corollarrj.

But the three angles of a triangle are together equal to

two right angles ; [I. 32.

therefore the angle EGD is the third part of two right

ingles.

In the same manner it may be shewn, that the angle
)GG is the third part of two right angles.

And because the straight line GC makes with the

jtraight
line BB the adjacent angles EGG, CGB together

Iqual to two right angles, [I. 13.

iiercfore the remaining angle CGB is the third part of two
ht angles ;

lerefore the angles EGD, DGC, CGB are equal to one
aother.

And to these are equal the vertical opposite angles
GA,AGF,FGB. [1.15.

lerefore the six angles EGD, DGC, CGB, BGA, AGF,
GB are equal to one another.

9—2
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H

But equal angles stand on equal arcs
; [in. 26.

therefore the six arcs AB, BG, CD, DE, EF, FA ai-e

equal to cue another.

And equal arcs are subtended by equal straight lines
; [111.29.

therefore the six straight lines are equal to one another,
and the hexagon is equilateral.

It is also equiangular.

For, the arc ^i^ is equal to

the arc ED
;

to each of these add the
arc ABCD

;

therefore the whole arc
FABCD is equal to the
whole arc ABvDE;
and the angle FED stands
on the arc FABCD,
and the angle ^/LE^ stands
on the arc ABCDE;
therefore the angleFED is

equal to the angle AFE. [III. 27.

In the same manner it may be shewn that the other

angles of the hexagon ABCDEF are each of them equal
to the angle AFE or FED

;

therefore the hexagon is equiangular.

And it has been shewn to be equilateral ; and it is inscribed

in the circle ABCDEF.
Wherefore an equilateral and equiangular hexagon

luis been inscribed in the given circle, q.e.f.

Corollary. From this it is manifest that the side of

the hexagon is equal to the straight line from the centre,
that is, to the semidiameter of the circle.

Also, if through the points A, B, C, D, E, F, there be
drawn straight lines touching the circle, an equilateral and

equiangular hexagon will be described about the circle,

as may be shewn from what was said of the pentagon ;
and

a circle may be inscribed in a given equilateral and equir

angular hexagon, and circumscribed about it, by a method
like that used for the pentagon.
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PROPOSITION 16. PROBLEM.

To inscribe an equilateralandequiangularquindecagon
in a given circle.

Let ABGD be the given circle: it is required to in-

scribe an equilateral and equiangular quindecagon in the

circle ABCD.
Let AC he the side of an

equilateral triangle inscribed

in the circle
; [IV. 2.

and let ^^ be the side of an

equilateral and equiangular
pentagon inscribed in the

circle. [IV. 11.

Then, of such equal parts
as the whole circumference

^^Ci)i^. contains fifteen, the arc ABC, which is the third

part of the whole, contains five, and the arc AB, which is

tht; fifth part of the whole, contains three ;

therefore their difference, the arc BC, contains two of the

same parts.

Bisect the arc BCatE; [III. 30.

therefore each of the arcs BE, EG is the fifteenth part of

the whole circumference ABCDF.
Therefore if the straight lines BE, EC be drawn, and

straight lines equal to them be placed round in the whole

circle, [IV. 1.

an equilateral and equiangular quindecagon will be in-

scribed in it. Q.E.F.

And, in the same manner as was done for the pentagon,
if through the points of division made by inscribing the

quindecagon, straight lines be drawn touching the circle,
an equilateral and equiangular quindecagon will be de-

scribed about it
;
and also, as for the pentagon, a circle

may be inscribed in a given equilateral and equiangular
quindecagon, and circumscribed about it.
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DEFINITIONS.

1. A LESS magnitude is said to be a part of a greater

magnitude, when the less measures the greater ; that is,

when the less is contained a certain number of times ex-

actly in the greater.

2. A greater magnitude is said to be a multiple of a

less, when the greater is measured by the less; that is,

when the greater contains the less a certain number of

times exactly.

3. Ratio is a mutual relation of two magnitudes of the
same kind to one another in respect of quantity.

4. Magnitudes are said to have a ratio to one another,
when the less can be multiplied so as to exceed the other.

5. The first of four magnitudes is said to have the
same ratio to tlie second, that the third has to the fourth,
when any equinmltiples whatever of the first and the third

being taken, and any equimultiples whatever of the second
and tlie fourth, if the multiple of the first be less than that

of the second, the multiple of the third is also less than that

of the fourth, and if the multiple of the first be equal to

that of the second, the multiple of the third is also equal to

that of the fourth, and if the multiple of the first be greater
than that of the second, the multiple of the tliird is also

greater than that of the fourth.

6. Magnitudes which have the same ratio are called

proportionals.
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When four magnitudes are proportionals it is usually

expressed by saying, the first is to the second as the third

is to thfe fourth.

7. When of the equimultiples of four magnitudes, taken
as in the fifth definition^ the multiple of the first is greater
than the multiple of the second, but the multiple of the
third is not greater than the multiple of the fourth, then
the first is said to have to the second a greater ratio than
the third has to the fourth

;
and the third is said to havo

to the fourth a less ratio than the first has to the second.

8. Analogy, or proportion, is the similitude of ratios.

9. Proportion consists in three terms at least.

10. AVhen three magnitudes are proportionals, the first

is said to have to the third the duplicate ratio of that
which it has to the second.

[The second magnitude is said to be a mean propor-
tional between the first and the third.]

1 1 . When four magnitudes are continued proportionals,
the first'is said to have to the fourth, the triplicate ratio of

that which it has to the second, and so on, quadruplicate,
&c. increasing the denomination still by unity, in any num-
ber of proportionals.

Definition of compound ratio. When there are any
number of magnitudes of the same kind, the first is said to

have to the last of them, the ratio which is compounded of

the ratio which the first has to the second, and of the ratio

which the second has to the third, and of the ratio which
the third has to the fourth, and so on unto the last mag-
nitude.

For example, \i A, B,C, D be four magnitudes of the

same kind, the first A is said to have to the last D, the
ratio compounded of the ratio of A to B, and of the ratio

of B to C, and of the ratio of C to i>
; or, the ratio of A to

J) is said to be compounded of the ratios of A to B, B to

C, and C to D.

And if A has to B the same ratio that B has to F;
and B to C the same ratio that G has to H

;
and C to D

the same ratio that K has to L
; then, by this definition,

A is said to have to D the ratio compounded of ratios which
are the same with the ratios of^ to F, G to H, and^ to L,
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And the same thing is to be understood when it is more
briefly expressed by saying, A has. to D the ratio com-

pounded of the ratios of E to F, G to //, and JC to»L.

In like manner, the same things being supposed, if M
has to N the same ratio that A has to D

; then, for the
sake of shortness, Af is said to have to N the ratio com-

pounded of the ratios ofE to E, G to //, and K to L.

12. In proportionals, the antecedent terms are said to

be homologous to one another
;
as also the consequents to

one another. ]

Geometers make use of the following technical words,
to signify certain ways of changing either the order or the

magnitude of proportionals, so that they continue still to bo

proportionals.

13. Permutando, or alternando, by permutation or

alternately; when there are four proportionals, and it is

inferred that the first is to the third, as the second is to

the fourth. V. 16.

14. Invertendo, by inversion; when there are four

proportionals, and it is inferred, that the second is to the
first as the fourth is to the third. V. B.

15. Gomponendo, by composition ;
when there are four

proportionals, and it is inferred, that the first together
with the second, is to tlic second, as the third together
with the fourth, is to the fourth. V. 18.

16. Dividendo, by division
;
when there are four pro-

portionals, and it is inferred, that the excess of the first

above the second, is to the second, as the excess of the
third above the fourth, is to the fourth. V. 17.

17. Convertendo, by conversion; when there are four

proportionals, and it is inferred, that the first is to its

excess above the second, as the third is to its excess above
the fourth. V. E.

18. Ex wquali distantia, or ex wquo, from equality of

distance
;
when there is any number of magnitudes more

than two, and as many others, such that they are propor-
tionals M'hen taken two and two of each rank, and it is

inferred, that the first is to the last of the first rank of

magnitudes, as the first is to the last of the others.
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Of this there are the two following kinds, which arise

from the different order in which the magnitudes are taken,
two aniftwo.

19. Ex wquali. This term is used simply by itself,

when the first magnitude is to the second of the first rank,
as the first is to the second of the other rank; and the

second is to the third of the first rank, as the second is to

the third of the other
;
and so on in order

; and the inference

is that mentioned in the preceding definition. V. 22.

20. Ex cequali inproportioneperturbatd seu inordinatd,
from equality in perturbate or disorderly proportion. This
term is used when the first magnitude is to the second of

Ihe first rank, as the last but one is to the last of the second
rank

;
and the second is to the third of the first rank, as the

last but two is to the last but one of the second rank
;
and

the third is to the fourth of the first rank, as the last but
three is to the last but two of the second rank

;
and so on

in a crogs order
; and the inference is that mentioned in the

eighteenth definition. V. 23.

AXIOMS.

1. Equimultiples of the same, or of equal magnitudes,
are equal to one another.

2. Those magnitudes, of which the same or equal mag-
nitudes are equimultiples, are equal to one another.

V

3. A multiple of a greater magnitude is greater than
the same multiple of a less.

4. That magnitude, of which a multiple is greater than
the same multiple of another, is greater than that otlier

magnitude.
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PROPOSITION 1. THEOREM.

If any number of magnitudes he equimultiples of as

manyJ
each of each; whatever multiple any one of them is

of its part, the same multiple shall all the first magni-
tudes he of all the other.

Let any number of magnitudes AB, CD bo equimul-
tiples of as many others E, F, each of each: whatever

multiple yli? is of E, the same multiple shall AB and CD
together, be of E and F together.

For, because AB is the same multiple of E, that CD is

of F, as many magnitudes as there are in

AB equal to E^ so many are there in CD
equal to F.

Divide AB into the magnitudes AG, GB, q
each equal to E; and CD into the magni-
tudes 67/, IID, each equal to F.

Therefore the number of the magnitudes
CH, HD, will be equal to the number of

the magnitudes AG, GB.

And, because AG \s equal to E, and
CH equal to F, therefore AG and Gil

together are equal to E and F together ;

and because GB is equal to E, and RD
equal to F, therefore GB and IID together
are equal to E and F together. [Axiom 2.

Therefore as many magnitudes as there are in AB equal to

E, so many are there in AB and CD together equal to E
and F together.

Therefore whatever multiple ^^ is of ^, the same multiple
is AB and CD together, of j^ and F together.

Wherefore, if any number of magnitudes &c. q.e.d.

PROPOSITION 2. THEOREM.

If the first be the same multiple of the second that the

third is of the fourth, and the fifth the same multiple of
the second that the sixth is of the fourth ; the first toge-

ther with the fifth shall be the same multiple of the second^
that the third together with the sixth is of thefourth.
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B-

Let AB the first be the same multiple of G the second,
that DE the third is ofF the fourth, and let BG the fifth

be the same multiple of G the second, that EH the sixth

is of i^ the fourth: AG^ the first together with the fifth,
shall be the same multiple of G the second, that DH, the
third together with the sixth, is of F the fourth.

For, because AB \9, the same multiple of G that DE
is of F, as many magnitudes as

there are in AB equal to
(7, so _

many are there in BE equal to F.

For the same reason, as many
magnitudes as there are in BG
equal to (7, so many are there in

^iy equal to i^.

Therefore as many magnitudes
as there are in the whole AG
equal to (7, so many are there in

the whole DH equal to F.

Therefore AG\^ the same multi-

ple of (7 that i)i7 is of i^.

Wherefore, if the first de the

same multiple &c. q.e.d.

Corollary. From this it is

plain, that if any number of mag-
nitudes AB, BG, GH be multi-

ples of another G
-,
and as many

DE, EK, KL be the same mul-

tiples of F, each of each
;
then

the whole of the first, namely,
AH, is the same multiple of G,
that the whole of the last, namely,
DL, is of F.

H

K

I

H C L

PROPOSITION 3. THEOREM.

If the first he the same multiple of the second that the
third is of the fourth, and if of the first and the third
there he taken equimultiples, these shall he equimidtiples,
the one of the second, and the other of thefourth.



140 EUCLID'S ELEMENTS.

K

at'

•8£]

Let A the first bo the same multiple of B the second,
that C the third is of D the fourth

;
and of A and C let

the equimultiples EF and GH bo taken: EF shall be
the same nmltiple of B that GH is of Z>.

For, because EF is the same multiple of A that GH is

of (7, [Hypothesis.

as many magnitudes as
-^

there are in EF equal
to yl, so many arc there
in GH equal to C.

Divide EF into the

magnitudes EK, XF,
each equal to A

;
and

GH into the magni-
tudes GL, LH, each

equal to C.

Therefore the number of _ _ ^

themagnitudes^^, ^i^,
will be equal to the number of the magnitudes GL, LH.

And because A is the same multiple of B that C '

of D, [Hypothesi

and that ^^is equal to Ay and GL is equal to C
; {Comt

therefore EK is the same multiple of B that GL is of D.

For the same reason KF is the same multiple of B th;

LHisofD.
Therefore because EK the first is the same multi:

of B the second, that GL the third is of X> the fourth,

and thatKF the fifth is the same multiple of^ the secc

that LH the sixth is of D the fourth
;

EF the first together with the fifth, is the same multiple
of B the second, that GH the third together with th(

sixth, is of D the fourth. [V. 2.

In the same manner, if there be more parts in ^i^ equal
to A and in GH equal to C, it may be shewn that EF is

the same multiple of B that GH is of L>. [V. 2, Cor.

Wherefore, if the Jirst &c. q.e.d.

PROPOSITION 4. THEOREM.

Jf the first have the same ratio to the second that the

third has to the fourth^ and if there he taken any equi^
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multiples whatever of the first and the third, and also

any equimultiples whatever of the second and the fourth^
then the multiple of the first shall have the saine ratio to

th" nultiple of the second, that the multiple of the third

has to the Tnidtiple of thefourth.

Let A the first have to B the second, the sanie ratio
"

t (7 the third has to D the fourth
;
and of A and C let

re be taken any equimultiples whatever E and F, and
B and D any equimultiples whatever G and H: E shall

.v^e the same ratio to G that F has to H.

Take of E and F any equi-
i. iltiples whatever K and Z,
A of G and H any equimul-
.es whatever M and N.

'Then, because E is the same

aultiple of A that F is of (7,

-ud of E and F have been taken

quimultiples K and L
;

•therefore K is the same mul- K. e
vaple of A that L is of C. [V. 3. L F
'^ For the same reason,M is the
same multiple of^ thatN is of D.
lis And because yl is to i5 as (7

^S to Z>, [Hypothesis.
'

^'5d of ^ and C have been taken
ertain equimultiples K and X,

. .4 of ^ and i> have been taken
certain equimultiples M and N;
.therefore if K be greater than

gJ/, Z is greater than N
-,
and if

"equal, equal ;
and if less, less. [V. Definition 5.

But K and L are any equimultiples whatever of E and F,
and 3/ and iV^are any equimultiples whatever of G^ and ^;
therefore ^ is to G' as i^ is to JI. [V. Definition 5.

'Wherefore, if the first &c. q.e.d.

Corollary. Also if the first have the same ratio to
the second that the third has to the fourth, then any equi-
multiples whatever of the first and third shall have the
same ratio to the second and fourth: and the first and
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third shall have the same ratio to any equimultiples what-
ever of the second and fourth.

Let A the first have the same ratio to B the second,
that C the third has to D the fourth ;

and of A and C let

there bo taken any equimultiples whatever E and F: E
shall be to i? as i^ is to D.

Take ofE and F any equimultiples whatever K and Z,
and of i? and D any equimultiples whatever G ar I //.

Then it may be shewn, as before, that K is the same
multiple of A that L is of C.

And because yl is to ^ as C is to D, ^.{ypothesis.

and of A and C have been taken certain equ* .ultiples K
and X, and of B and D have been taken certain equimul-
tiples G and //;

therefore ifK be greater than G, L is greater than //; and
if equal, equal ;

and if less, less. [V. Definition 5.

But K and L are any equimultiples whatever of E and F.
and G and H are any equimultiples whatever of B and E

,

therefore j^ is to ^ as i^ is to Z>. [V. Definition 5.

In the same way the other case may be demonstrated.

PROPOSITION 5. THEOREM.

If one wagnitude he the same multiple of another that

a m.agnitude taken from the first is of a inagnitude talcen

from the other, the remainder shall he the same multiple
of the 7^em,ainder that the whole is of the whole.

Let AB be the same multiple of CD, that AE taken
from the first, is of CF taken from the other : the remain-
der EB shall be the same multiple of the remainder FD,
that the whole -4 Z? is of the whole CD.

Take AG the same multiple of FD, that AEi&o^CF-,
therefore AE is the same multiple of CF that EG is

of CD. [V. 1.

Eut AE is the same multiple of CF that AB is of CD; ..

therefore EG is the same multiple of CD that AB is al
of6'X>;

«'

therefore EG is equal to AB. [V. Axiom 1.
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From each of these take the commoa
magnitude AE ;

then the remainder AG
is equal to the remainder EB.

Then, because ^^ is the same multiple
of CF that AG is of ED, [Construction.

and that AG is equal to EB
;

therefore AE is the same multiple of CF
that EB is of ED.
But ^^ is the same multiple of CF that

^^ is of CD
; [Hypothesis.

therefore EB is the same multiple of

FD that AB is of CD.

Wherefore, ifonemagnitudekc. q.e.d.

A

B

PROPOSITION 6. THEOREM.

If two magnitudes he equimultiples of two others^ and
if equimultiples of these he takenfrom, the first two, the

remainders shall he either equal to these others, or equi-

multiples of them.

Let the two magnitudes AB, CD be equimultiples of

the two E, F; and let AG, CH, taken from the first two,
be equimultiples of the same E, F : the remainders GB,
HD shall be either equal to E, F, or equimultiples of them.

First, let GB be equal to E : HD shall be equal to F.

Make CK equal to F.

Then,because AG\s the same mul-

tiple of E that CH is of F, [Hyp.

and that GB is equal to E, and
CK is equal to F

;

therefore ^^ is the same multi-

ple of^ that isTZ^ is of i^.

But AB is the same multiple
of E that CD is of i^

; [Hypothesis. B D E F
therefore KH is the same multii^le of F that CD is of 7^;
therefore KH is equal to CD. [Y. Axiom 1.

From each of these take the common magnitude CH ;

tlien the remainder CK is equal to the remainder HD.
But CK is equal to F

; [Construction.

therefore HD is equal to F.
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C

H

Next let GB be a multiple of E: HD shall be the
same multiple of F.

Make CK the same multiple K
ofF that GB is of E.

Then, because AG m the same

multiple of E that CII is of

F, [Hypothesis.

and GB is the same multiple
ofE that CK i^oiF) [Comtr.

therefore AB i^ the same mul-

tiple ofE thatKM is of F. [V. 2.

But ^^ is the same multi-

ple of E that CD \soiF; [Hijp.

therefore KII is the same multiple of F that CD is of i^;

therefore A'TZis equal to CD. [V. ^dxiom 1.

From each of these take the common magnitude CH;
then the remainder CK is equal to the remainder HD.

And because CK is the same multiple of F that GB is

of E, •

[Construction.

and that CK is equal to HD
;

therefore ^Z> is the same multiple of F that GB is of E.

Wherefore, if two magnitudes &c. q.e.d.

B D E F

PROPOSITION A. THEOREM.

If the first offour magnitudes have the same ratio to

tJie second that the third has to thefourth, then, if the first
be greater than the second, the third shall aho he greater
than the fourth, and ifequal equal, and if less less.

Take any equimultiples of each of them, as the doubles

of each.

Then if the double of the first be greater than the double

of the second, the double of the third is greater than the

double of the fourth. [V. Definition 5.

But if the first be greater than the second, the double of

tlie first is greater than the double of the second j

i
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therefore the double of the third is greater than the double

of the fourth,

and therefore the third is greater than the fourth.

In the same manner, if tlie first be equal to the second,
or less than it, the third may be shewn to be equal to the

fourth, or less than it.

Wherefore, if the first &c. q.e.d.

PROPOSITION B. THEOREM.

Iffour magnitudes he proportionals, they shall also he

proportionals when taken inversely.

Let ^ be to i? as (7 is to i> : then also, inversely, B
shall be to ^ as Z) is to G.

Take of B and D any equimul-
tiples whatever E and F \

iud of A and G any equimultiples
whatever G and //.

First, let E be greater than G, then
*jf is less than E.

Hien, because -4 is to 5 as C is

O D
; ^Hypothesis. G A B E

{lid

of A and G the first and third,
H C D F

r and // are equimultiples ;

nd of B and D the second and

)urth, E and F are equimultiples ;

id that G is less than E
;

1 creforeH is less thanF
; [V. Def. 5.

i9,t is, F is greater than //.

herefore, ifE be greater than G, F is greater than H.
In the same manner, if E be equal to G, F may be

lewn to be equal to H\ and if less, less.

But -E* and F are any equimultiples whatever of B
111 D, and G and H are any equimultiples wliatever of A

I

'I O
\ {Construction,

erefore ^ is to ^ as Z) is to G. [V. Definition 5.

Wherefore, iffour magnitudes &c. q.e.d.
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^

PROPOSITION G. THEOREM.

If the first he the same multiple of the second^ or the

sam^ part of it, that the third is of the fourth, the first

shall he to the second as the third is to thefourth.

First, let A be the same multiple of B that C is of 2):

A shall be to ^ as C is to D.
Take of A and G any equimultiples

whatever E and F; and of B and D any

equimultiples whatever G and H.
Then, because A is the same multiple

of B that C is of Z>
; [Hypotheshi.

and that E is the same multiple ofA that

Fi^oiC; [Constructian. ABC
therefore E is the same multiple of J5 E G F
that /'is of D; [V. 3.

that is j^andjPare equimultiplesof^and/).
But G and H are equimultiples of B

and i)
; [Construction.

therefore if ^ be a gi-eater multiple of

B than G is of B, F is a. greater multi-

ple of D than His of D;
that is, if E be greater than G, F is

greater than H.
In the same manner, if E be equal to

G, F may be shewn to be equal to £[; and
if less, less.

But E and F are any equimultiples

whatever of A and C, and G smdH are any equimultiples
whatever of B and £>

;
[Construction.

therefore Aisto B SisG is to D. [V. Definition 5.

Next, let A be the same part of B that C7 is of B;
A shall be to J? as Cis to D.

For, since A is the same part of B
that C is of B,
therefore B is the same multiple of A
that £> is of C;

therefore, by the preceding case, B is to

^ as Z> is to C
;

therefore, inversely, AistoBa.sC is to £>.

Wherefore, if the first &c. q,e.d.

[V. JJ
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PEOPOSITION D. THEOREM.

If the first he to the second as the third is to the fourth,
and if the first he a multijyle, or a part, of the second, the

third shall he the same multiple, or the same part, of the

fourth.

Let ^ be to ^ as (7 is to D.

And first, let ^ be a multiple of B :

C shall be the same multiple of D.

Take E equal to A
;
and what-

ever multiple ^ or ^ is of B, make
F the same multiple of D.

Then, because A is to -B as C
is to D, [Hypothesis.

and of B the second and D the A B c D
fourth have been taken equimultiples E f
JE and F

', [Oonstruction.

therefore A is to ^ as (7 is to

F. [V. 4, Corollary.

But A is equal toE
; [Comtruction.

therefore Cis equal to F. [Y. A.

And F is the same multiple of

D that A is of B
; [Construction.

therefore C is the same multiple of D that A is of B.

Next, let yl be a part oiB: G shall be the same part ofD.

For, because ^ is to -B as (7 is to Z>
; [Hypothesis.

therefore, inversely, B is to A as D is to C. [V. B.

But yl is a part of B
; [Hypothesis.

that is, ^ is a multiple of A
;

therefore, by the preceding case, Z> is the same multiple of C;
that is, C is the same part ofD that A is of B.

Wherefore, if the first &c. q.e.d.

PEOPOSITION 7. THEOREM.

Equal w,agnitudes have the same ratio to the same
magnitude; and the same has the same ratio to equal
magnitudes,

10—2



148 EUCLID'S ELEMENTS.

D A

E B

Let A and B bo equal magnitudes, and C any other

magnitude: each of the nmgnitudcs A and B shall have
the same ratio to C

;
and C shall have the same ratio to

each of the magnitudes A and B.

Take of A and B any equimultiples
"whatever D and E

;
ana of (7 any mul-

tiple whatever F.

Then, because D is the same mul-

tiple of A that ^ is of B, [Construction.

and that A is equal to B
; [Hypothesis.

therefore 2) is equal to E. [V, Axiom 1.

Therefore if i> be greater than F, E is

greater than F
;
and if equal, equal; C F

and if less, less.

But D and E are any equimultiples
whatever of A and B, and i^ is any
multiple whatever of C; [Construction.

therefore^ is to Cas^ is to C. [V. Def. 5.

Also C shall have the same ratio to A that it has to B.
For the same construction being made, it may be shewn,
as before, that i> is equal to E.

Therefore if F be greater than D, F is greater than E
;

and if equal, equal ;
and if less, less.

But F is any multiple whatever of C, and Z> and E are

any equimultiples whatever of A and B
; [Construction.

therefore Cisio A as C is to B. [V. Definition 5.

Wherefore, equal magnitudes &c. q.e.d.

PROPOSITION 8. THEOREM.

Of unequal Qnagnitudes, the greater has a greater
ratio to the same than the less has; and the same mag-
nitude has a greater ratio to the less than it has to the

greater.

Let AB and BC be unequal magnitudes, of which AB
is the greater; and let D be any other magnitude what-
ever : AB shall have a greater ratio to D than BG has
to D

; and D shall have a greater ratio to BC than it

has to AB.
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If the magnitude which is not the greater of the two
AC, CB, be not less than D, take EF, FG the doubles of

AC, CB (Figure 1).

But if that which is not the E Fig.

greater of the two AC, CB, be
less than D (Figures 2 and 3),

this magnitude can be multiplied,
so as to become greater than D,
whether it be ^C or CB.

Let it be multiplied until it be-

comes greater than D, and let the
other be multiplied as often.

Let EFhe the multiple thus taken
of AC, and FG the same multiple
of CB •

therefore EF and FG are each
of them greater than D.

And in all the cases, take H
the double of D, Kits, triple, Fig. i.

and so on, until the multiple
of D taken is the first which
is greater than jP(r. Let Z be
that multiple of D, namely,
the first which is greater
than FG ;

and let K be the

multiple of D which is next
less than L.

Then, because L is the first

multiple of i> which is greater q B
than FG, [Construction. j^ -^

the next preceding multipleK is not greater than FG
;

that is,FG is not less than K.

And because EF is the same

multiple of AC that FG is

of CB, [Construction.

therefore EG is the same multiple of AB that FG is

ofCB; [V.l.

that is, EG and FG arc equimultiples ofAB and CB.

Fig- 3.

EI

A
C

H D
C

B
K D
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And it was shewn that FG is not less than K^
and EF is greater than D

; [Coviatruction.

therefore the wliole EG is greater than K and D together.

[Construction,

El

But K and D together are equal to L ;

therefore EG is greater than L.

But FG is not greater than L.

And EG and FG viQVQ shewn to be equi-

multiples oi AB and BC
-,

and Z is a multiple of D. [Construction.

Therefore AB has to Z> a greater ratio

than BC has to D. [V. Definition 7.

Also, i) shall have to BC a greater
ratio than it has to AB.

For, the same construction being made,
it may be shewn, that L is greater than
FG but not greater than EG.

And Z is a multiple of Z>, [Construction.

and EG and FG were shewn to be equi-

multiples ot AB and (7jB.

Therefore D has to ^C a greater ratio than it has
to AB. [V. Definition 7.

Wherefore, of unequal magnitudes &c. q.e.d.

X K D

PEOPOSITION 9. THEOREM.

Magnitudes which have the same ratio to the same
mxignitude, are equal to one another ; and those to which
the same magnitude has the same ratio, are equal to one
another.

First, let A and B have the same ratio to G\ A shall

be equal to B.

For, if A is not equal to B, one of them must be greater
tlian the other

;
let A be the greater.

Then, by what was shewn in Proposition 8, there are
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F

B

some equimultiples of A and B, and
some multiple of (7, such that the

multiple of A is greater than the

multiple of (7, but the multiple of

B is not greater than the multiple
of a
Let such multiples be taken; and
let D and E be the equimultiples
of A and B, and F the multiple
of C; so that Z> is greater than

F^ but E is not greater than F.

Then, because ^ is to (7 as 5 is

to (7; and of A and B are taken

equimultiples D and ^, and of G
is taken a multiple F ;

and that D is greater than F
;

therefore j& is also greater than F.

But E is not greater than F ;

which is impossible.

Therefore A and i? are not unequal; that is, they are

equal.

Next, let G have the same ratio to A and B : A shall

be equal to B.

For, if A is not equal to B, one of them must be greater
than the other

;
let A be the greater.

Then, by what was shewn in Proposition 8, there is

some multiple F of 0, and some equimultiples E and Z> of

B and A, such that F is greater than E, but not greater
than D.

And, because (7 is to jB as (7 is to ^, [ffypothesis.

and that F the multiple of the first is greater than E the

multiple of the second, [Co7istruction.

therefore F the multiple of the third is greater than D
the multiple of the fourth. [V. Definition 5.

But F is not greater than J)
; [Construction,

which is impossible.

Therefore A and B are not unequal ; that is, they are

equal.

Wherefore, magnitudes which &c. q.e.d.

[Construction.

[V. Definition 5.

[Construction.



152 EUCLIUS ELEMENTS.

PROPOSITION 10. THEOREM.

That magnitude which has a greater ratio than another
?ias to the same magnitude is the greater of the two ; and
that magnitude to which the same has a greater ratio than
it has to another magnitude is the less of the two.

First, let A have to C a greater
ratio than B has to C: A shall bo

greater than B. .

For, because A has a greater ratio A
to C than B has to C, there are some '

equimultiples of A and B, and some .

multiple of C, such that the multiple C
of A is greater than the multiple of (7,

but the multiple of B is not greater i

than the multiple of C. [V. Def. 7. B
Let such multiples be taken ;

and I

let D and E be the equimultiples of

A and B, and F the multiple of G;
so that £> is greater than F, but E
is not greater than F

;

therefore Z> is greater than E.

And because J9 and ^ are equimultiples of A and B, and
that D is greater than E,
therefore A is greater than B. [V. Axiom 4.

Next, let C have to jB a greater ratio than it has to A :

B shall be less than A.

For there is some multiple F of C, and some equi-

multiples E and D of B and A, such that F is greater
than E, but not greater than D

; [V. Definition 7.

therefore E is less than D.

And because E and D are equimultiples of B and A, and
that E is less than D,
therefore B is less than A. [V. Axiom 4.

Wherefore, that magnitude &c. q.e.d.
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PROPOSITION 11. THEOREM.

Ratios that are the same to the same ratio, are the same
to one another.

Let A be to ^ as (7 is to D, and let (7 be to Z> as jE7 is

to i^: ^ shall be to ^ as ^ is to F.

G H K-

A C E-

B D F-

L j^j-
— I^_

Take of A, C, E any equimultiples whatever G, H, IT;
and of B, D, F any equimultiples whatever Z, M, N.

Then, because yl is to ^ as (7 is to D, [Hypothesis.

and that (r and H are equimultiples of A and C, and Z
and M are equimultiples of B and Z>

; [Construction.

therefore if G be greater than L, H is greater than Jf
;

and if equal, equal ;
and if less, less. [V. Definition 5.

Again, because C is to Z) as Z^ is to F, [Hypothesis.

and that H and K are equimultiples of C and E, and il/

und N are equimultiples of Z> and F
; [Constimction.

therefore if ZT be greater than ilf, jST is greater than iV;
and if equal, equal ;

and if less, less. [V. Definition 5.

But it has been shewn that if G be greater than Z, H
is greater than M

;
and if equal, equal ;

and if less, less.

Therefore if G be greater than Z, K is greater than N;
and if equal, equal ;

and if less, less.

And G and K are any equimultiples w^hatever of A and E,
and Z and N are any equimultiples whatever ofB and Zl

Therefore ^ is to 5 as Z^ is to F. [V. Definition 6.

Wherefore, ra^/o5 that are the same &c. q.e.d.
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PROPOSITION 12. THEOREM.

If any number of magnitudes he proportionals, as one

qfthe antecedents is to its consequent, so sliall all the ante-

cedents he to all the consequents.

Let any number of magnitudes A, B, C, D, E, F be

proportionals ; namely, as A is to J5, so let G bo to 2), and

E io F: 2i9, A is to i?, so shall A, C, E together be to

B, D, F togetlier.

M N-

Take of A, C, E any equimultiples whatever G,H,K',
and of B, D, F any equimultiples whatever Z, M, N.

Then, because ^ is to ^ as C is to Z> and as E is to F,
and that G, H, K are equimultiples o{A,C, E, and L, M,N
equimultiples of B, D, F; [Construction.

therefore if G be greater than L, H is greater than J/,

and K is greater than N\ and if equal, equal ;
and if less,

less. [V- Definition 5.

Therefore, if G be greater than L, then G, H, K together
are greater than X, M, N together ;

and if equal, equal ;

and if less, less.

But G, and G, H, K together, are any equimultiples
whatever of A, and A, G, E together ; [V. 1.

and L, and Z, M, N together are any equimultiples what-

ever of B, and B, D, F together. [V. 1.

Therefore as ^ is to B, so are A, G, E together to

B, Z>, F together. [V. Definitim 5.

Wherefore, if any number &c. q.e.d.

PROPOSITION 13. THEOREM.

If the first have the same ratio to the second which the

third has to thefourthj hut tlie third to thefourth a greater
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ratio than the fifth to the sixth, the first shall have to the

second a greater ratio than the fifth has to the sixth.

Let A the first have the same ratio to B the second

that G the third has to D the fourth, but C the third a

greater ratio to D the fourth than E the fifth to F the

sixth: A the first shall have to B the second a greater
ratio than E the fifth has to F the sixth.

M
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Corollary. And if the first have a greater ratio to

the second than the third has to the fourtli, but tlie third

the same ratio to the fourth that the fifth has to the sixth,
it may be shewn, in the same manner, that the first has a

greater ratio to the second than the fifth has to the sixth.

PROPOSITION 14. THEOREM.

If tlie first have the same ratio to the second that the

third has to the fourth, then if the first he greater than
the third the second shall he greater than thefourth; and
if equal, equal; and if less, less.

Let A the first have the same ratio to B the second
that C the third has to Z> the fourth : if ^ be greater than

C, B shall be greater than D ; if equal, equal ; and if less,

3

A B C D ABCD AJBCJD

First, letA be greater than C\ B shall be greater than D.

For, because A is greater than C, [Hypothesis.

and B is any other magnitude ;

therefore A has to i? a greater ratio than C has to B. [V. 8.

But ^ is to ^ as (7 is to D. [Hypothesis.

Therefore C has to Z> a greater ratio tlian C has to B. [V. 13.

But of two magnitudes, that to which the same has the

greater ratio is the less. [V. 10.

Therefore D is less than B', that is. B is greater than D.

Secondly, let A be equal to C: B shall be equal to Z>.

For, ^ is to ^ as C, that is A, is to D. [Hypothesis.

Therefore B is equal to D. [V. 9.
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Thirdly, let A be less than G : B shall be less than D.

For, G is greater than A.

And because C is to Z> as -4 is to -S
; [Hypothesis.

and C is greater than A ;

therefore, by the first case, D is greater than B ;

that is, B is less than Z>.

Wherefore, if the first &c. q.e.d.

PROPOSITION 15. THEOREM.

Magnitudes have the sarne ratio to one another that

their equimultiples have.

Let AB be the same multiple of G that DE is of i^:

G shall be to F as AB is to DE.

For, because AB is the same multiple of G that DE is

of F, [Hypothesis.

therefore as many magnitudes as

there are m AB equal to (7, so
pj

many are there in DE equal to F.

Divide AB into the magnitudes
AG, GH, HB, each equal to (7;

and DE into the magnitudes H-

DK, KL, LE, each equal to F.

Therefore the number of the mag-
nitudesA G, GH,HB will be equal B
to the number of the magnitudes
DK, KL, LE.

And because AG, GH, HB are all equal; [Comtruction.

and that DK, KL, LE are also all equal ;

therefore AG is to DK as GH is to KL, and as HB is

to LE. [V. 7.

But as one of the antecedents is to its consequent, so are

all the antecedents to all the consequents. [V. 12.

Therefore as ^(r is to DKm is AB to DE.
But AGh equal to C, and DK is equal to F.

Therefore as (7 is to i^ so is ^5 to DE.

Wherefore, magnitudes &c. q.e.d.



158 EUCLID'S ELEMENTS.

PROPOSITION 16. THEOREM.
^

Iffour magnitudes of the same kind he proportionals,
tliey shall also he proportionals when taken alternately.

Let A, B, C, D he four magnitudes of the same kind
which are proportionals ; namely, as A is to B so let G be
to D: they shall also be proportionals when taken alter-

nately, that is, A shall be to (7 as ^ is to D.

E G

A C

B D

F H-

Take of A and B any equimultiples whatever E and F,
and of C and D any equimultiples whatever G and H.

Then, because E is the same multiple of A that F is of

B, and that magnitudes have the same ratio to one another
that their equimultiples have

; [V. 16.

therefore ^ is to ii as ^ is to F.

But ^ is to ^ as C is to D. [Hypothesis.

Therefore C is to i> as ^ is to F. [V. 11.

Again, because G and H are equimultiples of C and Z>,
therefore C is to i> as 6^ is to H. [V. 15.

But it was shewn that (7 is to Z> as ^ is to F.

Therefore ^ is to i^ as (? is to H. [V. 11.

But when four magnitudes are proportionals, if the
first be greater than the third, the second is greater than
the fourth

;
and if equal, equal ;

and if less, less. [V. 14.

Therefore if E be greater than G, F is greater than H
;

and if equal, equal ;
and if less, less.

But E and F are any equimultiples whatever of A and

B, and G and H are any equimultiples whatever of G
and D. [Construction.

Therefore ^ is to (7 as i? is to D. [V. Definition 5.

Wherefore^ iffour magnitudes &c. q.e.d.
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PROPOSITION 17. THEOREM.

If magnitudes, taken jointly, he proportionals, they
shall also he proportionals when taken separately ; that

is, if two magnitudes taken together have to one of them
the same ratio which two others have to one of these, the

remaining one of the first two shall have to the other the

same ratio which the remaining one of the last two has to

the other of these.

Let AB, BE, CD, DF be the magnitudes which, taken

jointly, are proportionals; that is, let AB he io BE as CD
is to DF: they shall also be proportionals when taken

separately ; that is, AE shall be to EB as CF is to FD.
Take of AE, EB, CF, FD any _

equimultiples whatever GH, HK,
^

LM,MN',
and, again, of EB, FD take any
equimultiples whatever KX, NP.

Then, because GH is the same

multiple of^^ that HK\^ oiEB
;

therefore GH is the same multiple
ofAE that GK is of AB. [V. 1.

Bjat GH is the same multiple of

AE that LM is of CF, [Comtr.

therefore G'^is the same multiple
ofAB that LM is of CF.

c* /\ c '{

Again, because LMh the same
multiple of CF that MN is of FD, [Construction.

therefore LM is the same multiple of CF that LN is

of CD. [V. 1.

But LM was shewn to be the same multiple of CF that
GKi^oiAB.

Therefore GK is the same multiple of AB that LN is

oiCD;
that is, GK2,ndi ZiVare equimultiples of^^ and CD.

N

M
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II

N

M

Again, because HK is the same multiple of ED that

MN is of FD, and that KX is the same multiple of EB
that NP is of FD, [Construction,

therefore HX is the same multiple
ofEB that MP is of FD

; [V. 2. x
that is, //X andMP are equimulti-

ples of EB and i^Z>.

And becauseAB is to i?^asCD
is to Z>i^, [Hypothesis.

and that G^A" and ZiV are equimul-
tiples oiAB and CD, and ^JT and
JfP are equimultiples of EB and

FD,
therefore ifGKhd greater thanHX,
LNis greaterthaiiMP ;

and ifequal,

equal ;
and if less, less. [V. Dcf. 5.

But if GIT be greater than XX, G A C 1*

then, by adding the common mag-
nitude HX to both, GX is greater
than HX ;

therefore also LN is greater than MP
;

and, by taking away the common magnitude MN from
botli, LM is greater than NP.
Thus if GH be greater than XX, LM is greater than NP.

In like manner it may be shewn that, if GH be equal
to XX, LM is equal to NP

;
and if less, less.

But GH and LM are any equimultiples whatever of
AE and CF, and XX and NP are any equimultiples
whatever of EB and FD; [Construction.

therefore AE is to EB as CF is to ^Z>. [V. Definition 5,

Wliercfore, iffour magnitudes &c. q.e.d.

PROPOSITION 18. THEOREM.

If magnitudes, taken separately, he proportionals, they
shall also he proportionals when taken jointly ; that is, if
the first he to the second as the third to the fourth, the

first and second together shall he to the second as the third
andfourth together to the fourth.
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Let AE, EB, CF, FD be proportionals ;
that is, let

AE be to EB as CF is to i^Z) : they shall also be propor-
tionals when taken jointly ;

that is, AB shall be to BE as

CD is to DF.

Take of AB, BE, CD, DF any equimultiples whatever

GH, HK, LM, MN ',

and, again, of BE, DF take any equimultiples whatever

KO, NP.

Then, because KO and NP are equimultiples of BE
and DF, and that KH and NM are also equimultiples of

BE and i>ii^
; [Construction.

therefore if KO, the multiple of BE, be greater than KIT,
which is a multiple of the same BE, then NP the multiple
of DF is also greater than N3f the multiple of the same
DF; andifiTO be equal to KIT, NP is equal to NM;
and if less, less.

h;

First, let KO be not greater than KR;
therefore NP is not greater than NM.

And because GH and UK
are equimultiples of AB
and BE, [Construction.

and that AB is greater
than BE,
therefore GH is greater
than HK; [Y. Axiom 3.

but KO is not greater
than KH; [Hypothesis.

therefore GH is greater
than KO.

In like manner it may
be shewn that LM is

greater than NP.
Thus if KO be not greater
than KH, then GH, the multiple of AB, is always greater
than KO, the multiple of BE

;

and likewise LM, the multiple of CD, is greater than iVP,
the multiple of DF.

11
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Next, let KG bo greater than KU'y

therefore, as has been shewn, NP is greater than NM.
And because the whole Gil is the same multiple of the
whole AB that HK\'& of BE^

'

[Construction.

therefore the remainder GK is the same multiple of the

remainder AE that GH i^oi AB; [V. 5.

which is the same that LM is of CD. [Construction.

In like manner, because the whole LM is the same

multiple of the whole CD that MN is of DF, [Construction.

therefore the remainder LN is the same multiple of the

remainder CF that LM is of CD. [V. 5.

But it was shewn thatLM is the same multiple of CD that

G^^isof^^.

Therefore GK is the same multiple of AE that LN is

oiCF;
that is, G^^and LNare equimultiples of^^ and CF.

And because KO and NP are equimultiples ofBE and

DF; [Construction.

therefore, if from KO and NP there be taken KH and

N3I, which are also equimultiples of BE and DF, [Constr.

the remainders HO and MP are either equal to BE and

DF, or are equimultiples of them.

Suppose that HO and 3IP
are equal to BE and DF.

Then, because ^^ is to EB
as Ci^ is to FD, [Hypothesis.

and that G^^ and LN are

equimultiples ofAE and (7i^;

therefore G^A^is to EB as ZiV^

is to FD. [V. 4, Cor.

But HO is equal to i?^, and
il^Pis equal to Z^i'"; [JIjjp.

therefore G^ATis to HO as LN
is to MP.

[Y.6.
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Therefore if GK be greater than HO, LN is greater thau
MP

;
and if equal, equal; and if less, less. [V. A.
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PROPOSITION 19. THEOREM.

If a whole magnitude he to a whole as a magnitude
taken from the first is to a magnitude taken from the

other, the remainder sliall he to tlie remainder as the

whole is to the whole.

Let the whole AB be to the whole CD as AE, a mag-
nitude taken from AB, is to CF, a magnitude taken from

CD : the remainder EB shall be to the remainder FD as

the whole ^^ is to the whole CD.

For, because AB is to CD as ^^is to

CF, [Hypothesis.

therefore, alternately, AB is to AE as

CD is to CF. [V. 16.

And if magnitudes taken jointly be pro-

portionals, they are also proportionals
when taken separately; [V. 17.

therefore EB is to AE as FD is to CF
\

therefore, alternately, EB is to FD as B D
AE is to CF. [V. 16.

But AE is to CF as AB is to CD ; {Hyp.

therefore JB'i? isto^Z> as^^isto CD. [V.ll.

Wherefore, if a whole &c. q.e.d.

Corollary. If the whole be to the whole as a mag-
nitude taken from the first is to a magnitude taken from
the other, the remainder shall be to the remainder as the

magnitude taken from the first is to the magnitude taken
from the other. The demonstration is contained in the

preceding.

PROPOSITION E. THEOREM.

Iffour magnitudes he proportionals, they shall also he

proportionals hy conversion ; that is, the first shall he to

its excess ahove the second as the third is to its excess above

thefourth.

Let AB be to BE as CD is to DF: AB shall be to

AEB,!i CD is to CF.
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For, because AB is to BE as CD is

to DF; [Hypothesis.

therefore, by division, AE is to EB as

CF is to FD
; [V, 17.

and, by inversion, EB is to AE as FD
is to CF. [V. B.

Therefore, by composition, AB is to AE
as Ci) is to CF. [V. 18.

Wherefore, iffourmagnitudes &c. Q.e.d.

C

B D

PROPOSITION 20. THEOREM.

If there he three magnitudes, and other three, which
have the same ratio, taken two and two, then, if the first
he greater than the third, the fourth shall he greater than
the sixth; and if equal, equal; and if less, less.

Let A, B, (7 be three magnitudes, and D, E, F other

three, which have the same ratio taken two and two ; that

is, let ^ be to 5 as X> is to E, and let ^ be to C as ^ is

to F\ HA be greater than C, D shall be greater than F;
and if equal, equal ;

and if less, less.

First, let A be greater than C: D
shall be greater than F.

For, because A is greater than C, and B
is any other magnitude,
the]«efore A has to ^ a greater ratio than
(7 has to ^. [V. 8.

But ^ is to ^ as Z> is to -E'; [Hypothesis.

therefore D has to J5^ a greater ratio than

C has to B. [V. 13.

And because 5 is to (7 as ^ is to F, [Hyp. -A B

therefore, by inversion, (7 is to ^ as ^ is d E
to E. [Y. B.

And it was shewn that D has to ^^ a

greater ratio than C has to B ;

therefore D has to ^ a greater ratio than

i^hasto^; [V. 13, Con

therefore D is greater than F, [V. 10.
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Secondly, let A bo equal io C: D shall

bo equal to F.

For, because A is equal to C, and B is any
other magnitude,

therefore ^ is to i? as (7 is to B. [V. 7-

But ^ is to i? as Z) is to ^, [Hypothesis.

and C is to ^ as i^ is to j^, {Hyp. V. i?.

therefore /) is to j^ as i^ is to ^ ; [V. 11.

and therefore Z> is equal to F. [V. 9.

Lastly, let A be less than C : D shall

be less than F.

For (7 is greater than A
;

and, as was she^vn in the first case, C is to

i?asi^isto j&;

and, in the same manner,5 is to ^ as -E" is

toZ>;

therefore, by the first case, F is greater
than D

;

that is, D is less than F.

Wherefore, if there he three &c. q.e.d.

B C

B C

E F

PROPOSITION 21. THEOREM.

^f there he three ^nagnitndes, and other three, which
the same ratio, taken two and two, hut in a cross

order, then if the first he greater tfian the third, the

fourth shall he greater than the sixth; and if equal,
equal; and if less, less.

Let A,B, C be three magnitudes, and D, E, F other

three, which have the same ratio, taken two and two, but
in a cross order

;
that is, let ^ be to Z? as ^ is to F, and

let B\)Q to C as i) is to ^ : if ^ be greater than C, D
shall be greater than F; and if equal, equal ;

and if less,
less.

First, let A be greater than C: D shall be greater
than F.
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For, because A is greater than (7,

and B is any other magnitude,

therefore A has to ^ a greater ratio

than C has to B. [V. 8.

But yl is to i? as^ is to i^; {Hypothesis.

therefore E has to i^ a greater ratio

than G has to B. [V. 13.

And because i? is to C as i> is

to E, {Hypothesis.

therefore, by inversion, C is to 5 as

E is to D. [V. B.

And it was shewn that E has to i^ a

greater ratio than G has to B
;

therefore E has to jP a greater ratio

than E has to D
; [V. 13, Cor.

therefore F is less than D ; \Y. 10.

that is, D is greater than F.

Secondly, let A be equal io C: D
shall be equal to F.

For, because A is equal to (7, and B
is any other magnitude,
therefore ^ is to 5 as G is to B. [V. 7.

But Ai^io B 2i& E is to jF
; {Hyp.

and (7 is to i? as ^ is to i>
; [//yj?. Y. B.

therefore^ is to i^ as j^ is to Z>
; [V. 11.

and,.therefore Z> is equal to F. [Y. 9.

Lastly, let A be less than G: D
shall bo less than F.

For G is greater than A
;

and, as was shewn in the first case,
C is to i? as jE' is to i>

;

and. in the same manner, .5 is to ^ as

i^isto^;

therefore, by the first case, i^ is greater
than/);
that is, D is less than F.

Wherefore, if there he three &c. q.e.d.

ABC
P E F

ABC
D E F
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ABC
G K M

D E

H L N

PROPOSITION 22. THEOREM.

If there he any number of magnitudes, and as many
others, tch ich have the same ratio, taken two and two in

order, the first shall ham to the last of the first mag-
nitudes the same ratio which the first of the others has
to the last.

[This proposition is usually cited by the words ex cBquali.}

First, let there be three magnitudes A, B, C, and other

three D, E, F, which have the same ratio, taken tAvo and
two in order

;
that is, let ^ be to ^ as Z) is to E, and letB

be to (7 as jE^ is to i^ : A shall be to Cas D is to F.

Take of A and D any equi-

multiples whatever G and H;
and of B and E any equimul-
tiples whatever K and L

;

and of C and F any equimul-
tiples whateverM and N.

Then, because A is to B sts D
is to ^; [Hypothesis.

and that G and H are equi-
multiples ofA and Z>,

and K and L equimultiples of
B and E

; [Construction.

therefore (x is to ^ as ^ is to
E. [V. 4.

For the same reason, ^ is to i^f as Z is to N.

And because there are three magnitudes G, K, M, and
other three H, L, N, which have the same ratio taken two
and two,

therefore if G be greater than M, H is greater than N
-,

and if equal, equal ; and if less, less. [V. 20.

But G and H are any equimultiples whatever of A and D,
and ifcT and iNTare any equimultiples whatever of (7 and F.

Therefore ^ is to C as i) is to F. [V. Definition 5.

Next, let there be four magnitudes, A, B, C, D, and
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A. B. C.

E. F. G.

other four E, F, G, H, which have the
same ratio taken two and two in order

;

namely, let ^ be to ^ as ^ is to F, and
j8 to C as i^ is to G, and C to 2) as
Gisto H: A shall be to Z> as ^ is to H.

For, because A, B, C are three ma,gnitudes, and E, F, G
other three, which have the same ratio, taken two and two
in order, [Hypothesis.

therefore, by the first case, A is to (7 as E is to G.

But C is to i> as 6r is to ^; [Hypothesis,

therefore also, by the first case, ^ is to Z> as -^ is to H.
And so on, whatever be the number of magnitudes.

Wherefore, if there he any number &c. q.e.d.

PROPOSITION 23. THEOREM.

If there he any numher of magnitudes, and as many
others, which have the same ratio, taken two and two in
d cross order, the first shall have to the last of the first

magnitudes the same ratio which the first of the others
has to the last.

First, let there be three magnitudes. A, B, C, and other
three D, E, F, which have the same ratio, taken two and
two in a cross order ; namely, let A be to ^ as ^ is to F,
and ^ to (7 as i> is to ^ : ^ shall be to C as Z> is to F.

Take of A, B, D any
equimultiples whatever G,
H, K; and of C, E, F any
equimultiples whatever L,
M,N.
Then because G and H are

equimultiples of A and B,
and that magnitudes have
the same ratio which their

equimultiples have
; [Y. 15.

therefore ^ is to .S as (r is

toZT.

And, for the same reason,E is to F as M'l^io N.

ABC D E F

K M N
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ABC
C n L

D E r

K M N

But ^ is to 2? as J^ is to

F, [Ifypothesis.

Therefore G is to II as ilf

istoiV. [V. 11.

And because J5 is to (7

as D is to -^, [Hijpothcsis.

and that -H" and K are

equimultiples of i? and D,

and Z andM are equimul-

tiples of (7 and ^; [Con««r.

therefore ^ is to Z as ^
is to M. [V. 4.

And it has been shewn
that (t is to /f as Jf is

toiV.

Then since there are three magnitudes G, II, L, and
other three A", M, N, which have the same ratio, taken two
and two in a cross order

;

therefore if G be greater than L,K is greater than iV; and
if equal, equal ;

and if less, less. [V. 21.

But G and K are any equimultiples whatever of A and D,
and L and N are any equimultiples whatever of G and F\
therefore ^ is to (7 as i) is to F. [V. Definition 5.

Next, let there be four magnitudes
A,B,C, D, and other four E, F, G, II,

which have the same ratio, taken two
and two in a cross order

; namely, let

A be to j8 as G^ is to II, and B to G
as i^is to G, and GtoB as J^ is to i^:

A shall be to Z> as J5J is to H.

For, because A, B, G are three magnitudes, and F, G, II
other three, which have the same ratio, taken tAvo and two
in a cross order

; [Hypothesis.

therefore, by the first ciuse, ^ is to (7 as i^ is to //.

But (7 is to Z> as Z^ is to i^; [Hypothesis.

therefore also, by the first case, yl is to Z) as ZJ is to H.

And so on, whatever be the number of magnitudes.

Wherefore, if there he any nmriber &c. q.e.d.

A. B. C. D.

E. F. G. H.
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PROPOSITION 24. THEOREM.

Tf the first have to the second the same ratio which the

third has to the fourth, and the fifth have to the second
the same ratio which the sixth has to the fourth, then the

first and fifth together shall have to the second the same
ratio which the third and sixth together have to thefourth.

Let AB the first have to C the second the same ratio

which DE the third has to F the fourth
;
and let BG the

fifth have to C the second the same ratio which EH the

sixth has to F the fourth : AG, the first and fifth together,
shall have to C the second the same ratio which DH, the

third and sixth together, has to iPthe fourth.

For, because BG is to C as EH
is to F, {Hypothesis. G

therefore, by inversion, C is to BG
as F is to EH [Y.B.
And because ^^ is to C as DE is

to F, [Hypothesis.

and C is to BG as i^is to EH;
therefore, ex sequali, AB is to BG
as BE is to EH. [V. 22.

And, because these magnitudes are

proportionals, they are also propor-
tionals when taken jointly; [Y. 18.

therefore AG is to BG as DH is to EH.
But BG is to C as EH is to F\
therefore, ex aequali, AG is to Gas DH is to F.

Wherefore, if the first &c. q.e.d.

Corollary 1. If the same hypothesis be made as in

the proposition, the excess of the first and fifth shall be to
the second as the excess of the third and sixth is to the
fourth. The demonstration of this is the same as that of
the proposition, if division be used instead of composition.

Corollary 2. The proposition holds true of two ranks
of magnitudes, whatever be their number, of which each of
the first rank has to the second magnitude the same ratio

that the corresponding one of the second rank has to the
fourth magnitude ;

as is manifest.

H

E-

D

[Hypothesis.

[V. 22.
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H

PKOPOSITION 25. THEOREM.

Tffour magnitudes of ttie same kind he proportiofials,
the greatest and least of them together shall he greater
than the other two together.

Let the four magnitudes AB, CD, E, F be propor-
tionals ; namely, let ^^ be to CD 2^ E \& to F

;
and let

AB bo the greatest of them, and consequently F the

least: \Y.A,Y.U.
AB and F together shall be greater than CD and E
together.

Take AG equal to E, and «
CH equal to F.

Then, because AB is to CD as

E is to F, [Hypothesis.

and that AG \& equal to E, and
CH equal to F ; [Construction,

therefore AB is to CD bs AG
is to CH. [Y. 7, V. 11.

And because the whole yl^ is to A C E F
the whole CD as AG is to CH;
therefore the remainder GB is to the remainder HD as

the whole AB is to the whole CD. [V. 19.

But AB is greater than CD
; [Hypothesis.

tlierefore BG is greater than DIT. [V. A.

And because ^ 6^ is equal to E and CH equal to F, [Comtr.

therefore AG and F together are equal to CH and E
together.

And if to the imequal magnitudes BG, DH, of which
BG is the greater, there be added equal magnitudes,
namely, AG smd F to BG, and CH and ^ to DH, then

J[^ and F together are greater than CD and E together.

Wherefore, iffour magnitudes &c. q.e.d.

"-fi?<



BOOK VL

DEFINITIONS.

1. Similar rectilineal

figures are those which
have their several angles
equal, each to each, and
the sides about the equal
angles proportionals.

2. Reciprocal figures, namely, triangles and parallelo-

grams, are such as have their sides about two of their

angles proportionals in such a manner, that a side of the
first figure is to a side of the other, as the remaining side

of this other is to the remaining side of the first.

3. A straight line is said to be cut in extreme and
mean ratio, when the whole is to the greater segment as

the grea.ter segment is to the less.

4. The altitude of any figure is

the straight line drawn from its ver-

tex perpendicular to the base.
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PROPOSITION 1. THEOREM.

Triangles and parallelograms of the same altitude are
to one another as their bases.

Let the triangles ABC, A CD, and the parallelograms
EC, CF have the same altitude, namely, the perpendicular
drawn from the point A to BD : as the base BC is to the

base CD, so shall the triangle ABC be to the triangle A CD^
and the parallelogram EC to the parallelogram CF.

Produce BD both

•ways ;

take any number of

straight lines BG, GH,
each equal to BC, and

any number of straight
lines DK, KL, each

equal to CD
; [I. 3.

andjoin AG,AH, AE',
AL.

Then, because CB, BG, GIT are all equal, [Consirudion.

the triangles ABC, AGS, AHG are all equal. [I. 38.

Therefore whatever multiple the base IIC is of the base

BC, the same multiple is the triangle AHC of the tri-

angle ABC.
For the same reason, whatever multiple the base CL is of

the base CD, the same multiple is the triangle ACL of

the triangle ACD.
And if the base HC be equal to the base CL, the triangle
AHC is equal to the triangle ACL; and if the base HC
be greater than the base CL, the triangle AHC is greater
than the triangle ACL; and if less, less. [I. 38.

Therefore, since there are four magnitudes, namely, the
two bases BC, CD, and the two triangles ABC, ACD;
and of the base BC, and the triangle ABC, the first and
the third, any equimultii)les w'hatever have been taken,

namely, the base HC and the triangle AHC; and of the
base CD and the triangle ACD, the second and the fourth,

any equinmltiples whatever have been taken, namely, the

base CL and the triangle A CL ;
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and since it has been shewn that if the base IIG be greater
than the base CL, the triangle AHG is greater than the

triangle ACL ;
and if equal, equal ;

and if less, less
;

therefore as the base BG is to the base GD, so is the

triangle ABG to the triangle AGI). [V. Definition 5.

And, because the parallelogram GB is double of the

triangle ABG, and the parallelogram GF is double of the

triangle ^(7Z>; [1.41.

and that magnitudes have the same ratio which their equi-
multiples have

; [V. 15.

therefore the parallelogram BG is to the parallelogram GF
as the triangle ABG is to the triangle AGI).

But it has been shewn that the triangle ABG is to the

triangle AGB as the base BG is to the base GD
;

therefore the parallelogram EG is to the parallelogram GF
as the base BG is to the base GD. £V. 11.

Wherefore, triangles &c. q.e.d.

Corollary. From this it is plain that triangles and

parallelograms which have equal altitudes, are to one an-
other as their bases.

For, let the figures be placed so as to have their bases
in the same straight line, and to be on the same side of it ;

and having drawn perpendiculars from the vertices of the

triangles to the bases, the straight line which joins the ver-

tices is parallel to that in which their bases are ; [I. 33.

because the perpendiculars are both equal and parallel to

one another. [I. 28.

Then, if the same construction be made as in the pro-

position, the demonstration will be the same.

PROPOSITION 2. THEOREM.

If a straight line he drawn parallel to one of the sides

of a triangle, it shall cut the other sides, or those sides

produced, proportionally ; and if the sides, or^
the sides

produced, he cut proportionally, the straight line which

joins the points of section, shall be ^:'ar«/^^^ to the re-

maining side of the triangle.
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Let DE be drawn parallel to BC, one of the sides of

the triangle ADC: BD shall be to DA aa CE ia to EA.

Join BE, CD.

Then the triangle BDE is equal to the triangle CDEj
because they are on the same base DE and between the

same parallels DE, BC. [I. 37.

And ADE is another triangle ;

and equal magnitudes have the same ratio to the same

magnitude ; [V. 7.

therefore the triangle BDE is to the triangle ADE as the

triangle CDE is to the triangle ADE.
But the triangle BDE is to the triangle ADE as BD

is to DA ;

because the triangles have the same altitude, namely, the

perpendicular drawn from E to AB, and therefore they are
to one another as their bases. [VI. 1,

For the same reason the triangle CDE is to the triangle
^Z)/i;as(7iE;isto^^.

Therefore BD is to DA as CE is to EA. [Y. 11.

Next, let BD be to DA as CE is to EA, and join DE:
DE shall be parallel to BC.

For, the same construction being made,

because BD is to DA as CE is to EA, [Hypothesis.

and as BD is to DA, so is the triangle BDE to the

triangle ADE, [VI. 1.

and as CE is to EA so is the triangle CDE to the triangle
ADE; [VI. ,1.
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therefore the triangle BDE is to the triangle ADE as the

triangle CDE is to the triangle ADE-, [V. 11.

that is, the triangles BDE and CDE have the same ratio

to the triangle ADE,
Therefore the triangle BDE is equal to the triangle
CDE. [V. 9.

And these triangles are on the same base DE and on the

same side of it
;

but equal triangles on the same base, and on the same side

of it, are between the same parallels ; [I. 39.

therefore DE is parallel to BC.

Wherefore, ifa straight line &c. q.e.d.

PEOPOSITION 3. THEOREM.

If the vertical angle ofa triangle he bisected by a straight
Ime which also cuts the base, the segments of the base shall

ham the same ratio which the other sides of the triangle
have to one another; and if the segments of the base have
the same ratio which the other sides of the triangle have to

one another^ the straight line drawnfrom the vertex to the

point of section shall bisect the vertical angle.

Let ABG be a triangle, and let the angle BAG be
bisected by the straight line AD, which meets the base at

D : BD shall be to DC as BA is to A C.

Through C draw (7^

parallel to DA, [I. 31.

and let BA produced
meet CE at E.

Then, because the

straight line AC meets
the parallels AD, EC,
the angle ACE is equal
to the alternate angle
CAD

; [I. 29.

but the angle CAD is, by hypothesis, equal to the angle
BAD;
therefore the angle BAD is equal to the Siuglo ACE. [Ax. 1.

12
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Again, because the straight line BAE meets the parallels

AD, EC, the exteriol* angle BAD is equal to the interior

and opposite angle AEG;
but the angle BAD has

been shewn equal to the

angle ACE;
therefore the angleACE
is equal to the angle
AEC; [Axiom 1.

and therefore AC is

equal to AE. [I. 6.

And, because ^Z> is

parallel to EC, [Constr.

one of the sides of the

triangle BCE,
therefore BD is to Z>C as BA \& to AE;
but AE is equal to AC;
therefore BD ia to DC as BA is to ^C.

[I. 2^.

[VI. 2.

[V. 7.

Next, let BD be to DC as BA is to AC, and join AD:
the angle BAC shall be bisected by the straight line AD,

For, let the same construction be made.

Then BD is to i>(7 as BA ia to AC; [Hypothesis.

and BD is to DC as BA is to AE, [VI. 2.

because AD\s, parallel to EC ; [Construction.

therefore BA is to AC 2l& BA \i to AE ; [V. 11.

therefore ^Cis equal to AE
; [V. 9.

and therefore the angle^^C is equal tothe angle ^C^. [1.5.

But the angleu4^Cis equal to the exterior angle5^ Z)
; [1. 29.

andthe angle ^CjE" is equal to the alternate angle CAD ; [1. 29.

therefore the angle BAD is equal to the angle CAD ;{Ax.l.

that is, the angle BAC is, bisected by the straight line AD.
Wherefore, if the vertical angle &c. q.e.d.
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PROPOSITION A. THEOREM.

If the exterior angle of a triangle, made hy producing
one of its sides, be bisected hy a straight line which also

cuts the base produced, the segments between the dividing
straight line and the extremities of the base shall have the

same ratio which the other sides of the triangle have to

one another; and if the segments of the base produced
have the same ratio which the other sides of the triangle
have to one another, the straight line drawn from the

mrtex to the point of section shall bisect the exterior angle
of the triangle.

Let ABC be a triangle, and let one of its sides BA be

produced to E; and let the exterior angle GAB be
bisected by the straight line AD which meets the base

produced at £> : BI) shall be to DC as BA is to AG.

Through G draw GF
parallel to AD, [J. 31.

-g

meeting AB at F. ^^
Then, because the

straight line AG meets J^
the parallels AD, FG, the ^-^"'^ \
angle AGF is equal to the ^^-""^ \l _\
alternate angle (7^ i); [1.29.

BCD
but the angle GAD is, by hypothesis, equal to the angle
DAE',
therefore the angleDAE is equal to the angle AGF. \_Ax. 1.

Again, because the straight line FAE meets the parallels

AD, FG, the exterior angle DAE is equal to the interior

and opposite angle AFG', . [I. 29.

but the angle DAE\i.^% been shewn equal to the angled (7i^;

therefore the angle AGF\s, equal to the angle AFC; \Ax. 1.

and therefore ^Cis equal to AF. [I. 6.

And, because AD is paralled to FG^ [Constnccdon.

one of the sides of the triangle BGF ;

therefore BD is to DC as BA is to AF ; [VI. 2.

but ^i^is equal to AC
;

tlicreforc BD is to DC as BA is to ^C [V. 7.

i2—2
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Next, let BD bo to DC
as BA is to AC \

and join
AD : tho exterior angle
CAE shall bo bisected l)y
the straight line AD.

For, let the same con-

struction be made.

Then BD is to DC as BA
is to ^(7; [Hypothesis.

and BD is to DC as i?^ is to AF
; [VI. 2.

therefore BA is to ^C as i?^ is to ^i^; [V. 11.

therefore ^C is equal to AFj [V. 9.

and therefore the angle A CFis equal to tho angle AFC. [1. 5.

But the UTigloAFCis equal to the exterior angleZ>^^; [1. 29.

and tho angle ^(7ii^ is equal to the alternate angleCAD ; [1. 29.

therefore the angle CAD is equal to the angle DAE; [Ax. 1.

that is, the angle CAE is bisected by the straight line AD.

Wherefore, if the exterior angle &c. q.e.d.

PROPOSITION 4. THEOREM.

The sides about the equal angles of triangles which are

equiangular to one another are proportionals ; and those

which are opposite to the equal angles are homologous sideSy
that is, are the antecedents or the consequents ofthe ratios.

Letthetriangle^jRCbe equiangular to the triangle Z> (7^,

having the angle ABCcqwsX to the angle DCE, and the angle
ACB equal to the angle DEC, and consequently the an^lo
j5y1 Coequal to the angle CDE\ the sidesabout the equal angles
ofthe triangles ABC, DCE,
shall bo proportionals ;

and
those shall be the homolo-

gous sides, which are oppo-
site to the equal angles.

Let the triangle DCE
be placed so that its side CE
may be contiguous to BC,
and in tho same straight
line with it. [I. 22.
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Then the angle BGA is equal to the angle CED ; [Hyp-
add to each the angle ABC ;

therefore the two angles ABC, BGA are equal to the two
angles ABC, CED

; [Axiom 2.

but the angles ABC, BGA are together less than two
right angles; [1.17.

therefore the angles ABG, CED are together less than
two right angles ;

therefore BA and ED, if produced, will meet. [Axiom 12.

Let them be produced and meet at the point F.

Then, because the angle ABC is equal to the angle
DCE, .

[Hypothesis.

BF is parallel to CD
; [I. 28.

and because the angle ACB Is equal to the angle DEC, [Hyp.
ACi& parallel to FE. [I. 28.

Therefore FAGD is a parallelogram;
and therefore^^is equal to (7Z>, and^(7is equal to i^i>. [1. 34.

And, because AC h parallel to FE, one of the sides of
the triangle FBE,
therefore BA is to AF as BG is to CE

; [VI. 2.

but AF is equal to CD
;

therefore BA is to CD as BCis, to CE ; \Y. 7.

and, alternately, AB is to BG as DC is to CE, [V. le.

Again, because CD is parallel to BF,
therefore BG is to CE as FD is to DE ; [VI. 2.

but FD is equal to AG;
therefore -2(7 is to CE as Ada to DE

; [V. 7.

and, alternately, ^C is to GA as CE is to ED. [V. 16.

Then, because it has been shewn that AB is to BG as DG
is to CE, and that i?C is to GA as (7^ is to ED

;

therefore, ex a3quali, BA is to ^(7 as (7Z> is to DE. [V. 22.

Wherefore, the sides &c. q.e.d.

PEOPOSITION 5. THEOREM.
If the sides of two triangles, about each of their angles,

he proportionals, the triangles shall he equiangular to one
another, and shall have those angles equal ichichare opposite
to the homologous sides.
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Let the triangles ABC, DEF have their sides propor-

tional, so that AB is to BC as DE is to EF\ and BC to

CA as EF is to FD
; and, consequently, ex fequali, BA

to ylCas ED is to X>/^: the triangle ABC shall be equian-

^ilar to the triangle DEF, and they shall have those angles

equal which are opposite to the homologous sides, namely,
the angle ABC equal to the angle DEF, and the angle
BCA equal to the angle EFD, and the angle BAC equal to

the angle EDF.
At the point E, in the

straight line EF, make the

angle FEG equal to the angle

ABC; and at the point F, in

the straight line EF, make the

angle EFG equal to the angle
BCA

; [I. 23.

therefore the remaining angle
EOF is equal to the remain-

ing angle BAC
Therefore the triangle ABC is equiangular to the triangle

GEF;
and therefore they have their sides opposite to the equal
angles proportionals ; [VI. 4.

therefore AB is to BC as GE is to EF.

But AB is ta BC as DE is to EF : [Ifypothesis,

therefore DE is to EF as GE is to EF
; [V. 11.

therefore DE is equal to G^^. [V. 9.

For the same reason, DF is equal to GF.

Then, because in the two triangles DEF, GEF,
DE is equal to GE, and EF is common

;

the two sides DE, EF are equal to the two sides GE, EF,
each to each

;

and the base DF is equal to the base GF;
therefore the angle DEF is equal to the angle GEF, [I. 8.

and the other angles to the other angles, each to each, to

which the equal sides are opposite. [I. 4,

therefore the angle DFE is equal to the angle GFE, and
the angle EDF is equal to the angle EGF.
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And, because the angleDEF is equal to the angle GEF,
and the angle GEF is equal to the angle ABC, [Constr.

therefore the angle yl^C is equal to the angle Z>jEri^. [Ax. 1.

For the same reason, the angle ACB is equal to the angle
DFE, and the angle at A is equal to the angle at D.

Therefore the triangle ABC is equiangular to the triangle
DEF.

Wherefore, if the sides &c. q.e.1).

PROPOSITION G. THEOREM.

If two triangles have one angle of the one equal to one
angle of the other, and the sides about the equal angles
proportionals, the triamgles shall be equiangular to on6

another, and shall have those angles equal which are op-
posite to the homologous sides.

Let the triangles ABC, DEF have the angle BAC in

the one, equal to the angle EDF in the other, and the
sides about those angles proportionals, namely, BA to AC
as ED is to DF: the triangle ABC shall be equiangular to

the triangle DEF, and shall have the angle ABC equal to

the angle DEF, and the angleACB equal to the angle DFE.
At the point D, in the

straight line Z>i^, make the

angleFDG equal to either

of the angles BA C, EDF ;

and at the point F, in the

straight line DF, make
the angle DFG equal to

the angle ACB-, [I. 23.

therefore the remaining angle at G is equal to the remain-

ing angle at B.

Therefore the triangle ABC is equiangular to the triangle

DGF;
therefore BA is to ^C as GD is to DF. [YI. 4.

But BA is to ^(7 as ED is to DF; [Hypothesis,

therefore ED is to DF as GD is to DF; [V. 11.

therefore ED is equal to GD. [V. 9,
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And DF is common to tlio two triangles EDF, GDF\
tlicreforc the two sides ED^ DFaro equal to the two sides

GD, DF, each to each ;

and the angle EDF is equal
to the angle GDF; [Constr.

therefore the base EF is

equal to the base GF, and
the triangle EDF to the

triangle GDF, and the re-

maining angles to the re-

maining angles, each to each,
to which the equal sides are

opposite ; [I. 4.

therefore the angle DFG is equal to the angle DFE, and
the angle at G is equal to the angle at E.

But the angle DFG is equal to the angle ACB; [Constr.

therefore the angle ACB is equal to the angle DFE. [Ax. 1.

And the angle BACis, equal to the angle EDF; [Hypothesis.

therefore the remaining angle at ^ is equal to the remain-

ing angle at E.

Therefore the triangle ABC is equiangular to the triangle
DEF.

"Wherefore, if two triangles &c. q.e.d.

PROPOSITION 7. THEOREM.

If two triangles have one angle of the one equal to one

angle of the other, and the sides about two other angles
proportionals ; thcn^ if each of the remaining angles be

either less, or not less, than a right angle, or if one of
them he a right angle, the triangles shall he equiangular
to one another, and shall have those angles equal about
tohich the sides are proportionals.

Let the triangles ABC, DEF have one angle of the
one equal to one angle of the other, namely, the angle
BA C equal to the angle EDF, and the sides about two
other angles ABC, DEF, proportionals, so that AB is to

BC as DE is to EF
; and, first, let each of the remaining

angles at C and F be less than a right angle: the triangle
ABC shall bo equiangular to the triangle DEF^ and shall
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have the angle ABC equal to tlic angle DBF, and the

angle at C equal to the angle at F.

For, if the angles ABC,
DBF be not equal, one of

them must be greater than
the other.

Let ABC he the greater,
and at the point B, in the ^ u -t; J?'

straight line AB, make the

angle ABG equal to the angle DBF. [I, 23.

Then, because the angle atA is equal to the angle at D, [Hyp.

and the angle ABG is equal to the angle DBF, [Constr.

therefore the remaining angle AGB is equal to the re-

maining angle DFE;
therefore the triangle ABG is equiangular to the triangle
DBF.
Therefore ^5 is to BG as DE is to EF. [VI. 4.

But AB is to BG as DE is to EF; [Hypothesis.

therefore ^^ is to BC as AB is to BG ; [Y. 11.

therefore BC is equal to BG
; [V. 9.

and therefore the angle -SC(t is equal to the angle BGC. [I. 5.

But the angle BCG is less than a right angle ; [Hyp.

therefore the angle BGC is less than a right angle ;

and therefore the adjacent angle AGB must be greater
than k right angle. [I. 13.

But the angle AGB was shewn to be equal to the angle
2,tF;

therefore the angle at F is greater than a right angle.

But the angle at F is less than a right angle; [Hjpothesis.

which is absurd.

Therefore the angles ABC and DBF are not unequal ;

that is, they are equal.

And the angle at A is equal to the angle at D; [Hypothesis.

therefore the remaining angle at G is equal to the remain-

ing angle at F
;

therefore the triangle ABC is equiangular to the triangle
DBF,
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B ^
Next, let each of the angles at C and F bo not less

than a right angle : the triangle ABC shall be equiangular
to the triangle DEF.

For, the same con-

struction being made,
it may be shewn in the

same manner, that BC
is equal to BG ;

therefore the angle
BGG is equal to the

angle BGG. [I. 5.

But the angle BGG is not less than a right angle ; \Eyj).

therefore the angle BGG\% not less than a right angle;

that is, two angles of the triangle BGG arc together not
less than two right angles ;

which is impossible. [I, 17.

Therefore the triangle ABC may be shewn to be equi-

angular to the triangle DEF, as in the first case.

Lastly, let one of the angles at C and i^ be a right

angle, namely, the angle at G: the triangle ABC shall be

equiaiigular to the triangle DEF.
For, if the triangleABC

be not equiangular to the

triangle DEF, at the point

B, in the straight line AB,
make the angle ABG equal
to the angle DEF. [I. 23.

Then it may be shewn, as

in the first case, that BG
is equal to BG;
therefore the angle BGG is

equal to the angloBGG [1. 5.

But the angle BGG is a

right angle : [JTijpothesis.

therefore the angle BGG
is a right angle ;

that is, two angles of the triangle BGG are together equal

to two right angles ; which is impossible. [I- 17.

Therefore the triangle ABC is equiangular to the triangle

DEF.

Wherefore, if two triangles &c. q.e.d.
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PEOPOSITION 8. THEOREM.
In a right-angled triangle, ifa perpendicular he drawn

from the right angle to the base, the triangles on each side

of it are similar to the whole triangle, and to one another.

Let ABC be a right-angled triangle, having the right

angle BAG; and from the point A, let AD be drawn per-
pendicular to the base BG: the triangles DBA, DAG
shall be similar to the whole triangle ABG, and to one
another.

For, the angle BAG is equal
to the angle BDA, each of them

being a right angle, {Axiom 11.

and the angle at B is common to

the two triangles ABG, DBA ;

therefore the remaining angle
AGB is equal to the remaining
angle DAB.
Therefore the triangle ABC is equiangular to the triangle

DBA, and the sides about their equal angles are propor-
tionals; [VI. 4.

therefore the triangles are similar. [YI. Definition 1.

In the same manner it may be shewn that the triangle
DAG\9, similar to the triangle ABG.
And the triangles DBA, DAG being both similar to the

triangle ABG, are similar to each other.

Wherefore, in a right-angled triangle &c. q.e.d.

Corollary. From this it is manifest, that the perpen-
dicular drawn from the right angle of a right-angled
triangle to the base, is a mean proportional between the

segments of the base, and also that each of the sides is a
mean proportional betAveen the base and the segment of

the base adjacent to that side.

For, in the triangles DBA, DAG^
BD is to DA SiS DA is to DG

; [YI. 4.

and in the triangles ABG, DBA,
BG is to BA as BA is to BD

; [YI. 4.

and in the triangles ^^(7, 2)^(7,

BG is to CA as GA is to GD. [YI. 4.
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PROPOSITION 9. rROULEM.

From a gicen straight line to cut off any j^art required.

Let AB bo the given straight line :

it is required to cut off any part from it.

From the point A draw a straight
line AG, making any angle with AB;
inAG take any point D, and take^ Cthe
same multiple oi AD, that AB is of the

part which is to be cut off from it
; join

BC, and draw DE parallel to it AE
shall be the part required to be cut off.

""^

'^
For, because ED is parallel to BO, [Construction.

one of the sides of the triangle ABC,
therefore CD is to DA as BE is to EA

; [VI. 2.

and, by composition, CA is to AD as BA is to AE. [V. 18.

But CA is a multiple ofAD
; [Construction.

therefore BA is the same multiple of AE ; [V. D.

that is, whatever part AD is of AC, AE is the same part

Wherefore, /rom the given straight lim AB, the part
required has been cut off. q.e.f.

PROPOSITION 10. PROBLEM.

To divide a given straight line similarly to a given
divided straight line, that is, into parts which shall have
the same ratios to one another, that the parts of the given
divided straight line have.

Let AB ho the straight line given to be divided, and
-4 (7 the given divided straight line: it is required to divide
AB similarly to AC.

Let AC ho divided at the points
D, E\ and let AB, AC ho placed
so as to contain any angle, and join
BC

; through the point D, drawDF
parallel to BC, and through the pointE draw EG parallel to BC. [I. 31.

AB shall be divided at the points
F, G, similarly to AC.
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Through D draw Z>i?:A" parallel to AB. [I. 31.

Then each of the figures FH^ HB is a parallelogram ;

therefore BIl is equal to FG, and //AT is equal to GB. [1.34.

Then, because IIF is parallel to KG, [Construction.

one of the sides of the triangle DKG,
therefore KH is to HD as CE is to ED. [VI. 2.

But KHis equal to BG, and IID is equal to GF;
therefore BG is to GF as GE is to ED. [V. 7.

Again, because FD is parallel to GE, [Construction.

one of the sides of the triangle AGE,
therefore GF is to FA as EB is to Z>^. [VI. 2.

And it has been shewn that BG is to GF as CiS' is to EB.
Therefore BG is to GF as (7^ is to EB, and C^i^ is to FA
as j&Z) is to BA.

Wherefore the given straight line AB is divided simi-

larly to the given divided straight line AG. q.e.f.

PROPOSITION 11. PROBLEM.

To find a third proportional to two given straight lines.

Let AB, AC be the two given straight lines: it is re-

quired to find a third proportional to AB, AC.
Let AB, AG be placed so

as to contain any angle ; produce
AB, AC, to the points D, E; and
make BD equal to AC

; [I. 3.

join 5C, and throughD dra,\yBE
parallel to BC. [I. 31.

CE shall be a third proportional
to AB, AC.

For, because BC is parallel to BE, [Construction.

one of the sides of the triangle ABE,
therefore AB is to BB as AC is to CE ; [VI. 2.

but BD is equal to AC
; [Construction.

therefore ABistoAC&sAC is to CE. [V. 7.

Wherefore to the tico given straight lines AB, AC, a
third proportional CE isfound, q.e.f.
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PEOPOSITION 12. PROBLEM.

To find a fourth proportional to three given straigJU
lines.

Let A, B, (7 be the three given straight lines : it is

required to find a fourth proportional to A, B, C.

Take two straight lines,

DE, DF^ containing any an-

gle EDF ;
and in these make

DG equal to A, GE equal to

B, and DH equal to (7; [T. 3.

join GH, and through E draw
EF parallel to GH. [I. 31.

HF shall be a fourth proper-
tional to ^, i?, (7. E F

For, because GH is parallel to EF, [Construction.

one of the sides of the triangle DEF,
therefore L>G is to GE as DH is to HF. [VI. 2.

But DG is equal to A, GE is equal to B, and DH is

equal to C
; [Construction.

therefore ^ is to ^B as C is to HF. [Y. 7.

Wherefore to the three given straight lines A, B, C, a

fourth proportional HF isfound, q.e.f.

PEOPOSITION 13. PROBLEM.

Tofind a mean proportional between two given straight
lilies.

Let AB, BC be the two given straight lines: it is

required to find a mean proportional between them.

Placeyl^,-SC in a straight

line, and on AC describe the

semicircle ADC; from the

point B draw BD at right

angles to AC. [I. 11.

BD shall be a mean propor-
tional between AB and BC.
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Join AD, DC.

Then, the angle ADC, being in a semicircle, is a right
angle ; [III. 31.

and because in the right-angled triangle ADC, DB is

drawn from the right angle perpendicular to the base,

therefore DB is a mean proportional between AB, BC,
the segments of the base. [VI. 8, Corollary.

Wherefore, hetween the two given straight lines. ABj
BC, a mean proportional DB isfound, q.e.f.

PEOPOSITION 14. THEOREM.

Equal parallelograms which have one angle of the one
equal to one angle of the other, have their sides about the

equal angles reciprocally proportional; and parallelo-
grams which have one angle of the one equal to one angle
of the other, and their sides about the equal angles reci-

procally proportional, are equal to one another.

Let AB, BC be equal parallelograms, which have the

angle FBD equal to the angle EBG : the sides of the

parallelograms about the equal angles shall be reciprocally
proportional, that is, DB shall be to BE as GB is to BF.

Let the parallelograms be ^ ^
placed, so that the sides DB,
BE may be in the same
straight line

;

therefore also FB, BG are in

one straight line. [I. 14.

Complete the parallelogram
FE.

Then, because the parallelogram ^^ is equal to the

parallelogram BC, {Hypotliesk.

and that FE is another parallelogram,

therefore AB is to FE as BC is to FE. [V. 7.

But ^i? is to FE as the base DB is to the base BE, [VI. 1.

and BC is to FE as the base GB is to the base BF; [VI. 1.

therefore DB is to BE as GB is to BF. [V. 11.
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Next, let the angle FBD be equal to the angle EBG,
and let the sides about the equal angles be reciprocally

proportional, namely, DB
to BE as GB is to BF:
the parallelogram AB shall

be equal to the parallelo-

gram BC.

For, let the same con-

struction be made.

Then, because DB is to BE
as GB is to BF, [Hypotli€»i%

and that DB is to BE as the parallelogram AB is to the

parallelogram FE, [VI. 1.

and that GB is to BF as the parallelogram BG is to the

parallelogram/"^; [VI. 1.

therefore the parallelogram ^i? is to the parallelogram FE
as the parallelogram BC is to the parallelogram FE; [V. 11.

therefore the parallelogram AB is equal to the parallelo-

gram BC. [V. 9.

Wherefore, equal parallelograms &c. q.e.d.

PROPOSITION 15. THEOREM.

Equal triangles which ham one angle of the one equal
to one angle of the other, have their sides about the equal

angles reciprocally proportional; and triangles which
have one angle of the one equal to one angle of the other,
and their sides about the equM angles reciprocally pro-
portional, are equal to one another.

Let ABC, ADE be equal
triangles, which have the angle
BAC equal to the angle DAE-.
the sides of the triangles about
the equal angles shall bo reci-

procally proportional ;
that is, CA

shall be to J(Z) as EA is to AB.
Let the triangles be placed so

that the sides CA, AD may bo
in the same straight line,
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therefore also EA, AB are in one straight line; [1. 14.

join BD.

Then, because the triangle ABC is equal to the trian-

gle ADE, [Hypothesis.

and that ABD is another triangle,

therefore the triangle ABC is to the triangle ABD as the

triangle ADE is to the triangle ABD. [V. 7.

But the triangle ABC is to the triangle ABD as the base
GA is to the base AD, [VI. 1.

and the triangle ADE is to the triangle ABD as the base
EA is to the base AB

; [VI. 1.

therefore CA is to AD as EA is to AB. [V. 11.

Next, let tlio nngle BAC be equal to the angle DAE,
and let the sides about the equal angles be reciprocally

proportional, namely, CA to AD as EA is to AB: the

triangle ABC shall be equal to the triangle ADE.
For, let the same construction be made.

Then, because CA is to AD as EA is to AB, {Hypothesis,

and that CA is to AD as the triangle ABC is to the

triangle ABD, [VI. 1.

and that EA is to AB as the triangle ADE is to the

triangle ABD, [VI. 1.

therefore the triangle ABC is to the triangle ABD as the

triangle ADE is to the triangle ABD ; [V. 11.

therefore the triangle^5Cis equal to the triangle^Z)-K [V. 9.

Wherefore, equal triangles &c. q.e.I).

I PROPOSITION 16. THEOREM.

If four straight lines he proportionals, the rectangle
contained by the extremes is equal to the rectangle con-
tained hy the means; and if the rectangle contained hy
the' extremes he equal to the rectangle contained hy the

means, thefour straight lines are proportionals.
13
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G

Let the four straight lines AB, CD, E, F, be propor-

tionals, namely, let AB be to CD as JiMs to i^: the rect-

angle contained hy AB and F shall be equal to the rect-

angle contained by CD and E.

From the points A,
C, draw AG, CJIat right

angles to AB, CD ; [1. 11. E ^
make AG equal to F, and
CH equal to E

; [I. 3.

and comjjlete the paral-

lelograms BG, DH. [1.31 .

Then, because ^i? is

to CD as E is to F, [Hyp.

and that E is equal to
A J5 u u

CH, and F is equal to

AG, [Construction.

therefore ^i? is to (7Z> as CJ^is to yl^
; [V. 7.

that is, the sides of the parallelograms BG, DH about the

equal angles are reciprocally proportional ;

therefore the parallelogram BG is equal to the parallelo-

gram DH. [VI. 14.

But the parallelogram BG is contained by the straight
lines AB and F, because AG \^ equal to F

-, [Construction.

and the parallelogram DH is contained by the straight
lines CD and E, because CH is equal to E

;

therefore the rectangle contained by ^^ and F is equal
to the rectangle contained by CD and E.

Next, let the rectangle contained hy AB and F bo

equal to the rectangle contained by CD and E: these four

straight lines shall bo proportional, namely, AB shall bo
to CD sisE is to F.

For, let the same construction be made.

Then, because the rectangle contained by AB and F is equal
to the rectangle contained by CD and E, [Hypothesis.

and that the rectangle BG is contained hy AB and F,
because ^G^ is equal to F, [Comtruction.

and that the rectangle DH is contained by CD and E,
because CH is equal to E, [Construction.
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therefore the parallelogram BGr is equal to the paral-

lelogram DH. [Axiom 1.

And these parallelograms are equiangular to one another ;

therefore the sides about the equal angles are reciprocally

proportional ; [VI. 14.

therefore ^ J5 is to CD as Cilia to AG.
But CB is equal to E, and AG is equal to F; [Constr.

therefore ^^ is to CD as E is to F. [V. 7.

Wherefore, if/our straight lines &c. q.e.d.

PROPOSITION 17. THEOREM.

If three straight lines he proportionals, the rectangle
contained by the extremes is equal to the square on the

mean; and if the rectangle contained hy the extremes he

equal to the square on the mean, the three straight lines
are proportionals.

Let the three straight lines A, B, (7 be proportionals,
namely, let A be to ^ as ^ is to (7: the rectangle contained

by A and C shall be equal to the square on B.

Take D equal to B.

Then, because vl is to

^ as i? is to C, [Hyp. ^
-B

and thatB is equal to Z>, D
therefore ^ is to J5 as Z> C
is to C. [Y. 7.

But if four straight lines

be proportionals, therect-

angle contained by the

extremes is equal to the

rectangle contained by
the means

; [VI. 16,

therefore the rectangle contained by A and C is equal to

the rectangle contained by J5 and D.

But the rectangle contained by B and D is the square on Bj
because B is equal to D

; [Construction.

therefore the rectangle contained by A and C is equal to

the square on B.
13—2
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Next, let the rectangle contained by A and C be equal
to the square ot\ B: A shall be to B as B is to G,

For, let the same construction be made.

Then, because the rectan-

gle contained byA and G
is e(iual to the square on

B, [Jlypothesis.

and that the square on B
is equal to the rectangle
contained by B and D,
because B is equal to

L>, [Construction.

therefore the rectangle
contained by A and C is

equal to the rectangle contained by B and D.
But if the rectangle contained by the extremes be equal
to the rectangle contained by the means, the four straight
lines are proportionals ; [VI. 16.

therefore ^ is to ^ as Z> is to C.

But B is equal to D
; [Construction.

Therefore ^ is to j5 as i? is to G. [V. 7.

"Wherefore, if three straight lines &c. q.e.d.

PKOPOSITION 18. PROBLEM.

On a given straight line to describe a rectilineal figure
similar and similarly .utuated to a given rectilineal figure.

Let AB he the given straight line, and GDEF the

given rectilineal figure of four sides : it is required to de-

scribe on the given straight line AB, b, rectilineal figure,

similar and similarly situated to GDEF.
Join DF\ at the

point -4, in the straight
line AB, make the

angle BAG equal to

the angle Z)(7i^; and at

the point B, in the

straight lineA B,make
the angle ABG equal
to the angleCZ)i^;[I.23.
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therefore the remaining angle AGB is equal to the remain-

ing angle CFD,
and the triangle AGB is equiangular to the triangle CFB,

Again, at the point B, in the straight line BG^ make the

angle GBH equal to the angle FDE; and at the point G,
in the straight Ime BG, make the angle BGH equal to
the angle Z>i^^; [1.23.

therefore the remaining angle BHQ is equal to the re-

maining angle DEF,
and the triangleBHG is equiangular to the triangle DEF.

Then, because the angle AGB is equal to the angle CFD,
and the angle BGH equ^X to the angle DFE; [Construction.

therefore the whole angle AGH is equal to the whole

angle CFE. [Axiom 2.

For the same reason the angle ABH is equal to the

angle CDE.
And the angle BAG is equal to the angle DCF, and the

angle BHG is equal to the angle DEF.
Therefore the rectilineal figure ABHG is equiangular to
the rectilineal figure CDEF.

Also these figures have their sides about the equal
angles proportionals.

For, because the triangle BAG is equiangular to the triangle
DCF, therefore BA U to AG as DC is to CF. [VI. 4.

And, for the same reason, ^C is to GB as CF is to FD,
and BG is to GH as DF is to FE

;

therefore, ex sequali, ^^ is to GHas CFis to FB. [V. 22.

In the same manner it may be shewn that AB is to BII
as CD is to DE.
And GH is to HB as FE is to ED. [YI. 4.

Therefore, the rectilineal figures ABHG and CDEF
are equiangular to one another, and have their sides about
the equal angles proportionals ;

therefore they are similar to one another. [VI. Definition 1.

Next, let it be required to describe on the given straight
line AB,B, rectilineal figure, similar, and similarly situated,
to the rectilineal figure CDKEF of five sides.
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Join DE, and on the given straight line AB describe,
as in the former case, the rectilineal figure ABHG, similar,
and similarly situated to the rcctilmeal figure CDEF of
four sides. At the point
Bj in the straight line

BH, make the angleHBL equal to the an-

gle EDK\ and at the

point H, in the straight
line BH^ make the an-

gle BHL equal to the

angle DEK; [I. 23.

therefore the remaining angle at L is equal to the remain-

ing angle at K.

Then, because the figures ABHG, CDEF arc similar,

the angle ABIT is equal to the angle CDE; [VI. Def. 1.

and the angle HBL is equal to the angle EDK\ \C(mjstr.

therefore the whole angle ABL is equal to the whole

angle CDK, \Axi<ym 2.

For the same reason the whole angle GHL is equal to the
whole angle FEK.
Therefore the five-sided figures ABLHG and CDKEF are

equiangular to one another.

And, because the figures ABHG and CDEF are similar,

therefore ^i? is to BH as CD is to DE\ [VI. Definition 1.

but BH is to BL as DE is to DIT; [VI. 4.

therefore, ex sequali, AB is to BL as CD is to DIT. [V. 22.

For the same reason, GH is to HL as FE is to EK^.

And BL is to LH as DK is to KE. [VI. 4.

Therefore, the five-sided figures ABLHG and CDKEF
are equiangular to one another, and have their sides about
the equal angles proportionals ;

therefore they are similar to one another. [VI. Definition 1.

In the same manner a rectilineal figure of six sides

may be described on a given straight line, similar and

similarly situated to a given rectilineal figure of six sides ;

and so on. q.e.f.
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PROPOSITION 19. THEOREM.

Similar triangles are to one another in the duplicate
ratio of their homologous sides.

Let ABC and DEF be similar triangles, having the

angle B equal to the angle E, and let ABhQio BG as DE
is to EF^ so that the
side BG is homolo-

gous to the side EF:
the triangle ABG
shall be to the tri-

angle DEF in the

duplicate ratio of BG
to EF.

Take BG a third proportional to BG and EF, so that
BG may be to EF as EF is to BG ; [VI. 11.

and join AG.

Then, because AB is to BG as Z>jE' is to EF, [Hypothesis.

therefore, alternately, AB is to DE as ^C is to EF; [V. 16.

but BG is to ^i^ as EF is to J5(t
; [Construction.

therefore AB is to DE as ^i^ is to BG
; [V. 11.

that is, the sides of the triangles ABG and DEF, about
their equal angles, are reciprocally proportional ;

but triangles which have their sides about two equal angles
reciprocally proportional are equal to one another, [VI. 15.

therefore the triangle ABG is equal to the triangle DEF.

And, because BG is to EF as ^i^is to BG,
therefore BG has to BG the duplicate ratio of that which
BG has to EF. [V. Definition 10.

But the triangle ABG is to the triangle ABG as BG is

to BG
; [VI. 1.

therefore the triangle ABG has to the triangle ABG the

duplicate ratio of that which BG has to EF.
But the irisingleABG wsi& shewn equal to the triangle i>^i^;
therefore the triangle ABG has to the triangle DEF the

duplicate ratio of that which BG has to EF. [V. 7.

Wherefore, similar triangles &c. q.e.d.

CoBOLLAEY. From this it is manifest, that if three
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straight lines be proportionals, as the first is to the third,

so is any triangle described on the first to a similar and

similarly described triangle on the second.

PKOPOSITION 20. THEOREM.

Similar polygons may he divided into the same number
ofsimilar triangles, having the same ratio to one another
that the polygons have; and the polygons are to one
another in the duplicate ratio of their homologous sides.

Let ABODE, FGHKL be similar polygons, and let

ABho the side homologous to the side FG : the polygons
ABODE, FGHKL may be divided into the same number
of similar triangles, of which each shall have to each the

same ratio which the polygons have; and the polygon
ABODE shall be to the polygon FGHKL in the duplicate
ratio of AB to FG.

Join BE, EO, GL, LH.

Then, because the polygon ABODE is similar to the poly-

gon FGHKL, [Hypothesis.

the angle BAE is equal to the angle GFL, and BA is

to ^^ as GF is to FL. [VI. Definition 1.

And, because the triangles ^^^and FGL have one angle
of the one equal to one angle of the other, and the sides

about these equal angles proportionals,

therefore the triangle ABE is equiangular to the triangle

FGL, [VI. 6.

and therefore these triangles are similar ; [VI. 4.

therefore the angle ABE is equal to the angle FGL.
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But, because the poiygons are similar, {HypotJiesis.

therefore the whole angle ABC is equal to the whole angle
FGH', [VI. Definition 1.

therefore the remaining angle EBG is equal to the remain-

ing angle LGH. {Axiom 3.

And, because the triangles ABE and FGL are similar,

therefore EB is to BA as LG is to GF;
and also, because the polygons are similar, {HypotTiesis.

therefore AB is to BC as FG is to GH ; [YI. Definition 1.

therefore, ex sequali, EB is to BC as LG is to GH; [V. 22.

that is, the sides about the equal angles EBC and LGH
are proportionals ;

therefore the triangle EBC is equiangular to the triangle

LGH; [YI. 6.

and therefore these triangles are similar. [YI. 4.

For the same reason the triangle ECD is similar to the

triangle LHK.
Therefore the similar polygons ABODE, FGHKL may bo
divided into the same number of similar triangles.

Also these triangles shall have, each to each, the same
ratio which the polygons have, the antecedents being ABE,
EBC, ECD, and the consequents FGL, LGH, LHK; and
the polygon ABODE shall be to the polygon FGHKL in

the duplicate ratio of yl^ to FG.

For, because the triangle ABE is similar to the tri-

angle FGL,
therefore ABE is to FGL in the duplicate ratio of EB
to LG. [YI. 19.

For the same reason the triangle EBC is to the triangleLGH in the duplicate ratio ofEB to LG.

Therefore the triangle ABE is to the triangle FGL as the

triangle EBC is to the triangle LGH. [Y. 11.

Again, because the triangle EBC is similar to the tri-

angle LGH,
therefore EBC is to LGH in the duplicate ratio of EC
to LH. [YI. 19.
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For the same reason the triangle EGD is to the triangle
LHK in the duplicate ratio of EG to LH.
Therefore the triangle EBG is to the triangle LGH as the

triangle EGD is to the triangle LHK. [V. 11.

But it has been shewn that the triangle EBG is to the tri-

angle LGH as the triangle ABE is to the triangle FGL.
Therefore as the triangle ABE is to the triangle FGL, so

is the triangle EBG to the triangle LGH, and the triangle
EGD to the triangle LHK; [V. 11.

jind therefore as one of the antecedents is to its consequent
so are all the antecedents to all the consequents; [V. 12.

that is, as the triangle ABE is to the triangle FGL so is

the polygon ABGDE to the polygon FGHKL.
But the triangle ABE is to the triangle FGL in the

duplicate ratio of the side AB Vi the homologous side

FG; [VI. 19.

therefore the polygon ABGDE is to the polygon FGHKL
in the duplicate ratio of the side AB to the homologous
side FG.

Wherefore, similar polygons &c. q.e.d.

Corollary 1. In like manner it may be shewn that

similar four-sided figures, or figures of any number of sides,
are to one another in the duplicate ratio of their homo-

logous sides
;
and it has already been shewn for triangles ;

therefore universally, similar rectilineal figures are to one
another in the duplicate ratio of their homologous sides.

Corollary 2. If to ^^ and FG, two of the homologous
sides, a third proportionalM be taken, [VI. 11.

M

then AB has to M the duplicate ratio of that which AB
has to FG. [V. Definition 10.
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But any rectilineal figure described on ^i? is to the similar

and similarly described rectilineal figure on FG in the

duplicate ratio of -45 to FG, [Corollary 1,

Therefore as AB is to M, so is the figure on AB to the

figure on FG
; [V. 11.

and this was shewn before for triangles. [VI. 19, Corollary.

Wherefore, universally, if three straight lines be propor-
tionals, as the first is to the third, so is any rectilineal

figure described on the first to a similar and similarly
described rectilineal figure on the second.

PROPOSITION 21. THEOREM.

Rectilineal figures which are similar to the same recti^

linealfigure, are also similar to each other.

Let each of the rectilineal figures A and B be similar

to the rectilineal figure C: the figure A shall be similar

to the figure B.

For, because A is

similar to C, [Bijjh

A is equiangular to

C, and A and C have
their sides about the

equal angles propor-
tionals. [VI. Def. 1.

Again, because B is

similar to C, [Hyp.

B is equiangular to G, and B and C have their sides about
the equal angles proportionals. [VI. Definition 1.

Therefore the figures A and B are each of them equian-
gular to C, and have the sides about the equal angles of
each of them and of C proportionals.

Therefore A is equiangular to B, [Axiom 1.

and A and B have their sides about the equal angles pro-
portionals; [V. IL
therefore the figure A is similar to the figure B. [VI. Def. 1.

Wherefore, rectilineal figures &c. q.e.d.
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PROPOSITION 22. THEOREM.

Iffour straight lines he proportionals, the similar rec-

tilineal figures similarly described on them shall also he

proportionals; and if the similar rectilineal figures simi-

larly described on four straight lines he proportionals,
those straight lines shall be proportionals.

Let the four straight lines AB, CD, EF, GH be pro-

portionals, namely, ABio CD as EF is to GH; and on AB,
CD let the similar rectilineal figures KAB, LCD be simi-

larly described
;
and on EF, GH let the similar rectilineal

figures MF, NH be similarly described: the figure KAB
shall be to the figure LCD as the figure MF is to the

figure NH.

M
N

v Z^. ^ \ZJ
E Y (^ R PR

To J5 and CD take a third proportional X, and to EF
and GH a third proportional 0. [VI. 11.

Then, because ^i? is to CD as ^i^is to GH, [Hypothesis.

and ^5 is to CD as CD is to X; [Construction.

and EF is to GH as GH is to O
; [Construction.

therefore CD is to X as GH is to 0. [V. 11.

And AB is to CD as EF is to GH;
therefore, ex sequali, ^i? is to X as EF is to O. [V. 22.

But as yi5 is to X, so is the rectilineal figure KAB to

the rectilineal figure LCD ; [VI. 20, Corolla/ry 2.

and as EF is to O, so is the rectilineal figure MF to the

rectilineal figure NH; [VI. 20, Corollary 2.
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therefore the figure KAB is to the figure LCD as the

%are MF is to the figure NH. [V. 11.

Next, let the figure KAB be to the similar figure LCD
as the figure MF is to the similar figure NH-. AB shall

be to CD as EF is to GH.
Make as AB is to CD so EF to PR : [VI. 12.

and on PR describe the rectilineal figure SR^ similar and
similarly situated to either of the figures MF^ NH. [VI, 18.

Then, because ^^ is to CD as EF is to PR,
and that on AB, CD are described the similar and simi-

larly situated rectilineal figures KAB, LCD,
and on EF, PR the similar and similarly situated recti-

lineal figures MF, SR ;

therefore, by the former part of this proposition, KAB is

to LCD as MF is to SR.

But, by hypothesis, KAB is to LCD as JfFis to NH;
therefore MF is to SR as MF is to NH

; [V. 11.

therefore SR is equal to NH. [V. 9.

But the figures SR and NH are similar and similarly
situated, [Construction.

therefore PR is equal to GH.
And because AB is to CD as EF is to PR^
and that P^ is equal to GH

;

therefore AB is to CD as ^Pis to GH. [V. 7.

Wherefore, iffour straight lines &c. q.e.d.

PEOPOSITION 23. THEOREM.

Parallelograms wlddi are equiangular to one ariother
have to one another the ratio which is comiiounded of
the ratios of their sides.
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K L M

Let the parallelogram AC he equiangular to the paral-

lelogram CF, having the angle BCD equal to the angle
ECG : the parallelogram AC shall have to the parallelo-

gram CF the ratio which is compounded of the ratios of

their sides.

Let BC and CG be placed in

a straight line
;

therefore DC and CE are also in

a straight line
; [I. 1 4,

complete the parallelogram DG ;

take any straight line K, and
make TT to Z as BC is to CG^ and
X to i»/as DC\B to CE; [VL 12.

then the ratios of ^ to Z and
of Z to 3f are the same with the

ratios of the sides, namely, oi BC
to CG and of DC to CE.

But the ratio oi K io M is that which is said to be com-

pounded of the ratios of^ to Z and of Z to iHf
; [V. Bef. A.

therefore K has to M the ratio which is compounded of

the ratios of the sides.

Now the parallelogram -4(7 is to the parallelogram CH
as BC is to CG

; [VI. 1.

but BC is to CG as ^is to Z
; [Construction.

therefore the parallelogram AC is to the parallelogram
CH as Kia to L. [V. 11.

Again, the parallelogram CH is to the parallelogram CF
BS DCis to CE; [VL 1.

but DC is to CE as Z is to iHf
; [Construction.

therefore the parallelogram CH is to the parallelogram
CF SiS Lis to M. [V. 11.

Then, since it has been shewn that the parallelogram AC
is to the parallelogram CH as K is to Z,
and that the parallelogram CH is to the parallelogram CF
as Z is to M,
therefore, ex sequali, the parallelogram AC is to the paral-

lelogram CF as K is to M. [V. 22.

But K has to M the ratio which is compounded of the
ratios of the sides

;
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therefore also the parallelogram AC has to the parallelo-"

gram CF the ratio which is compounded of the ratios of
the sides.

Wherefore, parallelograms &c. q.e.d.

PROPOSITION 24. THEOREM.

Parallelograms about the diameter of any parallelo-
gram are similar to the whole parallelogram and to one
another.

Let ABCD be a parallelogram, of which ^C is a
diameter

;
and let EG and HK be parallelograms about

the diameter: the parallelograms EG and HK shall be
similar both to the whole parallelogram and to one another.

For, because DC and
GF are parallels, A_
the angle ADC is equal
to the angleAGF. [I. 29. q /

And because 5(7andEF
are parallels,

the angle ABC is equal
to the angle AEF. [I. 29.

And each of the angles
BCD and EFG is equal to the opposite angle BAD, [1. 34.

and therefore they are equal to one another.

Therefore the parallelograms ABCD and AEFG are equi-
angular to one another.

And because the angle ABC is equal to the angle
AEF, and the angle BAC is common to the two triandes
BAC and EA F,
therefore these triangles are equiangular to one another;
and therefore AB is to BC as ^jE" is to EF. [YI. 4.

And the opposite sides of parallelograms are equal to one
another; [I, 34_

therefore AB is to AD as AE is to AG, ]

and DC is to CB as GF is to FE,
and CD is to DA as FG is to GA. [V. 7.
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Therefore the sides of the parallelograms ABCD and
AEFG about their equal angles are proportional,

and the parallelograms are therefore simijar to one an-
other.

For the same reason the

parallelogram ABCD is

similar to the parallelogram
FHCK.
Therefore each of the pa-

rallelograms EG and HK
is similar to BD

;

therefore theparallelogram
EG is similar to the parallelogram HK.

Wherefore, parallelograms &c. q.e.d.

[VI. Definition 1.

A E J3

PKOPOSITION 25. PROBLEM.

To describe a rectilineal figure which shall he similar
to one given rectilineal figure and equal to another given
rectilinealfigure.

Let ABC he the given rectilineal figure to which the

figure to be described is to be similar, and D that to which
it is to be equal: it is required to describe a rectilineal

figure similar to '^BC and equal to D.

On the straight line BC describe the parallelogram BE
equal to the figure ABC.
On the straight line CE describe the parallelogram CM
equal to Z>, and having the angle FCE equal to the

angle CBL; [I. 45, Corollai-y.
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therefore BG and CF will be in one straight line, and LE
and EM will be in one straight line.

Between BC and OF find a mean proportional GH, [VI. 13.

and on GH describe the rectilineal figure KGH, similar and

similarly situated to the rectilineal figure ABC. [VI. 18.

KGH shall be the rectilineal figure required.

For, because BG is to GH as GH is to GF, [Construction.

and that if three straight lines be proportionals, as the first

is to the third so is any figure on the first to a similar and

similarly described figure on the second, [VI. 20, Cor. 2.

therefore as BG is to GF so is the figure ABC to the

figure KGH.
But as BG is to GF so is the parallelogram BE to the

parallelogram GM; [VI. 1.

therefore the figure ABG is to the figure KGH as the pa-

rallelogram BE is to the parallelogram GM. [V. 11.

And the figure ABG is equal to the parallelogram BE;
therefore the rectilineal figure KGH is equal to the paral-

lelogram GM. [V. 14.

But the parallelogram GM is equal to the figure D ; [Comtr.

therefore the figureKGH is equal to the figure D, [Axiom 1.

and it is similar to the figure ABG. [Construction.

Wherefore the rectilineal figure KGH has heen de-

scribed similar to thefigure ABG, and equal to D. q.e.p.

PROPOSITION 26. THEOREM.

If two similar parallelograms have a common angle,
and he similarly situated, theyare about the same diameter.

Let the parallelograms ABGD,
AEFG be similar and similarly si-

tuated, and have the common angle
BAD: ABGD and AEFG shall

be about the same diameter.

For, if not, let, if possible, the

parallelogram BD have its diame-
ter AHG in a difi'erent straight
line from AF, the diameter of the

34
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imrallelogram EG
;

let GF
meet AHC at //, and through
JI draw //A' parallel to AD or

EC. [1. 31.

Then the parallelograms
ABCD and AKIIG are about
the same diameter, and are

therefore similar to one an-

other; [VI. 24.

therefore DA is to AB us GA is to AK.
But because ABCD and AEFG are similar parallelo-

grams, [Hypothesis.

therefore DA is to AB as GA is to AE. [VI. Definition 1.

Therefore GA is to ^^as GA is to AE, [V. 11.

that is, GA has the same ratio to each of the straight lines

AK and AE,
and therefore ^iTis equal to AE, [V. 9.

the less to the gi-eater ;
which is impossible.

Therefore the parallelograms ABCD and AEFG must
have their diameters in the same straight line, that is, they
are about the same diameter.

AVherefore, if two similar parallelograms &c. q.e.d.

PROPOSITION 30. PROBLEM.

To cut a given straight line in extreme and mean ratio.

Let ^^ be the given straight line: it is required to cut
it in extreme and mean ratio.

Divide ^5 at the point C, so
that the rectangle contained by
AB, BC may be equal to the square

-^ C B
on AG. [11.11.

Then, because the rectangle AB, BC is equal to the

square on AC, [Construction.

therefore AB is to AC a,s AC is to CB. [VI. 17.

WTierefore AB is cut in extreme and mean ratio at
the point C. Q.E.F. [VI. Definition 3.
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PEOPOSITION 31. THEOREM.
In any right-angled triangle, any rectilinealfigure de-

scribed on the side subtending the right angle is equal to

the similar and similarly described figures on the sides

containing the right angle.

Let ABC be a right-angled triangle, having the right
angle BAG: the rectilineal figure described on BC shall
be equal to the similar and similarly described fif^ures on
BA and CA.

Draw the perpendicular
AD. [I. 12.

Then, because in the right-

angled triangle ABC, AD
is drawn from the right
angle at A, perpendicular
to the base BC, thetriangles
ABD, CAD ara similar to

the whole triaugle CBA,a.nd
to one another. [VI. 8.

And because the triangle CBA is similar to the triangle

ABD,
therefore CB is to BA as BA is to BD. [YI. Def. 1.

And when three straight lines are proportionals, as the
first is to the third so is the figure described on the first

to the similar and similarly described figure on the
second

; [VI. 20, Corollary 2.

therefore as CB is to BD so is the figure described on CB
to the similar and similarly described figure on BA

;

and inversely, as BD is to BC so is the figure described
on BA to that described on CB. [V. B.

In the same manner, as CD is to CB so is the figure
described on CA to the similar figure described on CB.
Therefore as BD and CD together are to CB so are the

figures described on BA and CA together to the figure
described on CB. [V. 24.

Cut BD and CD together are equal to CB ;

therefore the figure described on BC is equal to the similar
and similarly described figures on BA and CA. [V. A.

Wherefore, in any right-angled triangle &c. q.e.d.

14—2
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PROPOSITION 32. THEOREM.

If two triangles, which have two sides of the one pro-
portional to two sides of the othsr, he joined at one angle
so a^ to have their homologous sides parallel to one another,
the remaining sides shall he in a straight line.

Let ABC and DCE be two triangles, which have the

two sides BA, AC proportional to the two sides CD, DE,
namely, BA to yl(7 as CD is to DE] and let AB be

parallel to DC and AC parallel to DE : BC and CE shall

be in one straight line.

For, because AB is parallel
to DC, [Hypothesis.

and ^C meets them,

the alternate angles BAC,
ACD are equal ; [I. 29.

for the same reason the angles

ACD, CDE are equal ;

therefore the angle BACis equal to the angle CDE. [Ax. 1.

And because the triangles ABC, DCE have the angle at

A equal to the angle at D, and the sides about these angles

proportionals, namely, BA to AC as CD is to DE, [Hyp.

therefore the triangle ABC is equiangular to the triangle

DCE; [VI. 6.

therefore the angle ABC is equal to the angle DCE.
And the angle BAC was shewn equal to the angle ACD ;

therefore the whole angle ACE is equal to the two angles
ABC and BA C. [Axiom 2.

Add the angle ACB to each of these equals ;

then the angles ACE and ACB are together equal to the

angles ABC, BAC, ACB.
But the angles ABC, BAC, ACB are together equal to

two right angles ; [I. 32.

therefore the angles ACE and ACB are together equal to

two right angles.

And since at the point C, in the straight line AC, the
two straight lines BC, CE which are on the opposite sides
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of it, make the adjacent angles AGE^ ACB together equal
to two right angles,

therefore EC and CE are in one straight line. [I. 14.

Wherefore, if two triangles &c. q.e.d.

PEOPOSITION 33. THEOREM.

In equal circles, angles, whether at the centres or at the

circumferences, have the same ratio which the arcs on
which they stand have to one another ; so also have the
sectors.

Let ABC and BEF be equal circles, and let BGC and
EHF be angles at their centres, and BAG and EDF
angles at their circumferences : as the arc BG is to the arc
EF so shall the angle BGG be to the angle EHF, and the

angle BAG to the angle EDF; and so also shall the sector
BGG be to the sector EHF.

Take any number of arcs GIT, KL, each equal to BG,
and also any number of arcs FM, MN each equal to EF;
and join GK, GL, HM, HN.

Then, because the arcs BG, GK, KL, are all equal, \Constr.

the angles BGG, GGK, KGL are also all equal ; [III. 27.

and therefore whatever multiple the arc BL is of the arc

BG, the same multiple is the angle BGL of the angle
BGG.
For the same reason, whatever multiple the arc EN is of

the arc EF, the same multiple is the angle EHN of the

angle EHF.
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And if the arc BL be equal to the arc EN, the angle BGL
is equal to the angle EHN; [III. 27.

and if the arc BL be greater than the arc EN, the angle
BGL is greater than the angle EHN \

and if less, less.

Therefore since there are four magnitudes, the two
arcs BCy EF, and the two angles BGG, EHF\

and that of the arc BC and of the angle BGC have been
taken any equimultiples whatever, namely, the arc BL and
the angle BGL ;

and of the arc EF and of the angle EHF have been taken

any equimultiples whatever, namely, the arc EN and the

^xig\QEHN\
and since it has been shewn that if the arc BL be greater
than the arc EN, the angle BGL is greater than the angleEHN

;
and if equal, equal ;

and if less, less
;

therefore as the arc BG is to the arc EF, so is the angle
BGG to the angle EHF. [V. Definition 5.

But as the angle BGC is to the angle EHF, so is the

angle BAG to the angle EDF, [V. 15.

for each is double of each
; [III. 20.

therefore, as the arc BC is to the arc EF so is the angle
BGC to the angle EHF, and the angle BAG to the angle
EBF.

Also as the arc BC is to the arc EF, so shall the sector

BGC be to the sector EHF.
Join BC, CK, and in the arcs BG, CK take any points

X, O, and jom BX, XG, 00, OK.
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Then, because in the triangles BGC^ GGK^ the two
sides BG, GO are equal to the two sides CG, GK, each to

each;

and that they contain equal angles ; [III. 27.

therefore the base BC is equal to the base CK, and the

triangle BGC is equal to the triangle CGK, [I. 4.

And because the arc BC is equal to the arc CK^ [Constr.

the remaining part when BC is taken from the circum-

ference is equal to the remaining part when CK is taken
from the circumference ;

therefore the angle BXC is equal to the angle COK. [III. 27.

Therefore the segment BXC is similar to the segment
COK; [III. Definition 11.

and they are on equal straight lines BC, CK.
But similar segments of circles on equal straight lines are

equal to one another
; [III. 24.

therefore the segment BXCh equal to the segment COK.
And the triangle BGC was shewn to be equal to the

triangle CGK ;

therefore the whole, the sector BGC, is equal to the whole,
the sector CGK [Axiom 2.

For the same reason the sector KGL is equal to each of
the sectors BGC, CGK,
In the same manner the sectors EHF, FHM, MHN may
be shewn to be equal to one another.

Therefore whatever multiple the arc BL is of the arc

BC, the same multiple is the sector BGL of the sector

BGCx
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and for the same reason whatever multiple the arc EN is

of the arc EF^ the same multiple is the sector EUN of the
sector EHF.
And if the arc BL bo equal to the arc ENj the sector

BGL is equal to the sector EHN ;

and if the arc BL be greater than the arc EN^ the sector

BGL is greater than the sector EHN
;
and if less, less.

Therefore, since there are four magnitudes, the two
arcs BC, EF, and the two sectors BGC, EHF;

and that of the arc BC and of the sector BGC have been
taken any equimultiples whatever, namely, the arc BL and
the sector BGL

;

and of the arc EF and of the sector EHF have been taken

any equimultiples whatever, namely, the arc EN and the

sector ^^iV;
and since it has been shewn that if the arc BL be greater
than the arc EN, the sector BGL is greater than the

sector EHN; and if equal, equal; and if less, less
;

therefore as the arc BC is to the arc EF, so is the sector

BGC to the sector EHF. [V. Definiii<m 5.

Wherefore, in equal circles &c. q.e.d.
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BA:^

PROPOSITION B. THEOREM.

If the vertical angle ofa triangle he bisected hy a straight
line which likewise cuts the base, the rectangle contained

h/ the sides of the triangle is equal to the rectangle con-

tained by the segments of the base, together with the square
on the straight line which bisects the angle.

Let ABC be a triangle, and let the angle BAG be
bisected by the straight line AD : the rectangle BA, AC
shall be equal to the rectangle BD^ Z>(7, together with the

square on AD.
Describe the circle ACB

about the triangle, [IV. 5.

and produce ^Z> to meet the
circumference at jE,

and join ^(7.

Then, because the angle
BAD is equal to the angle
£JAC, [Hypothesis.

ind the angle ABD is equal to

the angle ABC, for they are in

the same segment of the circle, [III. 21.

therefore the triangle BAD is equiangular to the triangleUAC.
Therefore BA h to AD as BA is to AC; [VI. 4.

therefbre the rectangle BA, AC is equal to the rectande
BA,AD, [VI. 16.

that is, to the rectangle BD, DA, together with the square
on AD.

[II 3,

But the rectangle JSD, DA is equal to the rectande
JBD,DC;

^
^ui.%5.

therefore the rectangle BA, AC is equal to the rectangle
BD, DC, together with the square on AD.

Wherefore, if the vertical angle &c. q.e.d.
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PROPOSITION C. THEOREM.

Iffrom the vertical angle of a triangle a straight line,

he drawn perpendicular to the base, tJie rectangle cojitained

bp the sides of the triangle is equal to the rectangle con-
tained by the perpendicidar and the diameter of the circle

described about the triangle.

Let ABC be a triangle, and let ylZ> be the perpen-
dicular from the angle yl to the base BG\ the rectangle
BA, AG shall be equal to the rectangle contaified h^ AD
and the diameter of the circle described about the triangle.

Describe the circle AGB
about the triangle ; [IV. 5.

draw the diameter AE, and
join EG

Then, because the right
angle BDA is equal to the

angle EGA in a semi-
circle

; [III. 31.

and the angle ABD is equal
to the angle AEG, for they
are in the same segment of
the circle

; [III. 21.

therefore the triangle ABD is equiangular to the triangle
AEG.
Therefore BA h to AD as EA is to AG; [VI; 4.

therefore the rectangle BA, AG is equal to the rectangle
EA,AD. 'YL16.

Wherefore, iffrom the vertical angle &c. q.e.d.

PROPOSITION D. THEOREM.

The rectangle contained by the diagonals of a (quadri-
lateral figure i7iscribed in a circle is equal to both the
rectangles contained by its opposite sides.
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Let ABGD be any quadrilateral figTirc inscribed in

a^ circle, and join AC,BD: the rectangle contained byA G, BD shall be equal to the two rectangles contained by
AB,C£>andhjAD,BC.

Make the angle ABB equal to the angle DBG; [I. 23.

add to each of these

equals the angle EBD,
then the angle ABD
is equal to the angle
EBG. [Axiom 2.

And the angle BDA is

equal to the angle ^(7J5J, for

they are in the same seg-
ment of the circle

; [III.21.

therefore the triangle
ABD is equiangular to the

triangle BBG.
Therefore AD is to DB
as BG is to GB

; [YT. 4.

therefore the rectangle AD, GB is equal to the rectangle
DB, EG. [YI. 16.

Again, because the angle ABE is equal to the angle
DBG, [Construction.

and the angle BAE is equal to the angle BDG, for they
are in the same segment of the circle

; [III. 21.

therefore the triangle ABE is equiangular to the triangle
DBG.
Therefore BA is to AE as BD is to DG; [VI. 4.

therefore the rectangle BA, DG is equal to the rectangle

AE, BD. [YI. 16.

But the rectangle AD, GB has been shewn equal to

the rectangle DB, EG ;

therefore the rectangles AD, GB and BA, DG are together
equal to the rectangles BD, EG and BD, AE ;

that is, to the rectangle BD, A G. [II. 1.

Wherefore, the rectangle contained &c. q.e.d.
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DEFINITIONS.

1. A SOLID is that which has length, breadth, and
thickness.

2. That which bounds a solid is a superficies.

3. A straight line is perpendicular, or at right angles,
to a plane, when it makes right angles with every straight
line meeting it in that plane.

4. A plane is perpendicular to a plane, when the

straight lines drawn in one of the planes perpendicular to

che common section of the two planes, are perpendicular
to the other plane.

5. The incliiiation of a straight line to a plane is the
acute angle contained by that straight line, and another
drawn from the point at which the first line meets the

plane to the point at which a perpendicular to the plane
drawn from any point of the first line above the plane,
meets the same plane.

6. The inclination of a plane to a plane is the acute

angle contained by two straight lines drawn from any the
same point of their common section at right angles to it,

one in one plane, and the other in the other plane.

7. Two planes are said to have the same or a like

inclination to one another, which two other planes have,
when the said angles of inclination are equal to one
another.

8. Parallel planes are such as do not meet one another

though produced.
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9. A solid angle is that which is made by more than
two plane angles, which are not in the same plane, meeting
at one point.

10. Equal and similar solid figures are such as are

contained by similar planes equal in number and magni-
tude. [See the Notes!\

11. Similar solid figures are such as have all their solid

angles equal, each to each, and are contained by the same
number of similar planes.

12. A pyramid is a solid figure contained by planes
which are constructed between one plane and one point
above it at which they meet.

13. A prism is a solid figure contained by plane figures,
of which two that are opposite are equal, similar, and par-
allel to one another ;

and the others are parallelograms.

14. A sphere is a solid figure described by the revolu-

tion of a semicircle about its diameter, which remains
fixed.

15. The axis of a sphere is the fixed straight line

about which the semicircle revolves.

16. The centre of a sphere is the same with that of the
semicircle.

17. The diameter of a sphere is any straight line which

passes through the centre, and is terminated both ways by
the superficies of the sphere.

18. A cone is a solid figure described by the revolution

of a right-angled triangle about one of the sides containing
the right angle, which side remains fixed.

If the fixed side be equal to the other side containing
the right angle, the cone is called a right-angled cone

;

if it be less than the other side, an obtuse-angled cone
;

and if greater, an acute-angled cone.

19. The axis of a cone is the fixed straight line about
which the triangle revolves.
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20. The base of a cone is tlie circle described by that
side containing the right angle which revolves.

21. A cylinder is a solid figure described by the revo-
lution of a right-angled parallelogram about one of its sides
which remains fixed.

22. The axis of a cylinder is the fixed straight line

about which the parallelogram revolves.

23. The bases of a cylinder are the circles described

by the two revolving opposite sides of the parallelogram.

24. Similar cones and cylinders are those which have
their axes and the diameters of their bases proportionals.

25. A cube is a solid figure contained by six equal
squares.

26. A tetrahedron is a solid figure contained by four

equal and equilateral triangles.

27. An octahedron is a solid figure contained by eight

equal and equilateral triangles.

28. A dodecahedron is a solid figure contained by
twelve equal pentagons which are equilateral and equi-

angular.

29. An icosahedron is a solid figure contained by

twenty equal and equilateral triangles.

A. A parallelepiped is a solid figure contained by six

quadrilateral figures, of which every opposite two arc

parallel.

PROPOSITION 1. THEOREM.

One part of a straight line cannot he in a plane, and
aji other part without it.

If it be possible, let AB, part of the straight lino

ABC, be in a plane, and the part BC without it.
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Then since the straight
line AB is in the plane, it can S^
be produced in that plane; ^-

^
let it be produced to D

;
and \

let any plane pass through the \^
straight line^ i>,andbe turned
about until it pass through the point C.

Then, because the points B and C are in this plane, the

straight line BC is in it. [I. Definition 7.

Therefore there are two straight lines ABC, ABD in the
same plane, that have a common segment AB-,
but this is impossible. [I. 11, Corollary.

Wherefore, one part ofa straight line &c. q.e.d.

PEOPOSITION 2. THEOREM.

Two straight lines which cut one another are in one

plane; and three straight lines which meet one another
are in one plane.

Let the two straight lines AB, CD cut one another at

E: AB and CD shall be in one plane; and the three

straight lines EC, CB, BE which meet one another, shall

be in one plane.

Let any plane pass through the

straight line EB, and let the plane
be turned about EB, produced if

necessary, until it pass through the

point (7.

Then, because the points E
and C are in this plane, the straight
line EC is in it

; [I. Definition 7.

for the same reason, the straight
line BC is in the same plane ;

and, by hypothesis, EB is in it.

Therefore the three straight lines EC, CB, BE are in one

plane.

But AB and CD are in the plane in which EB and EG
are ; [XI. 1.

therefore AB and CD are in one plane.

"Wherefore, two straight lines &c. q.e.d.
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PROPOSITION 3. THEOREM.

If two planes cut one another their common section

is a straight line.

Let two planes AB, BC cut one another, and let BD
be their common section : BD shall be a straight Hue,

If it be not, from B to Z>, draw
in the plane AB the straight line

BED, and in the plane BG the

straight line BFD. [Postulate 1.

Then the two straight lines BED,
BFD have the same extremities,
and therefore include a space be-

tween them
;

but this is impossible. [Axiom 10.

Therefore BD, the common section of the planes AB and
BC cannot but be a straight line.

Wherefore, iftwo planes &c. q.e.d.

ck,\

PROPOSITION 4. THEOREM.

If a straight line stand at right angles to each of two

straight lines at the point of their intersection, it shall

also he at right angles to the plane which passes through
them, that is, to the plane in which they are.

Let the straight line EF stand at right angles to each
of the straight lines AB, CD, at E,
the point of their intersection : EF
shall also be at right angles to the

plane passing through AB, CD.
Take the straight lines AE, EB,

CE, ED, all equal to one another
;

join AD, CB; through E draw in

the plane in which are AB, CD,
any straight line cutting ^Z> at G,
and CB at H : and from any pointF in EF draw FA, FG, FD, FC,
FN, FB.
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Then, because the two sides AE, ED are equal to the
two sides BE^ EC, each to each, {Construction,

and that they contain equal angles AEB, BEG ; [I. 15.

therefore the base ^Z> is equal to the base BO, and the

angle DAE is equal to the angle EBC. [I. 4.

And the angle AEG is equal to the angle BEH; [I. 15.

therefore the triangles AEG, BEH have two angles of the
one equal to two angles of the other, each to each

;

and the sides EA, EB adjacent to the equal angles are

equal to one another; [Constrvction.

therefore EG is equal to EII, and AG is equal to

BH. [I. 26.

And because EA is equal to EB, [Construction.

and EF is common and at right angles to them, [Hypothesis.

therefore the base AF ia equal to the base BF. [I. 4.

For the same reason OF is equal to DF.
And since it has been shewn that the two sides DAj

AF are equal to the two sides CB, BF, each to each,

and that the base DF is equal to the base OF;
therefore the angle DAF is equal to the angle CBF. [T. 8.

Again, since it has been shewn that the two sides FA,
AG are equal to the two sides FB, BH, each to each,

and that the angle FAG is equal to the angle FBH ;

therefore the base FG is equal to the base FH. [I. 4.

Lastly, since it has been shewn that GE is equal to HE,
and EF is common to the two triangles FEG, FEH ;

and the base FG has been shewn equal to the base FH
;

therefore the angle FEG is equal to the angle FEH. [I. S.

Therefore each of these angles is a right angle. [I, Dejln. 10.

In like manner it may be shewn that EF makes right

angles with every straight line which meets it in the plane
passing through AB, CD.

Therefore EF is at right angles to the plane in which are

AB, CD. [XI. DefiniUon 3.

Wherefore, ifa straight line &c. q.e.d.

15
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PEOPOSITION 5. THEOREM.

If three straight lines meet all at one point, and a

straight line stand at right angles to ea^h of them at that

point, the three straight lines shall he in one and the same

plane.

Let the straight line AB stand at right angles to each
of the straight lines BC, BD, BE, at B the point where

they meet : BC, BD, BE shall be in one and the same

plane.

For, if not, let, if possible,
BD and BE be in one plane,
and jBC without it

;
let a plane

pass through AB and BC
;

the common section of this

plane with the plane in which
are BD and BE is a straight
line

; [XI. 3.

let this straight line be BF.

Then the three straight lines

AB, BC, BF are all in one plane, namely, the plane which

passes through AB and BC.
And because AB stands at right angles to each of the

straight lines BD, BE, [Hypothesis.

therefore it is at right angles to the plane passing through
them

; [XI. 4.

therefore it makes right angles with every straight line

meeting it in that plane. [XI. Definition 3.

But BF meets it, and is in that plane ;

therefore the angle ABF is a right angle.

But the angle ABC is, by hypothesis, a right angle ;

therefore the angleABC is equal to the angle ^^i^ ; {Ax. 11 .

and they are in one plane ;
which is impossible. [A xiom 9.

Therefore the straight line BC is not without the plane in

which are BD and BE,
therefore the three straight lines BC, BD, BE are in one

and the same plane.

^Yherefore, if three straight lines &c. q.e.d.
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PROPOSITION G. THEOREM.

If two straight lines he at right angles to the same plane,

they shall he 'parallel to one another.

Let the straight lines AB, CD be at right angles to the

same plane : AB shall be parallel to CD.
Let them meet the plane at the ^^

points B^ Z>
; join BD ;

and in the plane
drawDE at right angles to BD

; [1. 11.

make DE equal to AB ; [I. 3.

andjoin^^, ^^, -4Z>.

Then, because -4^ is perpendicular
to the plane, [Hypothesis.

it makes right angles with every straight
line meeting it in that plane. [XI. Def. 3.

But BD and BE meet AB, and are

in that plane,

therefore each of the angles ABD, ABE is a right angle.

For the same reason each of the angles CDB, CDE is a

right angle.

And because AB\& equal to ED, [Construction.

and BD is common to the two triangles ABD, EDB,
the two sides AB, BD are equal to the two sides ED, DB,
each to each

;

and the angle ABD is equal to the angle EDB, each of
them being a right angle ; [Axiom 11.

therefore the base ^Z> is equal to the base EB. [I. 4.

Again, because AB h equal to ED, [Construction.

and it has been shewn that BE is equal to DA
;

therefore the two sides AB, BE are equal to the two sides

ED, DA, each to each;
and the base AE is common to the two triangles ABE,
EDA',
therefore the angle ABE is equal to the angle EDA. [L 8.

But the angle ABE is a right angle,

therefore the angle EDA is a right angle,

that is, ED is at right angles to AD.
15—2
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But ED is also at right angles
to each of the two BD, CD ;

therefore ED is at right angles to

each of the three straight lines BD,
AD, CD, at the point at which

they meet ;

therefore these three straight lines

are all in the same plane. [XI. 5.

But ABis in the plane in which
are BD, DA ; [XI. 2.

therefore AB, BD, CD are in one plane.

And each of the angles ABD, CDB is a right angle ;

therefore AB is parallel to CD. [I. £8.

y^hereiorc, if two straight lines Ac q.e.d.

PROPOSITION 7. THEOREM.

If two straight lines he parallel, the straight line drawn
from any point in one to any point in the other, is in the
same plane with the parallels.

Let AB, CD bo parallel straight lines, and take any
point E in one and any point F in the other : the straight
line which joins E and F shall be in the same plane with
the parallels.

For, if not, let it be, if pos-

sible, without the plane, as

EGF; and in the planeJBCD,
in which the parallels are,

draw the straight hne EIIF
from E to F.

Then, since EGF is also a ^ r jj

straight line, [Hypothcsi-^.

the two straight lines EGF, EHF include a space between
them

;
which is impossible. . [Axiom 10.

Therefore the straight line joining the points E and F is

not without the plane in which the parallels AB, CD are ;

therefore it is in that plane.

Wherefore, iftwo straight lines &c. q.e.d.
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PEOPOSITION 8. THEOREM.

If two straight lines he parallel, and one of them he at

right angles to a plane, the other also shall he at right
angles to the same plane.

Let AB, CD be two parallel straight lines
;
and let one

of them AB be at right angles to a plane : the other CD
shall be at right angles to the same plane.

Let AB, CD meet the plane
at the points B, D ; join BD ;

therefore AB, CD, BD are in

one plane. [XI, 7.

In the plane to which ^i? is at

right angles, draw DE at right

angles to BD; [1. 11.

make DE equal to AB
; [L 3.

andjoin^JS^, ^^, ^i>.

Then, because -4^ is at right

angles to the plane, [Hypothesis.

it makes right angles with every straight line meeting it

in that plane ; [XI. Definition 3.

therefore ea,ch of the angles ABD, ABE is a right angle.

And because the straight line BD meets the parallel

straight lines AB, CD,
the angles ABD, CDB are together equal to two right

angles, [I. 29.

But the angle ABD is a right angle, [Hj/2)othesis.

therefore the angle CDB is a right angle ;

that is, CD is at right angles to BD.
And because ^^ is equal to ED, [Construction.

and BD is common to the two triangles ABD, EDB ;

the two sides AB, BD are equal to the two sides ED, DB,
each to each ;

and the angle ABD is equal to the angle EDB, each of

them being a right angle; [Axiom 11.

therefore the base ^Z> is equal to the base EB. [I. 4.

Again, because ^^ is equal to ED, [Construction.

and BE has been shewn equal to DA,
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[XI. 4.

the two sides AB, BE are equal to the two sides ED^ DA,
each to eacli

;

and the base ^^ is common to the two
triangles ABE, EDA ;

therefore the angle ABE is equal to
the angle ADE. [I. 8.

But the angle ABE is a right angle ;

therefore the angleADE is a right angle ;

that is, ED is at right angles to AD.
ButED is atrightangles toBD, [ConM.

therefore ED is at right angles to the

plane which passes through BD, DA,
and therefore makes right angles with every straight line

meeting it in that plane. [XI. Definition 3.

But CD is in the plane passing through BD, DA, because
all three are in the plane in which are the parallels AB, CD;
therefore ED is at right angles to CD,
and therefore CD is at right angles to ED.

But CD was shewn to be at right angles to BD
;

therefore CD is at right angles to the two straight lines

BD, ED, at the point of their intersection D,
and is therefore at right angles to the plane passing
through BD, ED, [XI. 4,

that is, to the plane to which ^J5 is at right angles.

"Wherefore, if two straight lines &c. q.e.d.

PEOPOSITION 9. TnEOREM.
Two straight lines which are each of them parallel to

the same straight line, and not in the same plane with it,

are parallel to one another.

Let AB and CD be each of them parallel to EF, and
not in the same plane with it :

AB shall be parallel to CD.
In EF take any point G ;

in

the plane passing through EF
andAB, drawfrom G the straight e ^ ^F

line GHdii right angles to EF;
and in the plane passing throughEF and CD, draw from G the

A H
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straight line 6^A" at right angles to EF. [I. n.

Then, because EF is at right angles to GH and
GK, [Construction.

EF is at right angles to the plane HGK passing through
them. [XI. 4.

And EF is parallel to AB
; [Hypothesis.

therefore ^^ is at right angles to the plane HGK. [XI. 8.

For the same reason CD is at right angles to the plane
HGK. •

,

Therefore AB and CD are both at right angles to the
plane HGK.
Therefore AB'i% parallel to CD.

Wherefore, iftwo straight lines &c. q.e.d.

[XI. 6.

PROPOSITION 10. THEOREM.

If two straight lines meeting one another he parallel to

two others that meet one another, and are not in the same
plane with the first two, the first two and the other two
shall contain equal angles.

Let the two straight lines AB, BC, which meet one an-

other, be parallel to the two straight lines DE, EF, which
meet one another, and are not in the same plane with

AB, BC: the angle ABC shall be equal to the angle DEF.
Take BA, BC, ED, EF^W equal to

one another, and join AD, BE, CF,
AC, DF.

Then, because AB \& equal and
parallel to DE,
thereforeAD is equal and parallel to
BE. [1. 33.

For the same reason, CF is equal
and parallel to BE.

Therefore AD and CF are each of
them equal and parallel to BE.
Therefore AD h parallel to CF, [XL 9.
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and AD is also equal to

CF, [Axiom 1.

Therefore ^C is equal and

parallel to DF. [I. 33.

And because AB, BG
are equal to DE, EF, each

to each,

and the base AC \9, equal to

the base DF,
therefore the angle ABC is

equal to the angle DEF. [I. 8.

Wherefore, if two straight lines &c. Q.E.D.

PROPOSITION 11. PROBLEM.

To draw a straight line perpendicular to a given plane^

from a given point without it.

Let A be the given point without the plane BH: it is

required to draw from the point A a straight line perpen-
dicular to the plane BH.

Draw any straight line

BC in the plane BH, and
from the pomt A draw AD
perpendicular to BC. [1. 12.

Then if^D be also perpen-
dicular to the plane BH,
the thing required is done.

But, if not, from the point
D draw, in the plane BH,
the straight line DE at

right angles to BC, [T. 11.

and from the point A draw AF perpendicular to DE. [1. 12.

AF shall be perpendicular to the plane BH.
Through F draw (^i/ parallel to BO. [I. 31.

Then, because BC is at right angles to ED and DA, [Constr.

BC ia at right angles to the plane passing through ED
and DA. [XI. 4.

And GH is parallel to BC; [Construction.
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therefore GH is at right angles to the plane passing

through ED and DA
; [XI. 8.

therefore GH makes right angles with every straight line

meeting it in that plane. [XI. Definition 3.

But yli^ meets it, and is in the plane passing through ED
and DA

;

therefore GHis at right angles to AF,
and therefore AFisai right angles to GH.

But ^i^is also at right angles to DE; [Construction.

therefore AF is at right angles to each of the straight
lines GH and DE at the point of their intersection

;

therefore ^i^ is perpendicular to the plane passing through
GH and DE, that is, to the plane EH. [XI. 4.

Wherefore,./rom the given point A, without the plane
BH, the straight line AF has been draton perpendicular
to the plane, q.e.f.

PROPOSITION 12. PROBLEM.

To erect a straight line at right angles to a given plane,
from a given point in the plane.

Let A be the given point in the given plane : it is re-

quired to erect a straight line from the point A, at right

angles to the plane.

From any point B without the

plane, draw BC perpendicular to

the plane; [XI. 11.

and from the point A draw AD
parallel to BG, [I. 31.

AD shall be the straight line re-

quired. /
—

For, because AD and BC are /

two parallel straight lines, [Con^tr.
'-

and that one of them BG is at

7

right angles to the given plane, [Construction.

the other ^Z> is also at right angles to the given plane. [XI. 8,

Wherefore a straight line has been erected at right an-

gles to a given plane,from a given point in it. q.e.f.



234 EUCLID'S EZEMENTS.

PROPOSITION 13. THEOREM.

From the same point in a given plane, tJiere cannot he

two straight lines at right angles to the plane, on the same
side of it; and there can he hut one perpendicular to a
planefrom, a point without the plane.

For, if it be possible, let the two straight lines AB,AO
be at right angles to a given plane, from the same point A
in the plane, and on the same side of it.

Let a plane pass through
BA, AC;
the common section of this

with the given plane is a

straight line
; [XI. 3.

let this straight line be DAE.
Then the three straight lines AB, AC, DAE are

all in one plane.

And because CA is at right angles to the plane, [Hypothesk.

it makes right angles with every straight line meeting it

in the plane. [XI. Definition 3.

But DAE meets CA, and is in that plane ;

therefore the angle CAE is a right angle.

For the same reason the angle BAE is a right angle.

Therefore the angle CAE is equal to the angle^^^; [Ax.ll.

and they are in one plane ;

which is impossible. [Axiom 9.

Also, from a point without the plane, there can be but
one perpendicular to the plane.

For if there could be two, they would be parallel to one
another, [XI. 6.

w^hich is absurd.

Wherefore,/rom the same point &c. q.e.d.
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PROPOSITION 14. THEOREM.

Planes to which the same straight line is perpendicular
are parallel to one another.

Let the straight line AB he perpendicular to each of
the planes CD and EF: these planes shall be parallel to
one another.

For, if not, they will meet one
Smother when produced ;

let them meet, then their com-
mon section will be a straight

line;

let GH be this straight line
;
in

it take any point K, and joir
AK, BK.

^

Then, because AB is perpen-
dicular to the plane EF, {Hyp.

it is perpendicular to the straight
line BK which is in that

plane ; [XI. Definition 8.

therefore the angle ABK\& a right angle.
For the same reason the angle BAK is a right angle.
Therefore the two angles ABK, BAK of the triangleABKare equal to two right angles;

which is impossible. rj 17
Therefore the planes CD and EF, though produced do
not meet one another

;

'

that is, they are parallel.

Wherefore, planes &c. q.e.d.

[XI. Definition 8.

PROPOSITION 15. THEOREM.

If two straight lines which meet one another, he parallel
to two other straight lines which meet one another, hut
are not in the same plane with the first two, the plane pass-
ing through these is parallel to the plane passing through
th^ others.
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Let ABy BC, two straight lines which meet one another,
be parallel to two other straight lines DE, EF, which meet
one another, but are not in the same plane with AB^ BC\
the plane passing through AB, BC, shall be parallel to the

plane passing through DE, EF.

From the point B draw BG
perpendicular to the plane pass-

ing through DE, EF, [XI. 11.

and let it meet that plane at G
;

through G draw GH parallel to

ED, and G^^parallel toEF. [1.31.

Then, because BG is per-

pendicular to the plane passing

through DE, EF, [Construction.

it makes right angles with every straight line meeting it

in that plane ; [XI. Definition 3.

but the straight lines Gil and GK meet it, and are in that

plane ;

therefore each of the angles BGH and BGK is a right

angle.

Now because BA is parallel to ED, [ffypothesis.

and GH is pai-allel to ED, [Construction.

therefore BA is parallel to GH
; [XI. 9.

therefore the angles ABG and BGH are together equal
to two right angles. [I. 29.

And the angle BGH has been shewn to be a right angle ;

therefore the angle ABG is a right angle.

For the same reason the angle CBG is a right angle.

Then, because the straight line GB stands at right
angles to the two straight lines BA, BC, at their point of
intersection B,

therefore GB is perpendicular to the plane passing througrh

BA,BC
"^

[XI. 4.

And GB is also perpendicular to the plane passing through
DE, EF. [Cons.'ruction.
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But planes to which the same straight line is perpendicular
are parallel to one another

; [XI. 14.

therefore the plane passing through AB, BG is parallel to

the plane passing through DE, EF.

Wherefore, iftwo straight lines &c. q e.p.

PROPOSITION 16. THEOMEM.

If two parallel planes be cut by another plane, their
common sections with it are parallel.

Let the parallel planes AB, CD be cut by the plane
EFHG, and let their common sections with it be EF,
QH: EF shall be parallel to GH.

For if not, EF and GH, being produced, will meet
cither towards F, H, or towards E, G. Let them be pro-
duced and meet tow^ards F, H at the point K.

Then, since EFK is in the

plane AB, every point iuEFK
is in that plane ; [XI. 1.

therefore K is in the plane
AB.
For the same reason K is in

the plane CD.

Therefore the planes AB, CD,
being produced, meet one an-

other.

But they do not meet, since they are parallel by hypothesis.

Therefore EF and GH, being produced, do not meet to-

wards F, H.

In the same manner it may be shewn that they do not

meet towards E, G.

But straight lines which are in the same plane, and which

being produced ever so far both ways do not meet arc

parallel ;

therefore EF is parallel to GH.

Wherefore, if two parallelplanes &c. q.e.d.
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PROPOSITION 17. THEOREM.

If two straight lines be ait by parallel planes, they
shall be cut in the same ratio.

Let the straight lines AB and CD be cut by the pa-
rallel planes GH, KL, MN, at the points A, E, B, and
C,F,D: AE shall be to EB as CF is to FD.

Join AC,BD,AD; let

AD meet the plane KL
at the point X ;

and join

EX, XF.
Then, because the two

parallel planes KL, MN are
cut by the plane EBDX,
the common sections EX,BD are parallel ; [XI. 16.

and because the two pa-
rallel planes GH, KL are

cut by the plane AXFC,
the common sections AC,
XF are parallel. [XT. 16.

And, because EX is parallel to BD, a side of the

triangle ABD,
therefore ^^ is to ^i? as ^X is to XD. [VI. 2.

Again, because XFis parallel to AC, a side of the triangle

ADC,
therefore AX is to XD as CF is to FD. [VI. 2.

And it was shewn that AX is to XD as AE is to EB ;

therefore AE is to EB as CF is to FD. [V. 11.

Wherefore, if two straight lines &c. q.e.d.

PROPOSITION 18. THEOREM.

If a straight line be at right angles to a plane, every

plane which passes through it shall be at right angles to

that plane.

Let the straight line A^B be at right angles to the

plane CK : every plane which passes through AB shall be
at right angles to the plane CK.

/^
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Let the two planes BA, BC be each of them perpen-
dicular to a third plane, and let BD be the common section

of the planes BA, BG : BD shall be perpendicular to tiio

third plane.

For, if not, from the point 2>,

draw in the plane BA, the straight
line DE at right angles to AD,
the common section of the plane
BA with the third plane ; [1. 11.

and from the point Z>, draw in the

plane BC, the straight line DF at

right angles to CD, the common
section of the plane BC with the
third plane. [I. 11.

Then, because the plane BA is

perpendicular to the third plane, [Hypothesis.

and DE is drawn in the plane BA at right angles to ^Z>
their common section

; [Construction,

therefore DEis perpendicular to the third plane. [XI. Def. 4.

In the same manner it may be shewn that DE is per-

pendicular to the third plane.

Therefore from the point D two straight lines are at

right angles to the third plane, on the same side of it;

which is impossible. [XI. 13.

Therefore from the point D, there cannot be any straight
line at right angles to the third plane, except BD the com-
mon section of the planes BA, BC;
therefore BD is perpendicular to the third plane.

Wherefore, if two planes &c. q.e.d.

PROPOSITION 20. THEOREM.

Ifa solid angle be contained by three plane angles, any
two of them are together greater than the third.

Let the solid angle at A be contained by the three

plane angles BAC, CAD, DAB: any two of them shall bo

together greater than the third.

If the angles BAC, CAD, DAB be all equal, it is

evident that any two of them are greater than the third.



BOOK XL 20. 241

If they are not all equal, let

BAG be that angle which is not
less than either of the other two, and
is greater than one of them, BAD.
At the point Ay in the straight line

BA, make, in the plane which passes

through BA, AC, the angle 5^^
equal to the angle ^^D; [1.23.

^ ^ ^

make AE equal to ^Z>
; [I. 3.

through E draw BEG cutting AB, AG a.t the points -S, C;
and join DB, BG.

Then, because ^Z> is equal to AE, [Construction.

and ABis. common to the two triangles BAB, BAE,
the two sides BA, AD are equal to the two sides BA, AE,
each to each

;

and the angle BAD is equal to the angle BAE; [Constr.

therefore the base BD is equal to the base BE. [I. 4.

And because BD, DG are together greater than

BC, [1. 20.

and one of them BD has been shewn equal to BE a part
of^C,
therefore the other DG is greater than the remaining
part EG.

And because AD is equal to AE, [Construction.

and AG is common to the two triangles DAG, EAG,
but the base DG is greater than the base EG;
therefore the angle DAG is greater than the angle
EAG. [I. 25.

And, by construction, the angle BAD is equal to the

angle BAE ;

therefore the angles BAD, DAG are together greater
than the angles BAE, EAG, that is, than the angle BAG.

But the angle BAG is not less than either of the angles

BAD, DAG;
therefore the angle BAG together with either of the other

angles is greater than the third.

Wherefore, if a solid angle &c. q.e.d.

16
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PROPOSITION 21. THEOREM.

Every solid angle is contained by plane angles, which
are together less tlianfour right angles.

First let the solid angle at A be contained bv three

plane angles BAG, CAD, DAB: these three shall bo

together less than four right angles.

In the straight lines AB,AC,AD
take any points B, C, D, and join BO,
CD, DB.

Then, because the solid angle at

B is contained by the three plane
angles CBA, ABD, DBO, any two
of them are together greater than the

third, [XI. 20.

therefore the angles CBA, ABD are

together greater than the angle DBC.
For the same reason, the angles BCA, ACD are together

greater than the angle DCB,
and the angles CDA, ADB are together greater than the

angle BDC.
Therefore the six angles CBA, ABD, BCA, ACD, CDA,
ADB are together greater than the three angles DBC,
DCB, BDC;
but the three angles DBC, DCB, BDC are together equal
to two right angles. [I. 32.

Therefore the six angles CBA, ABD, BCA, ACD, CDA,
ADB are together greater than two right angles.

And, because the three angles of each of the triangles

ABC, ACD, ADB are togetlicr equal to two right

angles, [1. 32.

therefore the nine angles of these triangles, namely, the

angles CBA, BAC, ACB, ACD, CDA, CAD, ADD,
DBA, DAB are equal to six right angles ;

and of these, the six angles CBA, ACB, ACD, CDA,
ADB, DBA are greater than two right angles,

therefore the remaining three angles BAC, CAD, DAB,
which contain the solid angle at A, are together less thsui

four right angles.
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Next, let the solid angle at A be contained by any
number of plane angles BAG, CAD, DAE, EAF, FAB :

these shall be together less than four right angles.

Let the planes in which the an-

gles are, be cut by a plane, and let

the common sections of it with those

planes be BC, CD, DE, EF, FB.

Then, because the solid angle at
B is contained by the three plane
angles CBA, ABF, FBC, any two
of them are together greater than
the third, [XL 20.

therefore the angles CBA, ABF
are together greater than the angle
FBC.
For the same reason, at each of the points C, D, E, F, the
two plane angles which are at the bases of the triangles

having the common vertex A, are together greater than
the third angle at the same point, which is one of the

angles of the polygon BCDEF.
Therefore all the angles at the bases of the triangles are

together greater than all the angles of the polygon.
Now all the angles of the triangles are together equal

to twice as many right angles as there are triangles, that

is, as there are sides in the polygon BCDEF ; [I. 32.

and all the angles of the polygon, together with four right

angles, are also equal to twice as many right angles as

there'are sides in the polygon; [I. 32, Corollary 1.

therefore all the angles of the triangles are equal to all the

angles of the polygon, together with four right angles. {Ax. 1.

But it has been shewn that all the angles at the bases

of the triangles are together greater than all the angles of

the polygon ;

therefore the remaining angles of the triangles, namely,
those at the vertex, which contain the solid angle at A, are

together less than four right angles.

Wherefore, every solid angle &c. q.e.d.

16-2
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LEMMA.

D

Iffrom the greater of two unequal magnitudes there

he taken m,ore than its half, <^^<^ from, the remainder
m,ore than its half and so on, there sJiall at length re-

main a m,a^nitude less than the smaller of the proposed
magnitudes.

Let AB and C be two unequal magnitudes, of which
AB'i's, the greater: if from AB there be taken more than
its half, and from the remainder more than its half, and so

on, there shall at length remain a magnitude less than G.

For G may be multiplied so as at length
to become greater than AB.

Let it be so multiplied, and let DE its

multiple be greater than AB, and let DE
be divided into DF, FG, GE, each equal
to a

From AB take BH, greater than its

half, and from the remainder AH take HK
gi*eater than its half, and so on, until there

be as many divisions in ^5 as in DE
;
and

let the divisions in AB he AK, KH, HB,
and the divisions in DE be DF, FG, GE.

K

H

B C E

Then, because DE is greater than AB
;

and that EG taken from DE is not greater than its half
;

but ^jfiT taken from AB \s, greater than its half;

therefore the remainder DG is greater than the remainder
AIL
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Again, because DGi% greater than AH;
and that GF is not greater than the half of DG, but HK
is greater than the half of AH;
therefore the remainder DF is greater than the remainder
AK.

But J5i^ is equal to C;
therefore (7 is greater than AK;
that is, ^iT is less than G. q.e.d.

And if only the halves be taken away, the same thing may
in the same way be demonstrated.

PROPOSITION 1. THEOREM.
Similar polygons inscribed in circles are to one another

as the sqicares on their diameters.

Let ABODE, FGHKL be two circles, and in them
the similar polygons ABODE, FGHKL

;
and let BM,GN be the diameters of the circles : the polygon ABODE

shall be to the polygon FGHKL as the square on BM is

to the square on GM.

I
Join AM, BE, FN, GL.

Then, because the polygons are similar,

therefore the angle BAE is equal to the angle GFL,
and BA i^to AE as GF is to FL. [VI. Definition 1.

Therefore the triangle BAE is equiangular to the triangle
GFL

;

'

[VI. 6.

therefore the angle AEB is equal to the angle FLG.
But the angle AEB is equal to the angle AMB, and the

angle FLG is equal to the angle FNG ; [III. 21.

therefore the angle AMB is equal to the angle FNG.
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And the angle BAM is equal to the angle GFN, for

each of them is a right angle. [III. 3i.

Therefore the remaining angles in the triangles AMB,
FNG are equal, and the triangles are equiangular to one
another

;

therefore BA is to BM as GF is, to GN, [VI. 4.

and, alternately, BA is to GF as BM is to GN-, [V. 16.

therefore the duplicate ratio of BA to GF is the same as

the duplicate ratio ofBM to GN. [V. Definition 10, V. 22.

But the polygon ABODE is to the polygon FGHKL
in the duplicateVatio of BA to GF

-, [VI. 20.

and the square on BM is to the square on GN in the du-

plicate ratio ofBM to GN
; [VI. 20.

therefore the polygon ABCDE is to the polygon FGHKL
as the square on BM is to the square on GN [V. 11.

Wherefore, similar polygons &c. q.e.d.

PROPOSITION 2. THEOREM.

Circles are to one another as the squares on their

diameters.

Let ABCD, EFGH be two circles, and BD, FH their

diameters : the circle ABCD shall be to the circle EFGH
as the square on BD is to the square on FH.

For, if not, the square on BD must be to the square on
FH as the circle ABCD is to some space either less

than the circle EFGH, or greater than it.

First, if possible, let it be as the circle ABCD is to a

space S less than the circle EFGH.



BOOK XII. 2. 247

In the circle EFGH'm&cnhQ the square EFGH. [IV. 6.

This square shall be greater than half of the circle EFGH.

For the square EFGH is half of the square which can
be formed by drawing straight lines to touch the circle at

the points E, F, G, H -,

and the square thus formed is greater than the circle ;

therefore the square EFGH is greater than half of the

circle.

Bisect the arcs EF, FG, GH, HE at the points K,

and join EK, KF, FL, LG, GM, MH, HN, NE. Then
each of the triangles EKF, FLG, GMH, HNE shall

be greater than half of the segment of the circle in which
it stands.

For the triangle EKF is half of the parallelogram
which can be formed by drawing a straight line to touch the

circle at K, and parallel straight lines through E and F,

and the parallelogram thus formed is greater than the

segment FEK; therefore the triangle EKF is greater than
half of the segment.

And similarly for the other triangles.

Therefore the sum of all these triangles is together greater
than half of the sum of the segments of the circle in which

they stand.

Again, bisect EK, KF, &c. and form triangles as before ;

then the sum of these triangles is greater than half of the

sum of the segments of the circle in which they stand.
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If this process be continued, and the triangles be sup-

posed to be taken away, there will at length remain seg-
ments of circles which are together less than the excess of

the circle EFGH above the space S, by the preceding
Lemma.

Let then the segments EK, KF, FL, LG, GM, MH,
HN, NE be those which remain, and which are together
less than the excess of the circle above S ;

therefore the rest of the circle, namely the polygon
EKFLGMHN, is greater than the space S.

In the c\yq\qABCD describe the polygonAXBOCPDR
similar to the polygon EKFLGMHN.

Then the polygon AXBOCPDR is to the polygonEKFLGMHN as the square on BD is to the square on

FH, [XII. 1.

that is, as the circle ABCD is to the space S. [Hyp., V. 11.

But the polvgon AXBOCPDR is less than the circle

ABCD in which it is inscribed,

therefore the polygon EKFLGMHN is less than the

space /S'; [V. 14.

but it is also greater, as has been shewn
;

which is impossible.

Therefore the square on BD is not to the square on
FH as the circle ABCD is to any space less ihan the
circle EFGH

In the same way it may be shewn that the square on
FH is not to the square on BD as the circle EFGH is to

any space less than the circle ABCD.

Nor is the square on BD to the square on FH as
the circle ABCD is to any space greater than the circle

EFGH.

For, if possible, let it be as the circle ABCD is to a space
T greater than the circle EFGH.

Then, inversely, the square on FH is to the square on BD
as the space T'is to the circle ABCD.
But as the space T is to the circle ABCD so is the circle

EFGH to some space, which must be less than the circle
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ABCD, because, by hypothesis, the space T is greater
than the circle EFGH. [V. 14.

Therefore the square on FH is to the square on BD as

the circle EFGH is to some space less than the circle

ABCD;
which has been shewn to be impossible.

Therefore the square on BD is not to the square on FH
as the circle ABCD is to any space greater than the circle

EFGJI.

And it has been shewn that the square on BD is not
to the square on FH as the circle ABCD is to any space
less than the circle EFGH.
Therefore the square on BD is to the square on FH as the
circle ABCD is to the circle EFGH,

Wherefore, circles &c. q.e.d.



NOTES ON EUCLID'S ELEMENTS.

The article Eucleides ia Dr Smith's Dictionary of Greek and

Roman Biography was written by Professor De Morgan ;
it

contains an account of the works of Euclid, and of the various

editions of them which have been published. To that article we

refer the student who desires full information on these subjects.

Perhaps the only work of importance relating to Euclid which

has been published since the date of that article is a work on the

Porisms of Euclid by Chasles
; Paris, i860.

Euclid appears to have lived in the time of the first Ptolemy,

B.C. 323—283, and to have been the founder of the Alexandrian

mathematical school. The work on Geometry known as The

Mements of Euclid consists of thirteen books
;
two other books

have sometimes been added, of which it is supposed that Hypsicles
was the author. Besides the Elements, Euclid was the author of

other works, some of which have been preserved and some lost.

We will now mention the three editions which are the most

valuable for those who wish to read the Elements of Euclid in the

original Greek.

(i) The Oxford edition in folio, published in 1703 by David

Gregory, under the title 'EvKXeidou to. (rcoi;'6/x€va. "As an edition

of the whole of Euclid's works, this stands alone, there being no

other in Greek." De Morgan.

(2) Euclidis Elementorum Lihri sex priores...€didit Joannes

Gulielrmis Camerer. This edition was pubUshed at Berlin in two

volumes octavo, the first volume in 1824 and the second in 1825.

It contains the first six books of the Elements in Greek with a

Latin Translation, and very good notes which form a mathema-

tical commentary on the subject.

(3) Euclidis Elementa ex optimis libris in usum tironum

Greece edita ab Ernesto Ferdinando August. This edition was

published at Berlin in two volumes octavo, the first volume in

1826 and the second in 1829. It contains the thirteen books of

the Elements in Greek, with a collection of various readings.
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A third volume, which was to have contained the remaining
works of Euclid, never appeared.

" To the scholar who wants
one edition of the Elements we should decidedly recommend this,

as bringing together all that has been done for the text of

Euclid's greatest work.
" De Morgan.

An edition of the whole of Euclid's works in the original has

long been promised by Teubner the well-known German publisher,
as one of his series of compact editions of Greek and Latin

authors
; but we believe there is no hope of its early appearance.

Robert Simson's edition of the Elements of Euclid, which

we have in substance adopted in the present work, differs con-

siderably from the original. The English reader may ascertain

the contents of the original by consulting the woi-k entitled The
JElements of Euclid with dissertations... by James Williamson.

This work consists of two volumes quarto ;
the first volume was

jiublished at Oxford m 1781, and the second at London in 1788.
Williamson gives a close translation of the thirteen books of the

Elements into English, and he indicates by the use of Italics the

words which are not in the original but which are required by
our language.

Among the numerous works which contain notes on the

Elements of Euclid we will mention four by which we have been

aided in drawing up the selection given in this volume.

An Examination of the first six Books of Euclid''s Elements by
William Austin... Oxford, 1781.

Euclid's Elements of Plane Geometry with copious notes...hy
John Walker. London, 1827.

The first six books of the Elements of Euclid with a Commen-

tary. ..hy Dionysius Lardner, fourth edition. London, 1834.

Short supplementary remarks on the first six Books of Euclid's

Elements, by Piofessor De Morgan, in the Companion to the

Almanac for 1849.
We may also notice the following works:

Geometry, Plane, Solid, and Spherical,...London 1830; this

forms part of the Library of Useful Knowledge.
Theoremes et ProbUmes de Geometric Elemintaire par Eugene

Catalan... Troisieme edition. Paris, 1858.
For, the History of Geometry the student is referred to

Montucla's Histoire des Mathematiques, and to Chasles's Apergu
historique sur Vorigine et le developpement des Methodes en Q4o-

mtrie...
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THE FIRST BOOK.

Definitions. The first seven definitions have given rise to con-

siderable discussion, on which however we do not propose to enter.

Such a discussion would consist mainly of two subjects, both of

which are unsuitable to an elementary work, namely, an exami-

nation of the origin and nature of some of our elementary ideas,

and a comparison of the original text of Euclid with the substitu-

tions for it proposed by Simson and other editors. For the former

subject the student may hereafter consult Whewell's History of

Scientific Ideas and Mill's Logic, and for the latter the notes in

Camerer's edition of the Elements of Euclid.

We will only observe that the ideas which correspond to the

words "point, line, and surface, do not admit of such definitions as

will really supply the ideas to a person who is destitute of them.

The so-called definitions may be regarded as cautions or restric-

tions. Thus a point is not to be supposed to have any size, but

only position; a line is not to be supposed to have any breadth or

thickness, but only length ;
a surface is not to be supposed to have

any thickness, but only length and breadth.

The eighth definition seems intended to include the cases in

which an angle is formed by the meeting of two curved lines, or

of a straight line and a curved line
;
this definition however is of

no importance, as the only angles ever considered are such as are

formed by straight lines. The definition of a plane rectilineal

angle is important ;
the beginner must carefully observe that no

change is made in an angle by prolonging the lines which form

it, away from the angular point.

Some writers object to such definitions as those of an eqm-
lateral triangle, or of a square, in which the existence of the

object defined is assumed when it ought to be demonstrated. They
would present them in such a form as the following: if there be

a triangle having three equal sides, let it be called an equilateral

triangle.

Moreover, some of the definitions are introduced prematurely.

Thus, for example, take the definitions of a i-ight-angled triangle

and an obtuse-angled triangle ;
it is not shewn until I. 1 7, that

a triangle cannot have both a right angle and an obtuse angle,

and so cannot be at the same time right-angled and obtuse-

angled. And before Axiom 1 1 has been given, it is conceivable
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that the same angle may be greater than one right angle, and
less than another right angle, that is, obtuse and acute at the

same time.

The definition of a square assumes more than is necessary.
For if a four-sided figure have all its sides equal and one angle a

right angle, it may be shewn that all its angles are right angles ;

or if a four-sided figure have all its angles equal, it may be shewn
that they are all right angles.

Postulates. The postulates state what processes we assume
that we can effect, namely, that we can draw a straight line

between two given points, that we can produce a straight line to

any length, and that we can describe a circle from a given centre

with a given distance as radius. It is sometimes stated that the

postulates amount to requiring the use of a ruler and compasses.
It must however be observed that the ruler is not supposed to

be a graduated ruler, so that we cannot use it to measure off

assigned lengths. And we do not require the compasses for any
other process than describing a, circle from a given point with a

given distance as radius ;
in other words, the compasses may be

supposed to close of themselves, as soon as one of their points is

removed from the paper.
Axioms. The axioms are called in the original Common

Notions. It is supposed by some writers that Euclid intended

his postulates to include all demands which are peculiarly geo-

metrical, and his common notions to include only such notions

as are applicable to all kinds of magnitude as well as to space

magnitudes. Accordingly, these writers remove the last three

axioms from their place and put them among the postulates ;

and this transposition is supported by some manuscripts and

some versions of the Elements.

The fourth axiom is sometimes referred to in editions of

Euclid when in reahty more is required than this axiom ex-

presses. Euclid says, that if A and B be unequal, and and D
equal, the sum of A and C is unequal to the sum of ^ and D.

What Euclid often requires is something more, namely, that if

A be greater than B, and C and D be equal, the sum of A and

C is greater than the sum of B and D. Such an axiom as this is

required, for example, in I. 17. A similar remark appUes to the

fifth axiom.

In the eighth axiom the words "that is, which exactly fill

the same space," have been introduced without the authority of
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the original Greek. They are objectionable, because lines and

angles are magnitudes to which the axiom may be applied, but

they cannot be said io fill apace.

On the method of superposition we may refer to papers by
Professor Kelland in the Transactions of the Royal Society of

Edinburgh, Vols, xxi, and xxiil.

The eleventh axiom is not required before I. 14, and the

twelfth axiom is not required before I. •29 ;
we shall not consider

these axioms until we arrive at the propositions in which they are

respectively required for the first time.

The first book is chiefly devoted to the properties of triangles
and parallelograms.

We may observe that Euclid himself does not distinguish
between problems and theorems except by using at the end of

the investigation phrases which correspond to q.e.f. and Q.E.D.

respectively.
I. 2. This problem admits of eight cases in its figure. For

it will be found that the given point may be joined with either

end of the given straight line, then the equilateral triangle may
be described on either side of the straight line which is drawn,
and the sides of the equilateral triangle which are produced may be

produced through either extremity. These various cases may be

left for the exercise of the student, as they present no difficulty.

There will not however always be eight different straight fines

obtained which solve the problem. For example, if the point A
falls on £0 produced, some of the solutions obtained coincide

;

this depends on the fact which follows from I. 32, that the angles
of all equilateral triangles are equal.

I. 5. "Join FC" Custom seems to allow this singular ex-

pression as an abbreviation for "draw the straight line jPC," or

for "join F io hy the straight line FC"
In comparing the triangles BFC, CGB, the words ** and the

base BC is common to the two triangles BFC, CGB" are usually

inserted, with the authority of the original. As however these

words are of no use, and tend to perplex a beginner, we have

followed the example of some editors and omitted them.

A corollary to a proposition is an inference which may be

deduced immediately from that proposition. Many of the corol-

laries in the Elements are not in the original text, but intror

duced by the editors.
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It hfi'^ been suggested to demonstrate I. 5 by superposition.
Conceive the isosceles triangle A BO to be taken up, and then re-

placed so that AB falls on the old position of AC, and J (7 falls

on the old position of ^^. Thus, in the manner of I. 4, we can

shew that the angle ABC is equal to the angle ACB.
I. 6 is the converse of part of I. 5. One proposition is said to

be the converse of another when the conclusion of each is the

hypothesis of the other. Thus in I. 5 the hypothesis is the

equality of the sides, and one conclusion is the equality of the

angles; in I. 6 the hypothesis is the equality of the angles
and the conclusion is the equality of the sides. When there is

more than one hypothesis or more than one conclusion to a pro-

position, we can form more than one converse proposition. For

example, as another converse of I. 5 we have the following: if

the angles formed by the base of a triangle and the sides pro-
duced be equal, the sides of the triangle are equal; this pro-

position is true and will serve as an exercise for the student.

The converse of a true proposition is not necessarily true ;

the student however will see, as he proceeds, that Euclid shews
that the converses of many geometrical propositions are true.

I. 6 is an example of the indirect mode of demonstration, in

which a result is established by shewing that some absurdity
follows from supposing the required result to be untrue. Hence
this mode of demonstration is called the reductio ad absurdum.

Indirect demonstrations are often less esteemed than direct de-

monstrations
; they are said to shew that a theorem is true rather

than to shew why it is true. Euclid uses the reductio ad dbsur-

c?Mmv chiefly when he is demonstrating the converse of some
former theorem; see I. 14, 19, -25, 40.

Some remarks on indirect demonstration by Professor Syl-

vester, Professor De Morgan, and Dr Adamson will be found in

the volumes of the Philosophical Magazine for 1852 and 1853.

I. 6 is not required by Euclid before he reaches II. 4 ;
so that

I. 6 might be removed from its present place and demonstrated

hereafter in other ways if we please. For example, I. 6 might be

placed after I. 18 and demonstrated thus. Let the angle ABC be

equal to the angle ACB: then the side AB shall be equal to the

side A C. For if not, one of them must be greater than the other
;

suppose AB greater than AC. Then the angle ACB is greater
than the angle ABC, by I. 18. But this is impossible, because
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the angle ACB is equal to the angle ABC, by hypothesis. Or
I. 6 might be placed after 1. 16 and demonstrated thus. Bisect the

angle £A (7 by a straight line meeting the base at D. Then the

triangles ABD and A CD are equal in all respects, by I. 16.

I. 7 is only required in order to lead to I. 8. The two might
be superseded by another demonstration of 1,8, which has been

recommended by many writers.

Let ABC, DEF be two triangles, having the sides AB, AC
equal to the sides DB, DF, each to each, and the base BC
equal to the base EF : the angle BAC shall be equal to the angle
EDF.

A D

For, let the triangle DEF be applied to the triangle ABC,
so that the bases may coincide, the equal sides be conterminous,
and the vertices fall on opposite sides of the base. Let 6BC
represent the tiiangle DEF thus applied, so that G corresponds
to D. Join AG. Since, by hypothesis, BA is equal to BG, the

angle BAG is equal to the angle BGA, hy 1. 5. In the same

manner the angle CAG is equal to the angle CGA. Therefore

the whole angle BACis equal to the whole angle BGC, that is,

to the angle EDF.
There are two other cases

;
for the straight line A G may pass

through B or C, or it may fall outside BC: "these cases may be

treated in the same manner as that which we have considered.

I. 8. It may be observed that the two triangles in I. 8 are

equal in all respects ; Euclid however does not assert more than

the equality of the angles opposite to the bases, and when he

requires more than this result he obtains it by using I. 4.

I. 9. Here the equilateral triangle DEF is to be described

on the side remote from A, because if it were described on the

same, side, its vertex, jP, might coincide with A, and then the

construction would fail.
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I. II. Tlie corollary was added by SImson, It is liable to

serious objection. For we do not know how the perpendicular
BE is to be drawn. If we are to use I. ii we must produce AB,
and then we must assume that there is only one way of pro-

ducing AB^ for otherwise we shall not know that there is

only one perpendicular; and thus we assume what we have to

demonstrate.

iSimson's corollary might come after I. 13 and be demon-
strated thus. If possible let the two straight lines ABC, ABD
have the segment AB common to both. From the point B draw

any straight line BE. Then the angles ABE and EBC are equal
to two right angles, by I. 13, and the angles ABE ^\A EBB are

also equal to two right angles, by I. 13. Therefore the an-

gles ABE and EBC are equal to the angles ABE and EBB.
Therefore the angle EBG is equal to the angle EBB ;

which is

absurd.

But if the question whether two straight lines can. have a com-

mon segment is to be considered at all in the Elements, it might
occur at an earlier place than Simson has assigned to it. For

example, in the figure to I. 5, if two straight lines could have a

common segment AB, and then separate at B, wq should obtain
.

two different angles formed on the other side of BO by these

produced parts, and each of them would be equal to the angle
BCG. The opinion has been maintained that even in I. i, it is

tacitly assumed that the straight lines A C and BO cannot have a

common segment at O where they meet
;
see Camerer's Euclid,

pages 30 and 36.

Simson never formally refers to his corollary until XI. i.

The corollary should be omitted, and the tenth axiom should

be extended so as to amount to the following ;
if two straight

lines coincide in two points they must coincide both beyond and

between those points.

I. 12. Here the straight line is said to be of unlimited length,

in order that we may ensure that it shall meet the circle.

Euclid distinguishes between the terms at right angles and

perpendicular. He uses the term at right angles when the straight

line is drawn from a point in another, as in I. 11; and he uses

the term perpendicular when the straight line is drawn from a

point without another, as in I. 12. This distinction however

is often disregarded by modern writers.

I. 14. Here Euclid first requires his eleventh axiom. For

17
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in the demonstration we have the angles ABO and ABE equal to

two right angles, and also the angles ABC and ABD equal to

two right angles ;
and then the former two right angles are equal

to the latter two right angles by the aid of the eleventh

axiom. Many modern editions of Euclid however refer only to

the first axiom, as if that alone were sufficient
;
a similar remark

appUes to the demonstrations of I. 15, and I. 24. In these cases

we have omitted the reference purposely, in order to avoid per-

plexing a beginner ;
but when his attention is thus drawn to the

circumstance he will see that the first and eleventh axioms are

both used.

We may observe that errors, in the references with respect to

the eleventh axiom, occur in other places in many modern edi-

tions of Euclid, Thus for example in III. i, at the step "there-

fore the angle FDB is equal to the angle GBB,"" a reference is

given to the first axiom instead of to the eleventh.

There seems no objection on Euclid's principles to the fol-

lowing demonstration of his eleventh axiom.

Let AB be at right angles to DAC at the point A, and EF
at right angles to JIEG at the point E: then shall the angles BA
and FEG be equal.

D

Take any length A C, and raskeAD, EH, EG all equal to AC.
Now apply IIEG to DA C, so that // may be on D, and HG on

I)C, and B and F on the same side of DO; then G will coincide

with C, and E with A. Also EF shall coincide with AB
;
for if

not, suppose, if possible, that it takes ardifierent position as AK.
Then the angle DAK is equal to th€ angle HEF, and the angle

CAK to the angle GEF; but the angles HEF and GEF are equal,

by hypothesis; therefore the angles DAK and CAK are equaL
But the angles DAB and CAB are also equal, by hypothesis;
and the angle CAB is greater than the artgle CAK; there-
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fore the angle DAB is greater than the angle CAK. Much
more then is the angle DAK greater than the angle CAK. But
the angle DAK was shewn to be equal to the angle CAK;
which is absurd. Therefore ^F must coincide with AB; and

therefore the angle FEG coincides with the angle BAC, and is

equal to it.

I. 1 8, I. 19. In order to assist the student in remembering
which ofthese two propositions is demonstrated directly and which

indirectly, it may be observed that the order is similar to that

in I. 5 and I. 6.

I. 20. "Proclus, in his commentary, relates, that the Epi-
cureans derided Prop, ao, as being manifest even to asses, and

needing no demonstration ;
and his answer is, that though the

truth of it be manifest to our senses, yet it is science which

must give the reason why two sides of a triangle are greater
than the third: but the right answer to this objection against

this and the ^rst, and some other plain propositions, is, that the

number of axioms ought not to be increased without neces-

sity, as it must be if these propositions be not demonstrated."

Simson.

I. 21. Here it must be carefully observed that the two

straight lines are to be drawn from the ends of the side of the

triangle. If this condition be omitted the two straight lines will

not necessarily be less than two sides of the triangle.

I. '22.
" Some authors blame Euclid because he does not

demonstrate that the two circles made use of in the construction

of this problem must cut one another : but this is very plain from

the determination he has given, namely, that any two of the

straight lines DF, FG, GH, must be greater than the third.

For who is so dull, though only beginning to learn the Elements,

as not to perceive that the circle described from the centre F, at

the distance FD, must meet FH betwixt F and H, because FD
is less than FH

',
and that for the like reason, the circle de-

scribed from the centre G, at the distance 6'^...must meet

DG betwixt D and G] and that these circles must meet one

another, because FD and GH are together greater than FGV*
Simson.

The condition that B and C are greater than A, ensures that

the circle described from the centre G shall not fall entirely
within the circle described from the centre F; the condition that

A and B are greater than C, ensures that the circle described

17-2
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iVom the centre F shall not fall entirely witlnn the circle de-

scribed from the centre
;

the condition that A and C are

greater than B, ensures that one of these circles shall not fall

entirely without the other. Hence the circles must meet. It is

eafly to see this as Simson says, but there is something arbi-

trary in Euclid's selection of what is to be demonstrated and what
is to be seen, and Simson's language suggests that he was really
conscious of this.

I. 24. In the construction, the condition that DE is to be
the side which is not greater than the other, was added by
Simson ; unless this condition be added there will be three cases

to consider, for F may fall on EG, or ahove EG, or helow EG. It

may be objected that even if Simson's condition be added, it

ought to be shewn that F will fall hclow EG. Simson accordingly

says "...it is very easy to perceive, that DG being equal to DF,
the point G is in the circumference of a circle described from the

centre D at the distance DF, and must be in that part of it

which is above the straight line EF, because DG falls above DF,
the angle EDG being greater than the angle EDF.'''' Or we may
shew it in the following manner. Let II denote the point of

intersection of DF and EG. Then, the angle DUG is greater
than the angle DEG, by I. 16; the angle DEG is not less than

the angle DGE, by I. 19; therefore the angle DUG is greater
than the angle DGH. Therefore DII is less than DG, by I. 20.

Therefore DII is less than DF.
If Simson's condition be omitted, we shall have two other

cases to consider besides that in Euclid. If F falls on EG, it is

obvious that EF is less than EG. If F falls above EG, the sura

of DF and EF is less than the sum of DG and EG, by I. 21
;
and

therefore EF is less than EG.

. I. 26. It will appear after I. 32 that two triangles which
have two angles of the one equal to two angles of the other, each

to each, have also their third angles equal. Hence we are able

to include the two cases of I. 26 in one enunciation thus
; if two

triangles have all the angles of the one respectively equal to all the

angles of the other, each to each, and have also a side of the one,

opposite to any angle, equal to the side opposite to the equal angle
in the other, the triangles shall he equal in all respects.

The first twenty-six propositions constitute a distinct section



EUCLIUS ELEMENTS, 261

of the first Book of the Elements. Tlie principal results are

those contained in Propositions 4, 8, and 26
;
in each of these

Propositions it is shewn that two triangles which agree in three

respects agree entirely. There are two other cases which wdll

naturally occur to a student to consider besides those in Euclid
;

namely, (i) when two triangles have the three angles of the one

respectively equal to the three angles of the other, (2) when two

triangles have two sides of the one equal to two sides of the other,

each to each, and an angle opposite to one side of one triangle

equal to the angle opposite to the equal side of the other triangle.

In the first of these two cases the student will easily see, after

reading I. 29, that the two triangles are not necessarily equal.

In the second case also the triangles are not necessarily equal,

as may he shewn by an example; in the figure of I. 11, suppose
the straight line FB drawn; then in the two triangles FBE,
FED, the side FB and the angle FBC are common, and the side

FE is equal to the side FD, but the triangles are not equal in

all respects. In certain cases, however, the triangles will be

equal in all respects, as will be seen from a proposition which

we shall now demonstrate.

If two triangles have two sides of the one equal to two sides of

the other, each to each, and the angles opposite to a pair of equal

sides equal; then if the angles opposite to the other pair of equal

sides be loth acute, or both obtuse, or if one of them be a right

angle, the ttvo triangles are equal in all respects.

Let ABC and DEF be

two triangles ;
let ^ fi be

equal to DE, and BC equal
to EF, and the angle A
equal to the angle D.

First, suppose the angles

'C and F acute angles.

If the angle B be equal to the angle E, the triangles A BC,
DEF are equal in all respects, by I. 4. If the angle B be not

equal to the angle E, one of them must be greater than the

other; suppose the angle B greater than the angle E, and make
the angle ABG equal to the angle E. Then the triangles ABG,
DEF are equal in all respects, by I. 26; therefore BG is equal
to EF, and the angle BGA is equal to the angle EFB. But the

angle EFD is acute, by hypothesis ;
therefoi-e the angle BGA is

acute. Therefore the angle BGC is obtuse, by I. 13. But it has



262 NOTES ON

been shewn that BQ is equal to

EF] and EF is equal to BC,

by hypothesis ;
therefore BG is

equal to BG. Therefore the an-

gle BGC is equal to the angle

BCG, by I. 5 ;
and the angle

BCG is acute, by hypothesis;

therefore the angle BGC is acute.

But BGC was shewn to be ob-

tuse ^ which is absurd. Therefore the angles ABC, DEP are

not unequal; that is, they are equal. Therefore the triangles
A BC, DBF are equal in all respects, by I. 4.

Next, suppose the angles at C and F obtuse angles.
The demonstration is similar to the above.

Lastly, suppose one of the angles a right angle, namely, the

angle C, If the angle B be not equal to the angle E, make the

angle ABG equal to the angle E. Then it may be shewn, as

before, that BG is equal to BC, and therefore the angle BGC is

equal to the angle BCG, that is, equal to a right angle. There-

fore two angles of the triangle BGC are equal to two right

angles ;
which is impossible, by I. 17. Therefore the angles ABC

and DEF are not unequal ;
that is, they are equal. Therefore

the triangles ABC, DEF are equal in all respects, by I. 4.

If the angles A and D are both right angles, or both obtuse,

the angles C and F must be both acute, by I. 17. If ^^ is less

than BC, and DE less than EF, the angles at C and F must be

both acute, by I. 18 and I. 17,

The propositions from I. 27 to I. 34 inclusive may be said

to constitute the second section of the first Book of the Elements.

They relate to the theory of parallel straight lines. In I. 29 Euclid

uses for the first time his twelfth axiom. The theoiy of parallel

straight lines has always been considered the great difficulty

of elementary geometry, and many attempts have been made
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to overcome this difficulty in a better way than Euclid has done.
We shall not give an account of these attempts. The student who
wishes to examine them may consult Camerer's Euclid, Ger-

gonne's Annates de Matkemaliques, Volumes XV and xvi, the
work by Colonel PeiTonet Thompson entitled Geometry without

Axioms, the article Parallels in the English Cyclopcedia, a me-
moir by Professor Baden Powell in the second volume of the
Memoirs of the Ashmolean Society, an article by M. Bouniakofsky
in the Bulletin de VAcademic Imperiale, Volume v, St Peters-

bourg, 1863, articles in the volumes of the Philosophical

Magazine for 1856 and 1857, and a dissertation entitled Sur
un point de Vhisioire de la Geometrie chez les Grecs par
A. J. H. Vincent. Paris, 1857.

Speaking generally it may be said that the methods which
differ substantially from Euclid's involve, in the first place an
axiom as difficult as his, and then an intricate series of proposi-
tions

; while in Euclid's method after the axiom is once admitted
the remaining process is simple and clear.

One modification of Euclid's axiom has been proposed, which

appears to diminish the difficulty of the subject. This consists

in assuming instead of Euclid's axiom the following; tivo inter-

secting straight lines cannot he both parallel to a third straight line.

The propositions in the Eleinents are then demonstrated as in

Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with
Euclid up to the words, "therefore the angles BGH, GHD are

less than two right angles." We then infer that BGH and GHB
must meet: because if a straight line be drawn through G so as to

make the interior angles together equal to two right angles this

straight line will be parallel to CB, by I. 28
; and, by our axiom,

there cannot be two parallels to CB, both passing through G.

This form of making the necessary assumption has been
recommended by various eminent mathematicians, among whom
may be mentioned Playfair and De Morgan. By postponing
the consideration of the axiom until it is wanted, that is, until

after I. 28, and then presenting it in the foi-m here given, the

theory of parallel straight Unes appears to be treated in the easiest

manner that has hitherto been proposed.
I. 30. Here we may in the same way shew that if AB and

EF are each of them parallel to OB, they are parallel to each

other. It has been said that the case considered in the text is

80 obvious as to need no demonstration
\
for if ^^ and CB can
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never meet EF^ which lies between them, they cannot meet one

another.

I. 32. The corollaries to I. 32 were added by Simson. In
. the second corollary it ought to be stated what is meant by an
exterior angle of a rectilineal 6gure. At each angular point let

one of the sides meeting at that point be produced; then the

exterior angle at that point is the angle contained between this

produced part and the side which is not produced. Either of

the sides may be produced, for the two angles which can thus be

obtained are equal, by I. 15.

The rectilineal figures to which Eu- p
olid confines himself are those in which

the angles all face inwards
;
we may

here however notice another class of

figures. In the accompanying diagram
the angle ^di^C^ faces, outwards, and it is

an angle less than two right angles ;
this

angle however is not one of the interior

angles of the figure AEDCF. We may consider the corre-

sponding interior angle to be the excess of four right angles
above the angle AFC; such an angle, greater than two right

angles, is called a re-entrant angle.

The first of the corollaries to I. 32 is true for a figure which

has a re-entrant angle or re-entrant angles ; but the second

is not.

I. 32. If two triangles have two angles of the one equal to

two angles of the other each to each they shall also have their

third angles equal. This is a very important result, which is

often required in the Elements. The student should notice how

this result is established on Euclid's principles. By Axioms 1 1

and 2 one pair of right angles is equal to any other pair of right

angles. Then, by I. 32, the three angles of one triangle aro

together equal to the three angles of any other triangle. Then,

by Axiom 2, the sum of the two angles of one triangle is equal to

the sum of the two equal angles of the other; and then, by Axiom 3,

the third angles are equal.

After I. 32 we can draw a straight line at right angles to

a given straight line from its extremity, without producing the

given straight line.

Let AB he the given straight line. It is required to draw

. from^A a straight line at right angles to AB.
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On A B describe the equilateral triangle

ABC. Produce BG to D, so that CD may be

equal to CB. Join AD. Then AD shall be at

right angles to AB. For, the angle CAD is

equal to the angle CDA, and the angle CAB
is equal to the angle CBA, by I. 5. There-

foi-e the angle BAD is equal to the two

angles ^5Z), BDA, by Axiom 2. Therefore

the angle BAD is a right angle, by I. 32.

The propositions from I. 35 to I. 48 inclusive may be said

to constitute the third section of the first Book of the Elements.

They relate to equality of area in figm-es which are not neces-

sarily identical in form.

I. 35. Here Simson has altered the demonstration given by
Euclid, because, as he says, there would be three cases to con-

sider in following Euclid's method. Simson however uses the

third Axiom in a peculiar manner, when he first takes a triangle
from a trapezium, and then another triangle from the same

trapezium, and infers that the remainders are equal. If the

demonstration is to be conducted strictly after Euclid's manner,
three cases must be made, by dividing the latter part of the

demonstration into two. In the left-hand figure we may suppose
the point of intersection of BE and DC to be denoted by G.

Then, the triangle ABE is equal to the triangle DGF ; take

away the triangle DGE from each; then the figure ABGD is

equal to the figure EGCF ;
add the triangle GBG to each

; then

the parallelogram ABGD is equal to the parallelogram EBCF.
In the right-hand figure we have the triangle AEB equal to the

triangle DEC; add the figure BEDC to each; then the parallel-

ogram ABGD is equal to the parallelogram EBGF.
The equality of the parallelograms in I. 35 is an equality of

area, and not an identity of figm-e. Legendre proposed to use

the word equivalent to express the equality of area, and to restrict

the word equal to the case in which magnitudes admit of super-

position and coincidence. This distinction, however, has not

been generally adopted, probably because there are few cases in

which any ambiguity can arise; in such cases we may say es-

pecially, equal in area, to prevent misconception.

Cresswell, in his Treatise of Geometry, has given a demon-
stration of I. 35 which shews that the parallelograms may bo
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divided into pairs of pieces admitting of superposition and coin-

cidence
;
see ;ilso liis Preface, page x.

I. 38. An important case of I. 38 is that in which the tri-

angles are on equal bases and have a common vertex.

I. 40. We may demonstrate I. 40 without adopting the in-

direct method. Join BD, CD. The triangles DEC and DEF
are equal, by I. 38; the triangles ABC &n<\. DEF &tq equal, by

hypotliesis; therefore the triangles DBC and .^i^Care equal, by
the first Axiom. Therefore AD is parallel to BC, by I. 39.

Philosophical Magazine, October 1850.

I. 44. In I. 44, Euclid does not shew that AH and FG
•will meet. * * I cannot help being of opinion that the construc-

tion would have been more in Euclid's manner if he had made
Gil equal to BA and then joining HA had proved that HA was

parallel to GB by the thirty-third proposition." Williamson.

I. 47. Tradition ascribed the discovery of I. 47 to Pytha-

goras. Many demonstrations have been given of this cele-

brated proposition ;
the following is one of the most interesting.

Let ABCD, AEFG be any
two squares, placed so that

their bases may join and form

one straight line. Take GH
and EK each equal to AB, and

join HC, CK, KF, FH.
Then it may be shewn that

the triangle HBC is equal in

all respects to the triangle FEK,
and the triangle KDG to the

triangle FGH. Therefore the

two squares are together equiva-
lent to the figure CKFH. It

may then be shewn, with the aid of I. 32, that the %ure CKFH
is a square. And the side CH\s the hypotenuse of a right-angled

triangle of which the sides CB, BH are equal to the sides of the

two given squares. This demonstration requires no proposition
of Euclid after I. 32, and it shews how two given squares may
be cut into pieces which will fit together so as to form a third

square. Quarterly Journal of Mathematics^ Vol. i.

A large number of demonstrations of this proposition are col-

lected in a dissertation by Joh. Jos. Ign. Hoffinann, entitled D&r

Fytluigorische Lehrsatz. . . , Zweyte. . ,A us(jdbe, Mainz. 18211
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THE SECOND BOOK.

The second book is devoted to the investigation of relations

between the rectangles contained by straight lines divided into

segments in various ways.
When a straight line is divided into two parts, each part is

called a segment by Euclid. It is found convenient to extend the

meaning of the word segment, and to lay down the following defi-

nition. When a point is taken in a straight line, or in the

straight line produced, the distances of the poin.t from the ends of

the straight line are called segments of the straight line. When
it is necessary to distinguish them, such segments are called in-

ternal or external, according as the point is in the straight line,

or in the straight line produced.
The student cannot fail to notice that there is an analogy

between the first ten propositions of this book and some element-

ary facts in Arithmetic and Algebra.
Let A BCD represent a rectangle which is 4 inches long and

3 inches broad. Then, by draw-

ing straight lines parallel to D_
the sides, the figure may be

divided into 12 squares, each

square being described on a

side which represents an inch

in length. A square described

on a side measuring an inch is

called, for shortness, a square

inch. Thus if a rectangle is A
' ~

^B
4 inches long and 3 inches

broad it may be divided into 12 square inches; this is expressed

by saying, that its area is equal to j 2 square inches, or, more

briefly, that it contains 12 square inches. And a similar result

is easily seen to hold in all similar cases. Suppose, for example,
that a rectangle is 12 feet long and 7 feet broad; then its

area is equal to 12 times 7 square feet, thai is to 84 square feet;

this may be expressed briefly in common language thus; if a

rectangle measures 12 feet by 7 it contains 84 square feet. It

must be carefully observed that the sides of the rectangle are

supposed to be measured by the same unit of length. Thus if a

rectangle is a yard in length, and a foot and a half in breadth, we
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must express each of these dimensions in terms of the same unit ;

we may say that the rectangle measures 36 inches by 18 inches,

and contains 36 times 18 square inches, that is, 648 square inches.

Tlius universally, if one side of a rectangle contain a unit of

length an exact number of times, and if an adjacent side of the

rectangle also contain the same unit of length an exact number of

times, the product of these numbers will be the number of square
units contained in the rectangle.

Next suppose we have a square, and let its side be 5 inches in

length. Then, by our rule, the area of the square is 5 times

5 square inches, that is 25 square inches. Now the number

25 is called in Arithmetic the square of the number 5. And

universally, if a straight line contain a unit of length an exact

number of times, the area of the square described on the straight

line is denoted by the square of the number which denotes the

length of the straight line.

Thus we see that there is in general a connexion between the

product of two numbers and the rectangle contained by two

straight lines, and in particular a connexion between the square of
a number and the square on a straight line

;
and in consequence

of this connexion the first ten propositions in EucUd's Second

Book correspond to propositions in Arithmetic and Algebra.
The student will perceive that we speak of the square de-

scribed on a straight line, when we refer to the geometrical figure,

and of the square of a number when we refer to Arithmetic. The

editors of Euclid generally use the words "square described

upon" in 1. 47 and I. 48, and afterwards speak of the square of
a straight line. Euclid himself retains throughout the same form

of expression, and we have imitated him.

Some editors of Euclid have added Arithmetical or Alge-
braical demonstrations of the propositions in the second book,

founded on the connexion we have explained. We have thought
it unnecessary to do this, because the student who is acquainted
with the elements of Arithmetic and Algebra will find no diffi-

culty in supplying such demonstrations himself, so far as they
are usually given. We say so far as they are usually given,

because these demonstrations usually imply that the sides of

rectangles can always be expressed exactly in terms of some unit

of length ;
whereas the student will find hereafter that this is not

the case, owing to the existence of what are technically called

incommensurabU magnitudes. We do not enter on this subject.
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as it would lead us too far from Euclid's Elements of Geometrrj
with which we are here occupied.

The first ten propositions in the second book of Euclid may
be arranged and enunciated in various ways ;

we will briefly
indicate this, but we do not consider it of any importance to dis-

tract the attention of a beginner with these diversities.

II. 1 and II. 3 are particular cases of II. i.

II. 4 is very important ;
the following particular case of it

should be noticed
;
^Ae square described on a straight line made up

of tico equal straight lines is equal to four times the square described

on one of the tico equal straight lines.

II. 5 and II. 6 may be included in one enunciation thus
;
the

rectangle under the sum and difference of two straight lines is equal
to the difference of the squares described on those straight lines;

or thus, the rectangle contained by two straight lines together with

the square described on half their difference, is equal to the square
described on half their sum.

II. 7 may be enunciated thu^
; the square described on a

straight line which is the difference of two other straight lines is less

than the sum of the squares described on those straight lines by
ticice the rectangle contained by those straight lines. Then from this

and II. 4, and the second Axiom, we infer ih&t the square described

on the sum of two straight Lines, and the square described on

their difference, are together double of the sum of the squares
described on the straight lines ; and this enunciation includes both

II. 9 and II. lo, so that the demonstrations given of these pro-

positions by Euclid might be superseded.
II^8 coincides with the second form of enunciation which we

liave given to II. 5 and II. 6, bearing in mind the particular case

of II. 4 which we have noticed.

II. II. When the student is acquainted with the elements of

Algebra he should notice that II. 11 gives a geometrical con-

struction for the solution of a particular quadratic equation.
II. 12, II. 13. These are interesting in connexion with I. 47;

and, as the student may see hereafter, they are of great import-
ance in Trigonometry ; they are however not required in any of

the parts of Euclid's Elements which are usually read. The
converse of I. 4 7 is proved in I.

<i
8

; and we can easily shew that
converses of II. la and II, 13 are true.

Take the following, which is the converse of II. 12; if the

square described on one side of a triangle be greater than the sum
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of the squares described on the other tico sides, the angle opposite

to the first side is obtuse.

For the angle cannot be a right angle, since the square de-

scribed on the first side would then be equal to the sum of the

squares described on the other two sides, by I. 47 ;
and the angle

cannot be acute, since the square described on the first side

would then be less than the sum of the squares described on the

other two sides, by II. 13; therefore the angle must be obtuse.

Similarly we may demonstrate the following, which is the con-

verse of II. 13; ?/ the square described on one side of a triangle

be less than the sum of the squares desa-ibed on the other two sides,

the angle opposite to the first side is acute. •»

II. 13. Euclid enunciates II. 13 thus; in acute-angled tri'

angles, &c. ;
and he gives only the first case in the demonstration.

But, as Simson observes, the proposition holds for any triangle ;

and accordingly Simson supplies the second and third cases. It

has, however, been often noticed that the same demonstration is

applicable to the first and second cases
;
and it would be a great

improvement as to brevity and clearness to take these two cases

together. Then the whole demonstration will be as follows. ,

Let ABC be any triangle, and the angle at B one of its

acute angles ; and, if AC he not perpendicular to BC, let fall on

£C, produced if necessary, the perpendicular A£> from the

opposite angle: the square on AC opposite to the angle B, shall

be less than the squares on CB, BA, by twice the rectangle

CB, BD.
A A

B D c B C

First, suppose AC not perpendicular to BC.
The squares on CB, BD are equal to twice the rectangle

CB, BD, together with the square on CD. [II. 7.

To ea<;h of these equals add the square on DA.
Therefore the squares on CB, BD, DA are equal to twice the

rectangle CB, BD, together with the squares on CD, DA.
But the square on ^5 is equal to the squares on BD, DA,
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nnd the square on ^C is equal to the squares on CD, DA,
because the angle BDA is a right angle. [I. 47.

Therefore the squares on CB, BA are equal to the square on AG,

together with twice the rectangle CB, BD ;

that is, the square on AG alone is less than the squares on

GB, BA, by twice the rectangle GB, BD.

Next, suppose AG perpendicular to BG. A
Then BG is the straight line intercepted be-

tween the perpendicular and the acute angle
at B.

And the square on AB is equal to the squares
on AG, GB. [I. 47.

Therefore the square on AG is less than the

squares on A B, BG, by twice the square on BG. ^
II. 14. This is not required in any of the parts of Euclid's

Elements which are usually read; it is included in VI. 22.

THE THIRD BOOK.

The third book of the Elements is devoted to properties of

circles.

Different opinions have been held as to what is, or should be,

included in the third definition of the third book. One opinion
is that the definition only means that the circles do not cut in

the neighbourhood of the point of contact, and that it must be

shewn that they do not cut elsewhere. Another opinion is that

the definition means that the circles do not cut at all
;
and this

seems the correct opinion. The definition may therefore be pre-

sented more distinctly thus. Two circles are said to touch inter-

nally when their circumferences have one or more common

points, and when every point in one circle is within the other

circle, except the common point or points. Two circles are said

to touch externally when their circumferences have one or more

common points, and when every point in each circle is without

the other circle, except the common point or points. It is then

shewn in the third Book that the circumferences of two circles

"which touch can have only one common point.

A straight line which touches 'a circle is often called a tan-

gent to the circle, or briefly, a tangent.

It is very convenient to have a word to denote a portion of
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the boundary of a circle, and accordingly we use the word arc.

Euclid himself uses circumference both for the whole boundary
and for a portion of it.

Ill, I. In the construction, DC is said to be produced to

E
;
this assumes that D is within the circle, which Euclid demon-

strates in III. 1.

III. 3. This consists of two parts, each of which is the con-

verse of the other
;
and the whole proposition is the converse of

the corollary in III. i.

III. 5 and III. 6 should have been taken together. They
amount to this, if the circumferences of two circles meet at a point

they cannot have the same centre, so that circles which have the

same centre and one point in their circumferences common, must
coincide altogether. It would seem as if Euclid had made three

cases, one in which the circles cut, one in which they touch

internally, and one in which they touch externally, and had then

omitted the last case as evident.

III. 7, III. 8. It is observed by Professor De Morgan that

in III. 7 it is assumed that the angle FEB is greater than the

angle FEC, the hypothesis being only that the angle DFB is

greater than the angle DFC; and that in III. 8 it is assumed

that K falls within the triangle DLM, and E without the triangle
DMF. He intimates that these assumptions may be established

by means of the following two propositions which may be given
in order after I. ^i.

The perpendicular is the shortest straight line which can he

drawn from a given point to a given straight line ; and of others

that which is nearer to the perpendicular is less than the more

remote, and the converse; and not more than two equal straight

lines can he drawn from the given point to the given straight line,

one on each side of the perpendicular.

Every straight line draivn from the vertex of a triangle to the

hase is less than the greater of the two sides, or than either of them

if they he equal.

The following proposition i^ analogous to III. 7 and III. 8.

If any point he taken on the circumference of a circle, of all

tJie straight lines tohich can he drawn from it to the circumference,
the go'eatest is that in which the centre is ; and of any others, that

which is nearer to the straight line which passes through the centre

is always greater than one more remote; and from the same points

there cam, be drawn to the circumference two straight lines, and
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only two, which are equal to one another, one on each side of the

greatest line.

The first two parts of this proposition are contained in

III. 15 ;
all three parts might be demonstrated in the manner of

III. 7, and they should be demonstrated, for the third part is

really required, as we shall see in the note on III. 10.

III. 9. The point E might be supposed to fall within the

angle ADC. It cannot then be shewn that DC is greater

than DBf and DB greater than DA, but only that either DG
or DA is less than DB ;

tliis however is sufficient for establisit-

ing the proposition,

Euclid has given two demonstrations of III. 9, of which

Simson has chosen the second. Euclid's other demonstration is

as follows. Join D with the middle point of the straight line

AB; then it may be shewn that this straight line is at right

angles to -4^
;
and therefore the centre of the circle must lie in

this straight line, by III. i, Corollary. In the same manner it

may be shewn that the centre of the circle must lie in the

straight line which joins D with the middle point of the straight

line BC. The centre of the circle must therefore be at D,
because two straight lines cannot have more than one common

point.

III. 10. Euclid has given two demonstrations of III. 10, of

which Simson has chosen the second. Euclid's first demonstra-

tion resembles his first demonstration of III. 9. He shews that

the centre of each circle is on the straight line which joins K
with the middle point of the straight line BG, and also on the

straight line which joins K with the middle point of the straight

line BH ;
therefore K must be the centre of each circle.

The demonstration w^hich Simson has chosen requires some

additions to make it complete. For the point K might be sup-

posed to fall toithout the circle DEF, or on its circumference, or

within it
;
and of these three suppositions Euclid only considers

the last. If the point K be supposed to fall without the circle

DEF we obtain a contradiction of III. 8
j
which is absurd. If

the point K be supposed to fall on the circumference of the circle

DEF we obtain a contradiction of the proposition which we

have enunciated at the end of the note on III. 7 and III. 8
;

which is absurd.

What is demonstrated in III. 10 is that the circumferences of

two circles cannot have more than two common points ;
there is

18
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nothing in the demonstration which assumes that the caciQSCut one

another, but the enunciation refers to this case only because

it is shewn in III. 13 that if two circles touch one another,
their circumferences cannot have more than one common

point.

III. II, III. 12. The enunciations as given by Simson and

others speak of the point of contact; it is however not shewn
until III. 13 that there is only one point of contact. It should

be observed that the demonstration in III. 1 1 will hold even if

Z) and ^ be supposed to coincide, and that the demonstration

in III. 12 will hold even if C and D be supposed to coincide.

We may combine III. 11 and III. 12 in one enunciation thus.

If two circles touch one another their circumferences cannot

have a common point out of the direction of the straight line which

joins the centres.

III. II may be deduced from III. 7. For GH is the least

line that can be drawn from Q to the circumference of the circle

whose centre is F, by III. 7. Therefore GU is less than GA,
that is, less than GD

;
which is absurd. Similarly III. 1 2 may

be deduced from III. 8.

III. 13. Simson observes, "As it is much easier to imagine
that two circles may touch one another within in more points

than one, upon the same side, than upon opposite sides, the

figure of that case ought not to have been omitted; but the

construction in the Greek text would not have suited with this

figure so well, because the centres of the circles must have been

placed near to the circumferences; on which account another

construction and demonstration is given, which is the same with

the second part of that which Campanus has translated from the

Arabic, where, without any reason, the demonstration is divided

into two parts."
It would not be obvious from this note which figure Simson

himself supplied, because it is uncertain what he means by the
** same side" and "opposite sides." It is the left-hand figure

in the first part of the demonstration. Euclid, however, seems

to be quite correct in omitting this figure, because he has shewn
in III. 1 1 that if two circles touch internally there cannot be a

point of contact out of the direction of the straight line which

joins the centres. Thus, in order to shew that there is only one

point of contact, it is sufiicient to put the second supposed point
of contact on the direction of the straight line which joins the
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centres. Accordingly in his own demonstration Euclid con-

fines himself to the right-hand figure ;
and he shews that this

case cannot exist, because the straight line BD would be a

diameter of both circles, and would therefore be bisected at two
different points ; which is absurd.

Euclid might have used a similar method for the second part
of the proposition ;

for as there cannot be a point of contact out

of the straight line joining the centres, it is obviously impossible
that there can be a second point of contact when the circles

touch externally. It is easy to see this
;
but Euclid preferred a

method in which there is more formal reasoning.
We may observe that Euclid's mode of dealing with the

contact of circles has often been censured by commentators, but

apparently not always with good reason. For example, Walker

gives another demonstration of III. 1 3 ;
and says that Euclid's

is worth nothing, and that Simson fails
;
for it is not proved that

two circles which touch cannot have any arc common to both

circumferences. But it is shewn in III. 10 that this is impos-

sible; Walker appears to have supposed that III, 10 is limited t6

the case of circles which cut. See the note on III. 10,

III. 17. It is obvious from the construction in III. 17 that

two straight lines can be drawn from a given external point to

touch a given circle
;
and these two straight lines are equal in

length and equally inclined to the straight line which joins the

given external point with the centre of the given circle.

After reading III. 3 r the student will see that the problem
in III. 17 may be solved in another way, as follows: describe a

circle on ^^ as diameter; then the points of intersection of this

circle with the given circle will be the points of contact of the

two straight lines which can be drawn from A to touch the given
circle.

III. 18. It does not appear that III. 18 adds anything
to what we have already obtained in III. 16. For in III. 16 it

is shewn, that there is only one straight line which touches a

given circle at a given point, and that the angle between this

straight line and the radius drawn to the point of contact is a

right angle.

III. 20. There are two assumptions in the demonstration of

III. lo. Suppose that A is double of B and C double of D;
then in the first part it is assumed that the sum of A and C ia

double of the sum of B and D, and in the second part it is as-

18—2
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suined that the ditference ot A and C is double of the differenf^

of B aud D. The fonner assumption is a particular case of V. i,

and the latter is a particular case of V. 5.

An important extension may be given to III. 10 by intro-

ducing angles greater than two right angles. For, in the first

figure, suj)pose we draw the straight lines BF and CF. Then,
the angle BEA is double of the angle BFA, and the angle CEA
is double of the angle CFA ;

therefore the sum of the angles
JBEA and CEA is double of the angle BFC. The sum of the

angles BEA and CEA is greater than two right angles ;
we will

call the sum, the re-entrant angle BEC. Thus the re-entrant

angle BEC is double of the angle BFC. (See note on I. 3-2).

If this extension be used some of the demonstrations in the third

book maybe abbreviated. Thus III. 21 maybe demonstrated

without making two cases
;

III. 22 will follow immediately from

the fact that the sum of the angles at the centre is equal to four

right angles; and III. 31 will follow immediately from III. 20.

III. 21. In III. 21 Euclid himself has given only the first

case; the second case has been added by Simson and others.

In either of the figures of III. 2 1 if a point be taken on the same

side of BJJ as A
,
the angle contained by the straight lines which

join this point to the extremities of BD is greater or less than the

angle BAD, according as the point is within or without the angle

BAD; this follows from I. 21.

"We shall have occasion to refer to IV. 5 in some of the

remaining notes to the third Book
;
and the student is accord-

ingly recommended to read that proposition at the present

stage.
The following proposition is very important. If any number

of triangles be constructed on the same base and on the same side

of it, with equal vertical angles, the vertices will all lie on the ciV'

cumference of a segment of a circle.

For take any one of these triangles, and describe a circle

round it, by- IV. 5 ;
then the vertex of any other of the triangles

must be on the circumference of the segment containing the

assumed vertex, since, by the former part of this note, the vertex

cannot be without the circle or within the circle.

III. 22. The converse of III. 22 is true and very im-

portant ; namely, if two opposite angles of a quadrilateral be

together equal to two right angles, a circle may be circumscribed

about tloe quadrilaXeral. For, let ABCD denote the quadrila-



EUCLID'S ELEMENTS, 277

teral. Describe a circle round the triangle ABC, by IV. 5.

Take any point E, on the circumference of the segment cut off

by A C, and on the same side of AC &s D is. Then, the angles
at B and F are together equal to two right angles, by III. 72 ;

and the angles at B and D are together equal to two right

angles, by hypothesis. Therefore the angle at E is equal to the

angle at J). Therefore, by the preceding note D is on the cir-

cumference of the same segment as E.

III. 32. The converse of III. 32 is true and important;

namely, if a straight line meet a circle, and from the point of

meeting a straight line be drawn cutting the circle, and the angle

between the two straight lines be equal to the angle in the alternate

segment of the circle, the straight line ivhich meets the circle shall

touch the circle.

This may be demonstrated indirectly. For, if possible, sup-

pose that the straight line which meets the circle does not touch

it. Draw through the point of meeting a straight line to touch

the circle. Then, by III. 32 and the hypothesis, it will follow-

that two different straight lines pass through the same point, and

make the same angle, on the same side, with a third straight

line which also passes through that point ;
but this is impos-

sible.

III. 35, III. 36. The following proposition constitutes a

large part of the demonstrations of III. 35 and III. 36. Jf any

point be taken in the base, or the base produced, of an isosceles

triangle, the rectangle contained by the segments of the base is

equal to the difference of the square on the straight line joining

this point to the vertex and the square on the side of the triangle.

This proposition is in fact demonstrated by Euclid, without

•using any property of the circle
;

if it were enunciated and de-

monstrated before III. 35 and III. 36 the demonstrations of

these two propositions might be shortened and simplified.

The following converse of III. 35 and the Corollary of III. 36

may be noticed. If two straight lines AB, CD intersect at 0, and

the rectangle AO, OB be equal to the rectangle CO, OD, the circum-

ference of a circle will pass through the four points A, B, C, D.

For a circle may be described round the triangle ABC, by
IV. 5 ;

and then it may be shewn indirectly, hj the aid of

III. 35 or the Corollary of III. 36 that the circumference of this

circle will also pass through D,
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THE FOURTH BOOK.

The fourth Book of the Elements consists entirely of problems.
The first five propositions relate to triangles of any kind

;
the

remaining propositions relate to polygons which have all their

sides equal and all their angles equal. A polygon which has all its

sides equal and all its angles equal is called a regular polygon.
IV. 4, By a process similar to that in IV. 4 we can de.scribe

a circle which shall touch one side of a triangle and the other

two sides produced. Suppose, for example, that we wish to

describe a circle which shall touch the side BC, and the sides

AB and AC produced: bisect the angle between AB produced
and BG, and bisect the angle between AC produced and BC ;

then the point at which the bisecting straight lines meet will be the

centre of the required circle. The demonstration will be similar

to that in IV. 4.

A circle which touches one side of a triangle and the other

two sides produced, is called an escribed circle of the triangle.

We can also describe a triangle equiangular to a given tri-

angle, and such that one of its sides and the other two sides

produced shall touch a given circle. For, in the figure of IV. 3

suppose AK produced to meet the circle again ;
and at the point

of intersection draw a straight line touching the circle; this straight

line with parts of NB and NC, will form a triangle, which will

be equiangular to the triangle MLN, and therefore equiangular to

the triangle EDF \
and one of the sides of this triangle, and the

other two sides produced, will touch the given circle.

IV. 5. Simson introduced into the demonstration of IV. 5

the part which shews that DF and EF will meet. It has also

been proposed to shew this in the following way: join DE; then

the angles EDF and DEF are together less than the angles
ADF and AEF, that is, they are together less than two right

angles; and therefore DF and EF will meet, by Axiom 12.

This assumes that ABE and AED are acute angles ;
it may how-

ever be easily shewn that BE is parallel to BC, so that the

triangle ABE is equiangular to the triangle ABC \
and we must

therefore select the two sides AB and AC such that ABC and

ACB may be acute angles.
IV. 10. The vertical angle of the triangle in IV. 10 is

easily seen to be the fifth part of two right angles ; and as it
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toay be bisected, we can thus divide a right angle geometrically
into five equal parts.

It follows from what is given in the fourth Book of the

Elements that the circumference of a circle can be divided into

3, 6, 12, 24, ... . eq'dal parts ;
and also into 4, 8, 16, 32, ... .

equal parts ;
and also into 5, 10, 20, 40, ... . equal parts ; and

also into 15, 30, 60, 120, equal parts. Hence also

regular polygons having as many sides as any of these numbers

may be inscribed in a circle, or described about a circle. This

however does not enable us to describe a regular polygon of any
assigned number of sides

;
for example, we do not know how to

describe geometrically a regular polygon of 7 sides.

It was first demonstrated by Gauss in i8or, in his Disqui-
sitiones Arithmeticce, that it is possible to describe geometrically
a regular polygon of 2"'+ i sides, provided 2*^+1 be a prime num-
ber

;
the demonstration is not of an elementary character. As

an example, it follows that a regular polygon of 17 sides can be

described geometrically; this example is discussed in Catalan's

Theorerties et Prohlemes de Geometrie Elementaire.

For an approximate construction of a regular heptagon see

the Philosophical Magazine for February and for April, 1864.

THE FIFTH BOOK.

The fifth Book of the Elements is on Proportion. Much
has been written respecting Euclid's treatment of this subject;
besides* the Commentaries on the Elements to which we have

already referred, the student may consult the articles Ratio and

Proportion in the English Cyclopcedia, and the tract on the

Connexion of Number and Magnitude by Professor De Morgan.
The fifth Book relates not merely to length and space, but to

any kind of magnitude of which we can form multiples.

V. Def. r. The word part is used in two senses in Geometry.
Sometimes the word denotes any magnitude which is less than

another of the same kind, as in the axiom, the whole is greater

than its part. In this sense the word has been used up to the

present point, but in the fifth Book Euclid confines the word to

a more restricted sense. This restricted sense agrees with that

which is given in Arithmetic and Algebra to the term aliquot

part, or to the term submultiple.
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V. Dif. 3. SImson considers that the definitions 3 and 8 are

*'not Euclid's, but added by some unskilful editor." Other com-

mentators also have rejected these definitions as useless. The

last word of the third definition should be quantuplicity, not

(quantity; so that the definition indicates that ratio refers to the

number of times which one magnitude contains another. See De

Morgan's Differential and Integral Calculus, page 18.

V. Def. 4. This definition amounts to saying that the quan-
tities must be of the same kind.

V. Def. 5' Tlie fifth definition is the foundation of Euclid's

doctrine of proportion. The student will find in works on Alge-
bra a comparison of Euclid's definition of proportion with the

simpler definitions which are employed in Arithmetic and Algebra.

Euclid's definition is applicable to incommensurable quantities, as

-well as to commensurable quantities.

We should recommend the student to read the first propo-
sition of the sixth Book immediately after the fifth definition of

the fifth Book
;
he will there see how Euclid applies his defi-

nition, and will thus obtain a betternotion of its meaning and im-

portance.

Compound Ratio. The definition of compound ratio was

supplied by Simson. The Greek text does not give any defini-

tion of compound ratio here, but gives one as the fifth definition

of the sixth Book, which Simson rejects as absurd and useless.

V. Defs. 18, 19, 10. The definitions 18, 19, 20 are not pre-

sented by Simson precisely as they stand in the original. The
last sentence in definition 18 was supplied by Simson. Euclid

does not connect definitions 19 and 10 with definition 18. In

19 he defines ordinate proportion, and in 20 he defines perturbate

proportion. Nothing would be lost if Euclid's definition 18 were

entirely omitted, and the term ex CEftta^i n^ver employed. Euclid

employs such a term in the enunciations of V. 20, 21, 11, 23;
but it seems quite useless, and is accordingly neglected by Simson

and others in their translations.

The axioms given after the definitions of the fifth Book are

not in Euclid ; they were supplied by Simson.

The propositions of the fifth Book might be divided into four

sections. Propositions i to 6 relate to the properties of equi-

multiples. Propositions 7 to 10 and 13 and 14 connect the

notion of the ratio of magnitudes with the ordinary notions of
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greater, equal, and less. Propositions ii, 12, 15 and 16 may be
considered as introduced to shew that, if four quantities of the

same kind be proportionals tliey ivill also he proportionals ivhen

taken alternately. The remaining propositions shew that mag-
nitudes are proportional by composition, by division, and ex cequo.

In this division of the fifth Book propositions 13 and 14 are

supposed to be placed immediately after proposition 10
;
and

they might be taken in this order without any change in Euclid's

demonstrations.

The propositions headed A, B, C, D, E were supplied by
Simson.

V. I, 1, 3, 5, 6. These are simple propositions of Arithmetic,

though they are here expressed in terms which make them ap-

pear less familiar than they really are. For example, V. i

"states no more than that ten acres and ten roods make ten times

as much as one acre and one rood." Be Morgan.
In Y. 5 Simson has substituted another construction for that

given by Euclid, because Euclid's construction assumes that we
can divide a given straight line into any assigned number of

equal parts, and this problem is not solved until VI. 9.

V. 18. This demonstration is Simson's. We will give here

Euclid's demonstration.

Let AE be to EB as OF is to FD : AB shall x
be to BE as CD is to DF.

For, if not, AB will be to BE as CD is to some

magnitude less than DF, or greater than DF.

First, suppose that AB is to BE as CD is to

DG, which is less than DF.

Then, because AB is to BE as CD is to DG,
therefore AE is to EB as CG is to GD. [V. 17.

But AE is to EB as CF is to FD, [Hypothesis. -a

therefore CG is to GD as CF is to FD. [V. 11.

But CG is greater than CF; [Hypothesis.
therefore GD is greater than FD. [V. 1 4.

But GD is less than FD
;
which is impossible.

In the same manner it may be shewn that AB is not to BE
as CD is to a magnitude greater than DF.
Therefore ^ 5 is to BE as CD is to DF.

The objection urged by Simson against Euclid's demonstra-
tion is that "it depends upon this hypothesis, that to any three

magnitudes, two of which, at least, are of the same kind, there
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may be a fdurth proportional : Euclid does not d.mon-

strate it, nor does he shew how to find the fourth proportional,
before the 1 2th Proposition of the 6th Book "

The following demonstration is given by Austin in his Exami-

nation of the first six books of Euclid''s Elements.

Let AE be to EB as CF is to FD : AB shall

be to BE as CD is to DF. A
For, because AE is to EB as CF is to FD,

therefore, alternately, AE is to CF as EB is

to FD. [V. 1 6.

And as one of the antecedents is to its con-

sequent so is the sum of the antecedents to the

sum of the consequents ; [V. I'Z.

th«refore as EB is to FD so are AE and EB
together to CF and FD together, 3 D
that is, ^^ is to CD as EB is to FD.

Therefore, alternately, ^i? is to EB as CD is to FD. [V. 16.

V. 2 5. The first step in the demonstration of this proposition
is "take AG equal to E and CH equal to i^"

;
and here a refer-

ence is sometimes given to I. 3. But the magnitudes in the

proposition are not necessarily straight lines, so that this refer-

ence to I. 3 should not be given ;
it must however be assumed

that we can perform on the magnitudes considered, an operation
similar to that which is performed on straight lines in I. 3. Since

the fifth Book of the Elements treats of magnitudes generally,
and not merely of lengths, areas, and angles, there is no reference

made in it to any proposition of the first four Books.

Simson adds four propositions relating to compound ratio,

which he distinguishes by the letters F, G, H, K ',
it seems how-

ever unnecessary to reproduce them as they are now rarely read

and never required.

THE SIXTH BOOK.

The sixth Book of the Elements consists of tbe application of

the theory of proportion to establish properties of geometrical

figures,

VI. Def. I. Eor an important remark bearing on the first

definition, see the note on VI. 5.

VI. Def. 1. The second definition is useless, for Euclid

makes no mention of reciprocal figures.
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VI. Def. 4. The fourth definition is strictly only applicable

to a triangle, because no other figure has a point which can be

exclusively called its vertex. The altitude of a parallelogram is

the perpendicular drawn to the base from any point in the op-

posite side.

VI. 2. The enunciation of this important proposition is open
to objection, for the manner in which the sides may be cut is not

sufficiently limited. Suppose, for example, that AD is double of

DB, and CE double of EA
;
the sides are then cut proportionally,

for each side is divided into two 'parts, one of which is double of

the other; but DE is not parallel to BC. It should therefore

be stated in the enunciation that the segments terminated at the

vertex of the triangle are to he homologous terms in the ratios, that

is, are to he the antecedents or the consequents of the ratios.

It will be observed that there are three figures corresponding
to three cases which may exist

;
for the straight line drawn pa-

rallel to one side may cut the other sides, or may cut the other

sides when they are produced through the extremities of the base,

or may cut the other sides when they are produced through the

vertex. In all these cases the triangles which are shewn to be

equal have their vertices at the extremities of the base of the

given triangle, and have for their common base the straight line

which is, either by hypothesis or by demonstration, parallel to

the base of the triangle. The triangle with which these two

triangles are compared has the same base as they have, and has

its vertex coinciding with the vertex of the given triangle.

VI. A. This proposition was supplied by Simson.

VI. 4. We have preferred to adopt the term "
triangles

which are equiangular to one another," instead of "equiangular

triangles," when the words are used in the sense they bear ia

this proposition, Euclid himself does not use the term equian-

gular triangle in the sense in which the modern editors use it in

the Corollary to I. 5, so that he is not prevented from using the

term in the sense it bears in the enunciation of VI. 4.and else-

where
;
but modern editors, having already employed the term in

one sense ought to keep to that sense. In the demonstrations,

where Euclid uses such language as " the triangle ABC is equi-

angular to the triangle DEF,'''' the modern editors sometimes

adopt it, and sometimes change it to "the triangles ABC and
DEF are equiangular."

In VI. 4 the manner in which the two triangles are to be
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placed is very imperfectly described ; their bases are to be in the

same straight line and contiguous, their vertices are to be on the

same side of the base, and each of the two angles which have a

common vertex is to be equal to the remote angle of the other

triangle.

By superposition we might deduce VI. 4 immediately from

VI. 2.

VI. 5. The hypothesis in VI. 5 involves more than is di-

rectly asserted ;
the enunciation should be, "if the sides of two

triangles, taken in order, about each of their angles ;"

that is, some restriction equivalent to the words taken in order

should be introduced. It is quite possible that there should be

two triangles ABC, DEF, such that AB is to BC s,s DE is to

EF, and BC to CA as DF is to ED, and therefore, by V. 23,

AB to AC SiB DF is to EF; in this case the sides of the triangles

about each of their angles are proportionals, but not in the same

order, and the triangles are not necessarily equiangular to one

another. For a numerical illustration we may suppose the sides

of one triangle to be 3, 4 and 5 feet respectively, and those of

another to be 12, 15 and 20 feet respectively. Walker.

Each of the two propositions VI. 4 and VI. 5 is the converse

of the other. They shew that if two triangles have either of the

two properties involved in the definition of similar figures they
will have the other also. This is a special property of triangles.

In other figures either of the properties may exist alone. For

example, any rectangle and a square have their angles equal, but

not their sides proportional; while a square and any rhombus
have their sides proportional, but not their angles equal.

VI. 7. In VI. 7 the enunciation is imperfect ; it should be,

"if two triangles have one angle of the one equal to one angle of

the other, and the sides about two other angles proportionals, so

that the sides subtending the equal angles are homologous; then if

each
" The imperfection is of the same natiu'e as that

which is pointed out in the note on VI. 5. Walker.

The proposition might be conveniently broken up and the

essential part of it presented thus : if two triarigles have two sides

of the one proportional to two sides of the other, and the angles

opposite to one pair of homologous sides equal, the angles which are

opposite to the other pair of homologous sides shall either be equal,

or be together equal to two right angles.

For, the angles included by the proportional sides must be
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either equal or unequal. If they are equal, then since the tri-

angles have two angles of the one equal to two angles of the

other, each to each, they are equiangular to one another. We
have therefore only to consider the case in which the angles in-

cluded by the proportional sides are unequal.
Let the triangles ABC, DBF have the angle at ^ equal to

the angle at Z), and ^ J5 to BC as DE is to EF, but the angle
ABC Txoi equal to the angle DBF: the angles ^Ci? and DFE
shall be together equal to two right angles.

For, one of the angles ABC,
DBF must be greater than

the other; suppose ABC the

greater ;
and make the angle

ABG equal to the angle DBF.
Then it may be shewn, as in

VI. 7, that BG is equal to

BC, and the angle BGA equal to the angle EFI).
Therefore the angles ACB and I>FE are together equal to the

angles BGC and A GB, that is, to two right angles.
Then the results enunciated in VI. 7 will readily follow. For

if the angles A CB and DFE are both greater than a right angle,
or both less than a right angle, or if one of them be a right

angle, they must be equal.

VI. 8. In the demonstration of VI. 8, as given by Simson,
it is inferred that two triangles which are similar to a third

triangle are similar to each other; this is a particular case of

VI. 2 1, which the student should consult, in order to see the

validity of the inference.

VI. 9. The word part is here used in the restricted sense of

the first definition of the fifth Book. VI. 9 is a particular case

of VI. 10.

VI. 10. The most important case of this proposition is that

in which a straight line is to be divided either internally or ex-

ternally into two parts which shall be in a given, ratio.

The case in which the straight line is to be divided internally

is given in the text
; suppose, for example, that the given ratio is

that of ^^ to EC; then ^^ is divided at G in the given ratio.

Suppose, however, that AB is to be divided externally in a

given ratio; that is, suppose that AB is to be produced so that

the whole straight line made up oi AB and the part produced

may be to the part produced in a given ratio. Let the given ratio
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be that of ^C to CE. Join EB\ through C draw a straight line

parallel to EB
;
then this straight line will meet A B, produced

through B, at the required point.
VI. II. This is a particular case ofVI. 12.

VI. 14. The following is a full exhibition of the steps which
lead to the result that FB and BG are in one straight Une.

The angle DBF is equal to the angle GBE; [Hypothesis.
add to each the angle FBE ;

therefore the angles DBF, FBE are together equal to the angles

GBE, FBE. [Axiom 2.

But the angles DBF, FBE are together equal to two right

angles; [I. 13.

therefore the angles GBE, FBE are together equal to two right

angles; [Axio'irt i.

therefore FB and BG are in one straight line. [I. 14.

VI. 15. This may be infeiTed from VI. 14, since a triangle
is half of a parallelogram, with the same base and altitude.

It is not difficult to establish a third proposition conversely
connected with the two involved in VI. 14, and a third propo-
sition similarly conversely connected, with the two involved in

VI. 15. These propositions are the following.

Equal parallelograms wJiich have their sides reciprocally pro-

portional, have their angles equal, each to each.

Equal triangles which have the sides about a pair of angles

reciprocally proportional, have those angles equal or together equal
to two right angles.

"We will take the latter proposition.
Let ABC, ADE be equal triangles; and let CA be to AD

as AE \s io A B: either the angle BAC shall be equal to the

angle DAE, or the angles i?^C and DAE shall be together equal
to two right angles.

[The student can construct the figure for himself. ]

Place the triangles so that CA and AD may be in one straight
line

;
then if EA and ^5 are in one straight line the angle BAC

is equal to the angle DAE. [I. 15.

If EA and AB are not in one straight line, produce BA through
A to F, so that AF may be equal to AE; join DF and EF.

Then because CA is to J. Z> as J^ is to AB, [Hypothesis.
and ^i^ is equal to ylj?, [Const'i'uction.

therefore CA is to 4 /> as ^2^ is to AB. [V. 9, V. it.

Therefore the triangle DAF is equal to the triangle BA C. [VI. 15.
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But the triangle DAE is equal to the triangle BA C. [Hypothesis.

Therefore the triangle i>^jE' is equal to the triangle i)^^. [Ax. i.

Therefore EF is parallel to AD. [I. 39.

Suppose now that the angle DAE is greater than the angle
DAP.
Then the angle CAE'is equal to the angle AEF, [I. 2g.

and therefore the angle OAE is equal to the angle AFE, [I. 5.

and therefore the angle Cy.^is equal to the angle BAC. [I. 29.

Therefore the angles BAC and DAE are together equal to two

right angles.

Similarly the proposition may he demonstrated if the angle
DlE is less than the angle DAF.

VI. 16. This is a particular case of VI. 14.

VI. 17. This is a particular case of VI, 16.

VI. 22. There is a step in the second part of VI. 12 which

requires examination. After it has been shewn that the figure
SR is equal to the similar and similarly situated figure Njk, it

is added "therefore PR is equal to GH.'''' In the Greek text

reference is here made to a lemma which follows the proposition.
The word lemma is occasionally used in mathematics to denote

an auxihary proposition. From the unusual circumstance of a;

reference to something following, Simson probably concluded

that the lemma could not be Euclid's, and accordingly he takes

no notice of it.

The following is the substance of the lemma.
If PR be not equal to GH, one of them must be greater than

the other
; suppose PR greater than GH.

Then, because SR and NH are similar figures, PR is to PS
as GH is to GN. [VI. Definition i.

But PR is greater than GH, [Hypothesis.

therefore PS is greater than GN. [V. 14.

Therefore the triangle RPS is greater than the triangle
HGN. [I. 4, Axiom 9.

But, because SR and NH are similar figures, the triangle RPS is

equal to the triangle HGN; [VI. -20.

which is impossible.

Therefore PR is equal to, G'^.

VI. 23. In the figure of VI. 2-^ suppose- j52).'and GE drawn.
Then the triangle BCD is to the triangle GCE as the parallelo-

gram ACiato the parallelogram CF. Hence the result may be

extended to triangles, and we have the following theorem,,.
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iHangles which have one angle of the one equal to one angle of the

other, have to one another the ratio which is compounded of the

ratios of their sides.

Then VI. 19 is an immediate consequence of this theorem.

For let ABC and DEF be similar triangles, so that AB is to J30

as BE is to EF; and therefore, alternately, AB is to BE as BC
is to EF. Then, by the theorem, the triangle ABC has to the

triangle J)EF the ratio which is compounded of the ratios of AB
to BE and of BC to EF, that is, the ratio which is compounded
of the ratios of BC to EF and of BC to EF. And, from the

definitions of duplicate ratio and of compound ratio, it follows

that the ratio compounded of the ratios of BC to EF and of BC
to EF is the duplicate ratio of BC to EF.

VI. 'is,. It will be easy for the student to exhibit in detail

the process of shewing that BC and CF are in one straight line,

and also LE and E31
;
the process is exactly the same as that in

I. 45, by which it is shewn that KIT and JIM are in one straight

line, and also FG and GZ.
It seems that VI. 25 is out of place, since it separates pro-

positions so closely connected as VI. 24 and VI. 26. We may
enunciate VI. 25 in familiar language thus: to make a figure
which shall have the form of one figure and the size of another.

VI. 26. This proposition is the converse of VI. 24 ;
it

might be extended to the case of two similar and similarly
situated parallelograms which have a pair of augles vertically

opposite.

We have omitted in the sixth Book Propositions 27, 28, 29,
and the first solution which Euclid gives of Proposition 30, as they
appear now to be never required, and have been condemned as

useless by various modern commentators; see Austin, Walker,
and Lardner, Some idea of the nature of these propositions may
be obtained from the following statement of the problem pro-

posed by Euclid in VI, 29. AB is a given straight line
;

it iiaa

to be produced through ^ to a point 0, and a parallelogram
described on -4 subject to the following conditions; the paral-

lelogram is to be equal to a given rectilineal figure, and tlie

parallelogram on the base BO which can be cut oS by a

straight line through 5 is to be similar to a given parallelo-

gram.
VI. 32. This proposition seems of no use. Moreover the

enunciation is imperfect. For suppose EJD to be produced
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through jD to a point F, such that BF is equal to BE
;
and

join CF. Then the triangle CBF will satisfy all the conditions

in Euclid's enunciation, as well as the triangle CBE
; but CB

and CB are not in one straight line. It should be stated that
the bases must lie on corresponding sides of both the parallels ;

the bases CF and BC do not lie on corresponding sides of the

parallels AB and BC, and so the triangle CBF would not
fulfil all the conditions, and wovfld therefore be excluded.

VI. 33. In VI. 33 Euclid implicitly gives up the restriction,
•which he seems to have adopted hitherto, that no angle is to be
considered greater than two right angles. For in the demon-
stration the angle BGL may be any multiple whatever of the

angle BGC, and so may be greater than any number of right

angles.
VI. B, C, B. These propositions were introduced by

Simson. The important proposition VI. B occurs in the MeyaXyj
SiJvTo^tj of Ptolemy.

THE ELEVENTH BOOK.

In addition to the first six Books of the Elements it is usual

to read part of the eleventh Book. For an account of the

contents of the other Books of the Elements the student is

referred to the article Eucleides in Dr Smith's Bictionary of
Greek and Roman Biography, and to the article Irrational Quan-
tities in the English Cyclopcedia. We may state briefly that

Books VII, VIII, IX treat on Arithmetic, Book X on Irra-

tional Quantities, and Books XI, XII on Solid Geometry.
XT. Bef. 10. This definition is omitted by Simson, and

justly, because, as he shews, it is not true that solid figures
contained by the same number of similar and equal plane figures
are equal to one another. For, conceive two pyramids, which

have their bases similar and equal, but have different altitudes.

Suppose one of these bases applied exactly on the other
;
then if

the vertices be put on opposite sides of the base a certain solid is

formed, and if the vertices be put on the same side of the base

another solid is formed. The two solids thus formed are con-

tained by the same number of similar and equal plane figures,

but they are not equal.
It will be observed that in this example one of the solids has

a re-entrant solid a.n^\e; seepage 264. It ia however true that

19
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two convex solid figures are equal if they are contained by equal

plane figures similarly arranged; see Catalan's Th^ordmes el

Problemes de G6om6trie EUmentaire. This result was first demon-
strated by Cauchy, who turned his attention to the point at the

request of Legendre and Malus;- see the Journal de I'Ecole

Polytechnique, Cahier i6.

XI. Def. 26. The word tetrahedron is now often used to

denote a solid bounded by any four triangular faces, that is, a

pyramid on a triangular base
;
and when the tetrahedron is to

be such as Euclid defines, it is called a regular tetrahedron.

Two other definitions may conveniently be added.

A straight line is said to be parallel to a plane when they do
not meet if produced.

The angle made by two straight lines which do not meet is

the angle contained by two straight lines parallel to them, drawn

through any point.
XI. 21. In XI. 21 the first case only is given in the ori-

ginal. In the second case a certain condition must be intro-

duced, or the proposition will not be true; the polygon BCDEP
must have no re-entrant angle. See note on I. 32.

The propositions in Euclid on Solid Geometry which are

now not read, contain some very important results respecting the

volumes of soHds. We will state these results, as they are

often of use; the demonstrations of them are now usually

given as examples of the Integral Calculus.

We have already explained in the notes to the second Book
how the area of a figure is measured by the number of square
inches or square feet which it contains. In a similar manner the

volume of a solid is measured by the number of cubic inches or

cubic feet which it contains ;
a cubic inch is a cube in which each

of the faces is a square inch, and a cubic foot is similarly
defined.

The volume of a prism is found by multiplying the number
of square inches in its base by the number of inches in its

altitude ; the volume is thus expressed in cubic inches. Or we

may multiply the number of square feet in the base by the

number of feet in the altitude
;
the volume is thus expressed in

cubic feet. By the base of a prism is meant either of the two

equal, similar, and parallel figures of XI. Definition 13; and the

altitude of the prism is the perpendicular distance between these

two planes.
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The rule for tlie volume of a prism involves the fact that

'prisms, on equal bases and between the same parallels are equal in

volume.

A parallelepiped is a particular case of a prism. The volume
of a pyramid is one third of the volume of a prism on the same
base and having the same altitude.

For an account of what are called the ;^ve regular solids the

student is referred to the chapter on Polyhedrons in the Treatise

on Spherical Trigonometry.

THE TWELFTH BOOK.

Two propositions are given from the twelfth Boole, as they
are very important, and are required in the University Examina-
tions. The Lemma is the first proposition of the tenth Book,
and is required in the demonstration of the second proposition of

the twelfth Book,

19-2



APPENDIX

This Appendix consists of a collection of important pro-

positions which will be found useful, both as affording

geometrical exercises, and as exhibiting results which are

often required in mathematical investigations. The student

will have no difficulty in drawing for himself the requisite

figures in the cases where they are not given.



1. TTie sum of the squares on the sides of a triangU
is equal to twice the square on half the base, together with
twice the square on the straight line which joins the vertex
to the middle point of the base.

Let ABC be a triangle ;
and let D be the middle point

of the base AB. Draw CB perpendicular to the base

meeting it at B; then B may be either in AB or in AB
produced.

First, let B coincide with JD; then the proposition
follows immediately from I. 47.

Next, let B not coincide with I)
;
then of the two

angles ADC and BBC, one must be obtuse and one acute.

Suppose the angle ABC obtuse. Then, by II. 12, the

square on AC is equal to the squares on AB, BC, toge-
ther with twice the rectangle AB, BB; and, by II. 13, the

square on BC together with twice the rectangle BB, BB is

equal to the squares on BB, BC. Therefore, by Axiom 2,

the squares on AC, BC, together \vith twice the rectangle
BB, BB are equal to the squares on AB, BB, and twice
the square on BC, together with twice the rectangle
AB, BB. But ^Z> is equal to BB. Therefore the squares
on AC, BGare equal to twice the squares on AB, BC.
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2. If tfco chords intersect within a circle, the angle
which they include is measured by hcUftJie sum of the in-

tercepted arcs.

Let the chords AB and CD of a circle intersect at E;
join AD.
The angle AEC is equal to the

angles ADE, and DAE, by
I. 32; that is, to the angles

standing on the ares AC and
BD. Thus the angle AEC is

equal to an angle at the cir-

cumference of the circle stand-

ing on the sum of the arcs AC
and BD

;
and is therefore equal

to an angle at the centre of the
circle standing on half the sum of these arcs.

Similarly the angle CEB is measured by half the sum
of the arcs CB and AD.

3. If two chords produced intersect without a circle,
the angle which they include is measured by half the

difference of the intercepted arcs.

Let the chords AB and CD of a circle, produced, in-

tersect at ^; join ^Z>.

The angle ADC is equal to the angles EAD and AED,
by I. 32. Thus the angle AEC is equal to the diflference

of the angles ^Z)C and ^^/); that is, to an angle at the

circumference of the circle standing on an arc which is the

difference oi AC and BD; and is therefore equal to an

angle at the centre of the circle standing on half the differ-

ence of these arcs.
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4. To draw a straight line which shall touch two
given circles.

Let A be the centre of the greater circle, and B the
centre of the less circle. With centre A, and radius equal
to the difference of the radii of the given circles, describe
a circle

;
from B draw a straight line touching the circle

so described at G. 3om AC and produce it to meet the
circumference at D. Draw the radius BE parallel to AD^
and on the same side of^^; and join DE. Then DE shall

touch both circles.

See I. 33, I. 29, and III. 16 Corollary.

Since two straight lines can be drawn from B to touch
the described circle, two solutions can be obtained

;
and the

two straight lines which are thus drawn to touch the two

given circles can be shewn to meet AB, produced through
B, at the same point. The construction is applicable when
each of the given circles is without the other, and also

when they intersect.

When each of the given circles is without the other we
can obtain two other solutions. For, describe a circle with
>4 as a centre and radius equal to the sum of the radii of

the given circles
;
and continue as before, except that BE

and AD will now be on opposite sides of AB. The two
straight lines which are thus drawn to touch the two given
circles can be shewn to intersect AB at the same point.
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5. To describe a circle which shall 2yass through three

given points not in tlie same straight line.

This is solved in Euclid IV. 5.

6. To describe a circle which shall pass through two

given points on the same side of a given straight line, and
touch thai straight line.

Let ^ and B be the given points; join AB and pro-
duce it to meet the given straight line at C. Make a

square equal to the rectangle CA, CB (II. 14), and on the

given straight line take CE equal to a side of this square.
Describe a circle through A, B, E (5); this will be the

circle required (III. 37).

Since E can be taken on either side of C, there are two
solutions.

The construction fails if AB is parallel to the given
straight line. In this case bisect AB at D, and draw DC
at right angles to AB, meeting the given straight line at C.

Then describe a circle through A, B, C.

7. To describe a circle which shall pass through a

given point and touch two given straight lines.

Let A be the given point ; produce the given straight
lines to meet at B, and join AB. Through B draw a

straight line, bisecting that angle included by the given
straight lines within which A lies; and in this bisecting
straight line take any point C. From Cdraw a perpendicular
on one of the given straight lines, meeting it at Z>

;
with

centre C, and radius CD, describe a circle, meeting AB,
produced if necessary, at E. Join CE; and through A draw
a straight line parallel to CE, meeting BC, produced if
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necessary, at F. The circle described from the centre Fj
with radius FA, will touch the given straight lines.

For, draw a perpendicular from F on the straight line

BD, meeting it at G. Then CE is to FA as BC is to BF,
and CD is to FG as BG is to BF (VI. 4, V. 16). There-

fore CE is to FA as (7i> is to FG (V. 11). Therefore

C^ is to CD as i^^ is to FG (V. 16). But CE is equal
to CD

;
therefore i^J[ is equal to FG (V. ^).

If A is on the straight line BC we determine E as

before
;
then join ED, and draw a straight line through A

parallel to ED meeting BD produced if necessary at G ;

from G draw a straight line at right angles to BG, and the

point of intersection of this straight line with BC^ produced
if necessary, is the required centre.

As the circle described from the centre C, with the

radius CD, will meet AB at two points, there are two
solutions.

If A is on one of the given straight lines, draw from

A a straight line at right angles to this given straight

line; the point of intersection of this straight line with

either of the two straight lines which bisect the angles
made by the given straight lines may be taken for the

centre of the required circle.

If the two given straight lines are parallel, instead of

drawing a straight line BC to bisect the angle between

them, we must draw it parallel to them, and equidistant
from them.
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8. To describe a circle which shall touch three

given straight lines, not more than two of which are

parallel.

Proceed as in Euclid IV. 4. If the given straight lines

form a triangle, four circles can be described, namely, one
as in Euclid, and three others each touching one side of

the triangle and the other two sides produced. If two
of the given straight lines are parallel, two circles can be

described, namely, one on each side of the third given
straight line.

9. To describe a circle which shall touch a given
circle, and touch a given straight line at a given point.

Let A be the given point in the given straight line,
and C be the centre of the given circle. Through C draw
a straight line perpendicular to the given straight line,

and meeting the circumference of the circle at B and D,
of which 1) is the more remote from the given straight
line. Join AD, meeting the circumference of the circle at
E. From A draw a straight line at right angles to the

given straight line, meeting CE produced at F. Then 7^ shall

be the centre of the required circle, and FA its radius.

For the angle AEF is equal to the angle CED (I. 15) ;

and the angle EAF is equal to the angle CDE (I. 29);
therefore the angle AEF is equal to the angle EAF;
therefore AFib equal to EF {I. 6).
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111 a similar manner another solution may be obtained

by joining AB. If the given straight line falls without the

given circle, the circle obtained by the first solution touches

the given circle externally, and the circle obtained by. the

second solution touches the given circle internally. If the

given straight line cuts the given circle, both the circles

obtained touch the given circle externally.

10. To describe a circle which shall pass through two

given points and touch a given circle.

Let A and B be the given points. Take any point G
on the circumference of the given circle, and describe a

circle through A, B, C. If this described circle touches

the given circle, it is the required circle. But if not,, let D

be the other point of intersection of the two circles. Let
AB and CD be produced to meet at B

; from B draw a
straight line touching the given circle at F. Then a circle
described through A, B, F shall be the required circle.
See III. 35 and III. 37.

There are two solutions, because two straight lines can
be drawn from E to touch the given circle.

If the straight line which bisects AB at right angles
passes through the centre of the given circle, the con-
struction fails, for AB and CD are parallel. In this case
F must be determined by drawing a straight line parallel
to AB so as to touch the given circle.
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11. To describe a circle which shall touch two given
straight lines and a given circle.

i)raw two straight lines parallel to the given straight
lines, at a distance from them equal to the radius of the

given circle, and on the sides of them remote from the
centre of the given circle. Describe a circle touching the

straight lines thus drawn, and passing through the centre
of the given circle (7). A circle having tlie same centre as
the circle thus described, and a radius equal to the excess
of its radius over that of the given circle, will be the re-

quired circle.

Two solutions will be obtained, because there are two
solutions of the problem in 7 ;

the circles thus obtained
touch the given circle externally.

We may obtain two circles which touch the given circle

internally, by drawing the straight lines parallel to the given
straight lines on the sides of them adjacent to the centre
of the given circle.

12. To describe a circle which shall pass through a
given point and touch a given straight line and a given
circle.

"We wall suppose the given point and the given straight
line without the circle

;
other cases of the problem may be

treated in a similar manner.

Let A be the given point, and B the centre of the

given circle. From B draw a perpendicular to the given
straight line, meeting it at C, and meeting the circum-
ference of the given circle at D and E, so that D is be-

tween B and C. Join EA and determine a point F in EA^
produced if necessary, such that the rectangle EA, EF
may be equal to the rectangle EG^ ED ;

this can be done
by describing a circle through A^ C, i>, which will meet
EA at the required point (III. 36, Corollary). Describe a
circle to pass through A and F and touch the given straight
line (6) ;

this shall be the required circle.
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For, let the circle thus described touch the given

straight line at G ; join EG meeting the given circle at i/,

and join DH. Then the triangles EHD and EGG are

similar; and therefore the rectangle EC, ED is equal to

the rectangle EG, EH (III. 31, VI. 4, VI. 16). Thus the

rectangle EA, EF is equal to the rectangle EH, EG ;
and

therefore H is on the circumference of the described
circle (III. 36, Corollary). Take K the centre of the
described circle

; join KG, KH, and BH. Then it may
be shewn that the angles KHG and EHB are equal
(I. 29, I. 5). Therefore KHB is a straight line

; and
therefore the described circle touches the given circle.

Two solutions will be obtained, because there are two
solutions of the problem in 6

; the circles thus described
touch the given circle externally.

By joining DA instead o^ EA we can obtain two solu-

tions in which the circles described touch the given circle

internally.
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13. To describe a circle which sJiall touch a given
straight line and two given circles.

Let A be the centre of the larger circle and B the

centre of the smaller circle. Draw a straight line parallel
to the given straight line, at a distance from it equal to the

radius of the smaller circle, and on the side of it remote
from A. Describe a circle Avith A as centre, and radius

equal to the difference of the radii of the given circles.

Describe a circle which shall pass through B, touch exter-

nally the circle just described, and also touch the straight
line which has been drawn parallel to the given straight
line (12). Then a circle having the same centre as the

second described circle, and a radius equal to the excess

of its radius over the radius of the smaller given circle,
will be the required circle.

Two solutions will be obtained, because there are two
solutions of the problem in 12

;
the circles thus described

touch the given circles externally.

We may obtain in a similar manner circles which touch
the given circles internally, and also circles which touch
one of the given circles internally and the other exter-

nally. J

14. Let A he the centre of a circle, and B the centre

of a larger circle ; let a straight line he drawn touching
the former circle at C and the latter circle at D, and
meeting AB produced through A at T. From T draio

any straight line nneeting the smaller circle at K and L,
and the larger circle at M and N ; so that the Jive letters

T, K, L, M, N are in this order. Then the straight lijies

AK, KC, CL, LA shall he respectively parallel to the

straight lines BM, MD, DN, NB; and the rectangle

TK, TN shall he equal to the rectangle TL, TM, and

equal to the rectangle TC, TD.

Join AC, BD. Then the triangles TAG smA TBD are
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equiangular ;
and therefore TA is to TB as ^C is to BD

(VI. 4, V. 16), that is, as AK is to BM.

Therefore the triangles TAK and TBM are similar

(YI. 7); therefore the angle TAK is equal to the angleTBM
\
and therefore ^-ff' is parallel to BM. Similarly

^Z is parallel to BN. And because ^^ is parallel to

BM and AG parallel to BD^ the angle CAK is equal
to the angle DBM ;

and therefore the angle CLK is equal
to the angle DNM (III. 20); and therefore CL is parallel
to DN. Similarly CK is parallel to DM.

Now TM is to TD as TD is to TN (III. 37, VI. 16) ;

and TM\9, to TD as TK is to TC (VI. 4); therefore TK
is to TC as 77) is to TN; and therefore the rectangle

TK, TN\^ equal to the rectangle TC, TD, Similarly the

rectangle TL, TM is equal to the rectangle TC, TD.

If each of the given circles is without the other we
may suppose the straight line which touches both circles

to meet AB 2A T between A and B, and the above results

will all hold, provided we interchange the lettersK and L
;

so that the five letters are now to be in the following

order, L, K, T, M, N
The point T is called a centre of similitude of the two

circles.
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15. To describe a circle which shall pass through a

given point and touch two given circles.

Let A bo the centre of the smaller circle and B the
centre of the larger circle ; and let E be the given point.

Draw a straight line touching the former circle at G and
the latter at D, and meeting the straight line AB, pro-
duced through A, at T. Join TE and divide it at F so

that the rectangle TE, TF may be equal to the rectangle
TC, TD. Then describe a circle to pass through E and F
and touch either of the given circles (10); this shall be the

retiuirod circle.
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For suppose that the circle is described so as to touch

the smaller given pircle; let G be the point of contact; we
have then to shew that the described circle will also

touch the larger given circle. Join TG, and produce it

to meet the larger given circle at H. Then the rectangle

TG, Til is equal to the rectangle TC, TD (14); therefore

the rectangle TG, TH is equal to the rectangle TE, TF\
and therefore the described circle passes through H.

Let O be the centre of this circle, so that OGA is a

straight line
;
we have to shew that OHB is a straight

line.

Let TG intersect the smaller circle again at K\ then
AK is parallel to Bllil^) ;

therefore the angle AKT is

equal to the angleBHG ;
and the angleAKG is equal to the

angle AGK, which is equal to the angle OGH, which is

equal to the angle OHG. Therefore the angles BHG and
OIIG together are equal to AKT and AKG together ;

that is, to two right angles. Therefore OHB is a straight
line.

Two solutions will be obtained, because there are two
solutions of the problem in 10. Also, if each of the given
circles is without the other, two other solutions can be
obtained by taking for T the point between A and B
where a straight line touching the two given circles meets
AB. The various solutions correspond to the circum-

stance that the contact of circles may be external or

internah

16. To describe a circle which shall touch three given
circles.

Let A be the centre of that circle which is not greater
than either of the other circles; let B and C be the centres

of the other circles. With centre B, and radius equal to

the excess of the radius of the circle with centre B over
the radius of the circle with centre A, describe a circle.

Also with centre (7, and radius equal to the excess of the

radius of the circle with centre C over the radius of the

circle with centre A, describe a circle. Describe a circle

to touch externally these two described circles and to pass
through A (15). Then a circle having the same centre as

the last described circle, and having a radius equal to

20
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the excess of its radius over the radius of the circle with
centre A^ will touch externally the three given circles.

In a similar way we may describe a circle touching
internally the three given circles, or touching one of them
externally and the two others internally, or touching one of
them internally and the two others externally.

17. In a given indefinite straight line it is required
to find a point such that the sum of its distances from
two given points on the same side of the straight line

shall be the least possible.

Let A and B be the two given points. From A drai

a perpendicular to the given straight line meeting it at

and produce ^C to Z> so that CI> may be equal to Ai
Join DB meeting the given straight line at E. Then
shall be the reqiiired point.

For, let F be any other point in the given straight line.

Then, because AG ia equal to DC, and EC is common to

the two triangles ACE, DCE
;
and that the right angle

ACE is equal to the right angle DCE; therefore AE is

equal to DE. Similarly, ^i^ is equal to DF. And the
sum of DF and FB is greater than BD (I. 20) : therefore

the sum of AF and FB is greater than BD
;
that is, the

sum of AF and FB is greater than the sum of DE and

EB; therefore the sum of AF smd FB ia greater than
the sum ofAE and EB.
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18. The perimeter of an isosceles triangle is less than

that of any other triangle of equal area standing on tfie

same base.

Let ABC be an isosceles

triangle; AQC any other tri-

angle equal in area and stand-

ing on the same base A G.

Join BQ ;
then BQ is paral-

lel to ^(7(1. 39).

And it will follow from 17
that the sum oi AQ and QG
is greater than the sum of AB
and BG.

19. If a polygon he not equilateral a polygon may he

found of the same numher of sides, and equal in area, hut

having a less perimeter.

For, let CD, DE be two adjacent unequal sides of
the polygon. Join GE. Through D draw a straight line

parallel to GE. Bisect GE at L
;
from L draw a straight

line at right angles to GE meeting the straight line drawn
through D at K. Then by removing from the given poly-

gon the triangle GDE and applying the triangle GKE^
we obtain a polygon having the same number of sides

as the given polygon, and equal to it in area, but having
a less perimeter (18).

20—2
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20. A and B are two given points on the same side of
a given straight line, and AB produced meets the given

straight line at G; of all points in the given straight line

on each side of C, it is required to determine that at

tchich AB subtends the greatest angle.

Describe a circle to pass through A and B, and to

touch the given straight line on that side of G which is to

be considered (6). Let D be the point of contact: D
shall be the required point.

For, take any other point j^ in the given straight line,
on the same side of C as Z> is

;
draw EA, EB

;
then one

at least of these straight lines will cut the circumference
ADB.

Suppose thatBE cuts the circumference at i^; join AF.
Then the angle AFB is equal to the angle ADB (III. 21) ;

and the angle AFB is greater than the angle AEB (I. 16);
therefore the angle ADB is greater than the angle AEB.

21. A and B are two given points within a circle ;
and AB is drawn and produced both ways so as to divide
the whole circumference into two arcs ; it is required to

deternfiine the point in each of these arcs at which AB
subtends the greatest angle*
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Describe a circle to pass through A and B and to touch
the circumference considered (10): the point of contact
will be the required point. The demonstration is similar

to that in the preceding proposition.

22. A a7id B are two given points without a given
circle ; it is required to determine the points on the cir-

cumference of the given circle at which AB subtends the

greatest and least angles.

Suppose that neither AB nor AB produced cuts the

given circle.

Describe two circles to pass through A and B, and to

touch the given circle (10) : the point of contact of the
circle which touches the given circle externally will be the

point where the angle is greatest, and the point of contact
of the circle which touches the given circle internally will

be the point where the angle is least. The demonstration
is similar to that in 20.

If AB cuts the given circle, both the circles obtained

by 10 touch the given circle internally ;
in this case the

angle subtended hj AB at a point of contact is less than
the angle subtended at any other point of the circumference
of the given circle which is on the same side of AB. Here
the angle is greatest at the points where AB cuts the

circle, and is there equal to two right angles.

If AB produced cuts the given circle, both the circles

obtained by 10 touch the given circle externally; in this

case the angle subtended by AB at a point of contact is

greater than the angle subtended at any other point of

the circumference of the given circle which is on the
same side of AB. Here the angle is least at the points
where AB produced cuts the circle, and is there zero.
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23. If there hefour magnitudes such that the first is

to the second as the third is to the fourth ; then shall the

first together with the second be to the excess of the first

above the second as the third together with thefourth is to

the excess of the third above the fourth.

For, tho first together with the second is to the second

as the third together with the fourth is to the fourth (V. 18).

Therefore, alternately, the first together with the second is

to the third together with the fourth as the second is to

the fourth (V. 16).

Similarly, by V. 17 and V. 16, the excess of the first

above the second is to the excess of the third above the

fourth as the second is to the fourth.

Therefore, by V. 11, the first together with the second is

to the excess of the first above the second as the third

together with the fourth is to the excess of the third above
the fourth.

24. The straight lines drawn at right angles to the

sides of a trianglefrom the poiiits of bisection of the sides

meet at the same point.

Let ABC he a triangle; bisect jBCat Z>, and bisect CA
at E

;
from D draw a straight line at right angles to BO,

and from E draw a straight Ime at right angles to CA ;

let these straight lines meet at G: we have then to shew
tliat the straight line which bisects ^^ at right angles
also passes tlu-ough G. From the triangles BDG and
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CDG we can shew that BG is equal to CG ; and from the

triangles CEG and AEG we can shew that CG is equal to

AG
;
therefore BG is equal to AG. Then if we draw a

straight line from G to the middle point of AB we
can show that this straight line is at right angles to AB :

that is, the line which bisects AB At right angles passes

through 6r.

25. The straight lines drawn from the angles of a

triangle to the points of bisection of the opposite sides

meet at the same point.

Let ABC be a triangle ;
bisect BC at D, bisect CA at

E, and bisect AB at F; join BE and CF meeting at G;

join AG and GD: then AG and GJ) shall lie in a straight

line.

The triangle BEA is equal to the triangle BEC, and
the triangle GEA is equal to the triangle GEC (I. 38) ;

therefore, by the third Axiom, the triangle BGA is equal
to the triangle BGC.

Similarly, the triangle CGA is equal to the triangle CGB.

Therefore the triangle BGA is e(iual to the triangle CGA.
And the triangle BGB is equal to the triangle CGB (1. 38) ;

therefore the triangles BGA and BGB together are equal
to the triangles CGA and CGD together. Therefore the.

triangles BGA and BGB together are equal to half the.

triangle ABC. Therefore G must fall on the straight line

AB ; that is, AG and GB lie in a straight line.
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26. The straight lines which bisect the angles of a
triangle meet at the same point.

Let ABC be a triangle ; bisect the angles at B and G

by straight lines meeting at G; join AG : then AG shall

bisect the angle at A.

From G draw GD perpendicular to BC, GE perpen-
dicular to CA, and GF perpendicular to AB.

From the triangles BGF and BGD we can shew that
GF is equal to GD-, and from the triangles CGE and
CGD we 'can shew that GE is equal to GD; therefore GF
is equal to GE. Then from the triangles AFG and AEG
we can shew that the angle FAG is equal to the angle
EAG.

The theorem may also be demonstrated thus. Produce
^G^ to meet BG at //. Then AB is to BH as ^G^ is to

GH, and AC is to Cff as AG is to GH (VI. 3); there-
fore ^^ is to BH 2LS AC is to CH(V.U); therefore AB
is to AC as BH is to CH (V. 16) ;

therefore the straight
line AH bisects the angle at A (VI. 3).

27. Bet two sides of a triangle he produced through
the base; then the straight lines which bisect the two
exterior angles thus formed, and the straight line which
bisects the vertical angle of the triangle, meet at the same

point.

This may be shewn like 26 : if we adopt the second
method we shall have to use VI. A.
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28. The perpendiculars draicn from the angles of a

triangle on the opposite sides ineet at the same point.

Let ABC be a triangle ;
and first suppose that it is not

obtuse angled. From B draw BE perpendicular to CA \

from C draw CF perpendicular to AB
; let these perpen-

diculars meet at G
; join ^G^, and produce it to meet BG

at Z> : then AD shall be perpendicular to BC.

For a circle will go round AEGF {Note on III. 22) ; there-
fore the angle FAG is equal to the angle FEG (III. 21).
And a circle will go round BCEF{IU. 31, Note on III. 21) ;

therefore the angle FEB is equal to the angle FCB.
Therefore the angle BAD is equal to the angle BGF. And
the angle at B is common to the two triangles BAD and
BCF.^ Therefore the third angle BDA is equal to the
third angle BFC (Note on I. 32). But the angle BFG is

a right angle, by construction ; therefore the angle BDA is

a right angle.

In the same way the theorem may be demonstrated
when the triangle is obtuse angled. Or this case may be
deduced from Avhat has been already shewn. For suppose
the angle at A obtuse, and let the perpendicular from B
on the opposite side meet that side produced at E, and let

the perpendicular from G on the opposite side meet that

side produced at F; and let BE and GF be produced to

meet at G. Then in the triangle BGG the perpendiculars
BF and GE meet at A

;
therefore by the former case the

straight line GA produced will be perpendicular to BG,



314 APPENDIX.

29. If from any point in the circumference qf the

circle described round a triangle perpendiculars he drawn
to the sides of the triangle, the three points of intersection

are in tJce same straight line.

Let ABC be a triangle, P any point on the circum-

ference of the circumscribing circle; from P draw Pi>,

PEf PF perpendiculars to the sides BG, CA,AB respec-

tively : D, B, F shall be in the same straight line.

[We will suppose that P is on the arc cut oflF by AB, on

the opposite side from C, and that B is on CA produced
through A ;

the demonstration will only have to be slightly

modified for any other figure.]

A circle will go round PBAF (Note on III. 22) ;
there-

fore the angle PFE is equal to the angle PAB (III. 21).

But the angles PAB and PAG are together equal to two

right angles (I. 13); and the angles PAG and PBG are

together equal to two right angles (III. 22). Therefore

the angle PAB is equal to the angle PBG; therefore the

angle PFE is equal to the angle PBG.

Again, a circle will go round PFDB {Note on III. 21) ;

therefore the angles PFD and PBD are together equal
to two right angles (III. 22). But the angle PBD has

been shewn equal to the angle PFE. ITierefore the angles
PFD and PFE are together equal to two right angles.
Therefore EF and FD are in the same straight line.
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30. ABC is a triangle, and O is the point of inter-

section of the perpendiculars from A, B, C on the opposite
sides of the triangle : the circle which passes through the

middle points of A, OB, OC will pass through the feet

of the perpendiculars and through the middle points of
the sides of the triangle.

Let Z), E, F be the middle points of OA, OB, OG
respectively ;

let G be the foot of the perpendicular from

A on BC, andH the middle point of BG.

Then OBG is a right-angled triangle and E is the
middte point of the hypotenuse OB ;

therefore EG is equal
to EO; therefore the angle EGO is equal to the angle
EOG. Similarly, the angle FGO is equal to the angle
FOG. Therefore the angle FGE is equal to the angle
FOE. But the angles FOE and BAG are together equal
to two right angles; therefore the angles FGE and BAG
are together equal to two right angles. And the angle BAG
is equal to the angle EDF, because ED, DF are parallel
to BA, AG (VI. 2). Therefore the angles FGE and EDF
are together equal to two right angles. Hence G is on the

circumference of the circle which passes through D, E, F
{Note on III. 22).

Again, FH is parallel to OB, and EH parallel to 0C\
therefore the angle EHF is equal to the angle EGF.
Therefore H is also on the circumference of the circle.
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Similarly, the two points in each of the other sides of

the triangle ABC may be shewn to be on the circum-

ference of the circle.

The circle which is thus shewn to pass through these

nine points may be called the Nine points circle: it has

some curious properties, of which we will now give two.

The radius of the Nine points circle is half of the

radius of the circle described round the original triangle.

For the triangle DEF has its sides respectively halves

of the sides of the triangle ABC, so that the triangles are

similar. Hence the radius of the circle described round
I)EF is half of the radius of the circle described round
ABO.

If S be the centre of the circle described round the

triangle ABC, the centre of the Nine points circle is the

middle point of SO.

For IIS is at right angles to BC, and therefore parallel
to GO. Hence the straight line which bisects IIG at right

angles must bisect SO. And II and G are on the circum-

ference of the Nine points circle, so that the straight line

which bisects HG at right angles must pass through the

centre of the Nine points circle. Similarly, from the other
sides of the triangle ABC two other straight lines can be

obtained, which pass through the centre of the Nine points
circle and also bisect SO. Hence the centre of the Nine

points circle must coincide with the middle point of SO.

We may state that the Nine points circle of any triangle
touches the inscribed circle and the escribed circles of the

triangle: a demonstration of this theorem will be found
in tlie Plane Trigonometry, Chapter xxiv. For the history
of the theorem see the Nouvelles Annales de Mathema-
tiques for 1863, page 562.

31. If two straight lines bisecting two angles of a tri-

angle and terminated at the opposite sides be equal, the
bisected angles shall be equal.

Let ABC be a triangle; let the straight line BD bisect
the angle at B, and be terminated at the side AC; and
let the straight line CE bisect the angle at C, and be ter-

minated at the side AB; and let the straight line BD bo
equal to the straight line CE: then the angle at B shall be

equal to the angle at C
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For, let BB and GE meet at
;
then if the angle OBG

be not equal to the angle OCB^ one of them must be

greater than the other
;
let the angle OBG be the greater.

Then, because GB and BD are equal to BG and GE, each
to each; but the angle GBD is greater than the angle
BGE', therefore GD is greater than BE (I. 24).

On the other side of the base BG make the triangle
BGF equal to the triangle GBE, so that BF may be equal
to GE, and (7i^ equal to BE (I. 22); and join DF.

Then because BF is equal to BD^ the -angle BED is

equal to the angle BDF. And. the angle OGD is, by hy-
pothesis, less than the angle QBE ;

and the angle GOD is

equal to the angle BOE\ therefore the angle ODG is

greater than the angle OEB (I, 32), and therefore the

angle ODG is greater than the angle BEG.

Hence, by taking away the equal angles BDF and
BFD^ the angle EDG is greater than the angle DEG ;

and therefore GE is greater than GD (I. 1 9) ;
therefore BE

is greater than GD.

But it was shewn that GD is greater than BE\ which
is absurd.

Therefore the angles OBG and 0GB are not unequal,
that is, they are equal ;

and therefore the angle ABC is

equal to the angle AGB.
[For the history of this theorem see Lady's and Gen^

tUmarCs Diary for 1869, page 88.]
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32. If a qutuJrUateralfigure does not admit of Inn-itig
a circle described romid it, the sum of the rectangles con-
tained by the opj-)osite sides is greater than the rectangle
contained by the diagonals.

Let ABCD be a quadrilateral figure which docs not
admit of having a circle described round it

;
then the rect-

angle AB, DC, together with the rectangle BC, AD, shall

be greater than the rectangle A C, BD.

For, make the angle ABE equal to the angle DBC,
and the angle BAE equal to the angle BDC ;

then the

triangle ABE is similar to the triangle BDC (VI. 4) ;

therefore -<45 is to ^^ as DB is to DC
;
and therefore the

rectangle AB, DCis equal to the rectangle AE, DB.
Join EC. Then, since the angle ABE is equal to the

angle DBC, the angle CBE is equal to the angle DBA.
And because the triangles ABE and DBC are similar, AB
is to DB as BE is to BC; therefore the triangles ABD
and EBC are similar (VI. 6) ;

therefore CB is to CE as

DB is to DA; and therefore the rectangle CB, DA is

equal to the rectangle CE, DB.
Therefore the rectangle AB, DC, together with the

rectangle BC, AD is equal to the rectangle AE, BD
together with the rectangle CE, BD ;

that is, equal to the

rectangle contained by BD and the sum of AE and EC.
But the sum of AE and EC is greater than AC (I. 20);
therefore the rectangle AB, DC, together with the rect-

angle BC, ADi& greater than the rectangle AC, BD,
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33. If the rectangle contained hy the diagonals of a

quadrilateral he equal to the sum of the rectangles con-

tained hy the opposite sides, a circle can he descrihed round
the quadrilateral.

This is the converse of VI. D
; it can be demonstrated

indirectly with the aid of 32.

34. It is required to find a point in a given straight
line, such that the rectangle contained hy its distancesfrom
two given points in the straight line may he equal to the

rectangle contained hy its distances from two other given
points in the straight line.

Let A, B, C, D be four given points in the same
straight line: it is required to find a point in the straight

line, such that the rectangle contained by its distances

from^ and B may be equal to the rectangle contained by
its distances from C and D.

On AD describe any triangle AED; and on CB de-

scribe a similar triangle GFB, so that CE is parallel to

AE, and BE to DE; join EE, and let it meet the given
straight line at 0, Then shall be the required point.

For, OE is to OA as OE is to OC (VI. 4) ;
therefore

OE is to OE as OA is to OC (V. 16). Similarly OE is to

Oi^ as OD is to OB. Therefore OA is to OC as OD is to

OB (V. 11). Therefore the rectangle OA, OB is equal to
the rectangle OC, OD.
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The figure will vary slightly according to the situation

of the four given points, but corresponding to an assigned
situation there will be only one point such as is required.
For suppose there could bo such a point P, besides the

point O which is determined by the construction given
above

;
and that the points are in the order A,C,D, B, 6>, P.

Join PE, and let it meet CF, i)roduced at G
-, join BG.

Then the rectangle PA, PB is, by hypothesis, equal to the

rectangle PC, PD ;
and therefore PA is to PC as PD is

to PB. But PA is to PC asPE is to PG
( VI. 2) ;

there-

fore PD is to PB a^ PE is to PG^ (V. 11); therefore BG
is parallel to DE.

But, by the construction, BF is parallel to ED
;
there-

fore BG and BF are themselves parallel (I, 30) ;
which is

absurd. Therefore P is not such a point as is required.

ON GEOMETRICAL ANALYSIS.

35. The substantives analysis and synthesis, and the

corresponding adjectives analytical and synthetical, are of

frequent occurrence in mathematics. In general analysis
means decomposition, or the separating a whole into its

parts, and sj/nthesis means composition, or making a whole
out of its parts. In Geometry however these words are
used in a more special sense. In synthesis we begin with
results already established, and end with some new result

;

thus, by the aid of theorems already demonstrated, and

problems already solved, we demonstrate some new theo-

rem, or solve some new problem. In analysis we begin
with assuming the truth of some theorem or the solution of

some problem, and we deduce from the assumption con-

sequences which we can compare with results already esta-

blished, and thus test the validity of our assumption.

3G. The propositions in Euclid's Elements are all ex-

hibited synthetically ;
the student is only employed in ex-

amining the soundness of the reasoning by which each
successive addition is made to the collection of geometrical
truths already obtained

;
and there is no hint given as to

the manner in which the propositions were originally dis-

covered. Some of the constructions and demonstrations

appear rather artificial, and we are thus naturally induced
to enquire whether any 'rules can be discovered by which
we may be guided easily and naturally to the investigation
of new propositions.
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37. Geometrical analysis has sometimes been described
in language which might lead to the expectation that
directions could be given which would^ enable a student
to proceed to the demonstration of any proposed theorem,
or the solution of any proposed problem, with confidence of
success

;
but no such directions can be given. We will

state the exact extent of these directions. Suppose that a
new theorem is proposed for investigation, or a new
problem for trial. Assume the truth of the theorem or the
solution of the problem, and deduce consequences from
this assumption combined with results wliich have been

already established. If a consequence can be deduced
which contradicts some result already established, this

amounts to a demonstration that our assumption is inad-
missible

; that is, the theorem is not true, or the problem
cannot be solved. If a consequence can be deduced which
coincides with some result already established, we cannot

say that the assumption is inadmissible
;
aiid it may happen

that by starting from the consequence which we deduced,
and retracing our steps, we can succeed in giving a syn-
thetical demonstration of the theorem, or solution of the

problem. These directions however are very vague, be-
cause no certain rule can be prescribed by which we are to

combine our assumption with results already established;
and moreover no test exists by which we can ascertain

whether a valid consequence which we have drawn from
an assumption will enable us to establish the assumption
itself. That a proposition may be false and yet furnish

consequences which are true, can be seen from a simple

example. Suppose a theorem were proposed for investi-

gation in thO following words
; one angle of a triangle is to

another as the side opposite to thejirst angle is to the side

opposite to the other. If this be assumed to be true wo
can immediately deduce Euchd's result in I. 19; but from
Euclid's result in I. 19 we cannot retrace our steps and
establish the proposed theorem, and in fact the proposed
theorem is false.

Thus the only definite statement in the directions

respecting Geometrical analysis is, that if a consequence
can be deduced from an assumed proposition which con-

tradicts a result already established, that assumed propo-.
sition must be false.

21
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38. We may mention, in particular, that a consequence
would contradict results already established, if wo could

shew that it would lead to the solution of a problem

already given up as impossible. There are three famous

problems which are now admitted to be beyond the power
of Geometry; namely, to find a straight lino equal in length

to the circumference of a given circle, to trisect any given

angle, and to find two mean proportionals between two

given straight lines. The grounds on which the geometrical

solution of these problems is admitted to be impossible

cannot be explained without a knowledge of the higher

parts of mathematics ;
the student of the Elements may

however be content with the fact that innumerable attempts
have been made to obtain solutions, and that these attempts

have been made in vain.

The first of these problems is usually referred to as

the Quadrature of the Circle. For the history of it the

student should consult the article in the English Cyclo-

pcBdia under that head, and also a series of papers in the

AthencBum for 1863 and subsequent years, entitled a

Budget of Paradoxes, by Professor De Morgan.
For approximate solutions of the problem we may

refer to Davies's edition of Ilutton's Course of Mathe-

matics^ Vol. I. page 400, the Lady's and Gentleman^g

Diary for 1855, page 86, and the Philosophical Magazine
for April, 1862.

The third of the three problems is often referred to as

the Duplication of the Cube. See the note on VI. 13 in

Lardner's Euclid, and a dissertation by C. H. Biering en-

titled Historia Problematis Cuhi Duplicandi...IlsLum3d,
1844.

We will now give some examples of Geometrical ana-

lysis.

39. Prom two given points it is required to draw to

the same point in a given straight line, two straight lines

equally inclined to the given straight line.

Let A and B be the given points, and CD the given
straight line.

Suppose AE and EB to be the two straight lines

equally inclined to CD. Draw BF perpendicular to CD,
and produce AE and BF to meet at G. Then the angle
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BED is equal to the angle AEC^ by hypothesis ;
and the

angle AEC is equal to the angle DEG (I. 15). Hence the

A. b

triangles BEF and GEF are equal in all respects (I. 26) ;

therefore FG is equal to FB.
This result shews how we may synthetically solve the

problem. Draw BF perpendicular to CZ>, and produce
it to (t, so that FG may be equal to FB; then join AG^
and AG will intersect CD at the required point.

40. To divide a given straight line into tico parts
such that the difference of the squares on the parts may he

equal to a given square.

Let AB he the given straight

line, and suppose C the required
point.

Then the difference of the

squares on ^C^ and BG is to be equal to a given square.
But the difference of the squares on AC and BG is equal
to the rectangle contained by their sum and difference

;

therefore this rectangle must be equal to the given square.
Hence we have the following synthetical solution. On AB
describe a rectangle equal to the given square (I. 45); then
the difference oi AC and CB will be equal to the side

of the rectangle adjacent to AB, and is therefore known.
And the sum oi AG and CB is known. Thus AC and CB
are known.

It is obvious that the given square must not exceed the

square on AB, in order that the problem may bo possible.

There arc two positions of (7, if it is not specified which
of the two segments AG and CB is to be greater than the

other ; but only one position, if it is specified.

21—ii
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In like manner we may solve the problem, to produce
a gimn straight line so that the square on tlte whole
straight line made up of the given straight line and the

part produced, mag exceed the square on the part pro-
duced by a given square, which is not less than the square
on the given straigfU line.

The two problems may be combined in one enunciation

thus, to divide a given straight line internally or exter-

nally so that the difference of the squares ow the segments
may be equal to a given square.

41. To find a point iti the circumference of a given
segment of a circle, so that the straight lines which join
the point to the extremities of the straight line on which
tlie segment stands may be together equal to a given
straight line.

Let ACB be the circumference of the given segment,
and suppose C the required point, so that the sum oi AG
and CB is equal to a given straight line.

Produce AC io D so that CD may be equal to CB )

and join DB.
Then ^Z> is equal to the given straight line. And the

angle ACB is equal to the sum of the angles CDB and
CBD (I. 32), that is, to twice the angle CDB (I. 5). There-
fore the angle ADB is half of the angle in the given seg-
ment. Hence Ave have the followhig synthetical solution.

Describe on AB ix. segment of a circle coutainiiig an angle

equal to half the angle in the given segment. With A as

centre, and a radius equal to the given straight line,

describe a circle. Join A with a point of intersection of

this circle and the segment which has been described; this
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joining straight line will cut the circumference of the

given segment at a point which solves the problem.

The given straight line must exceed AB and it must
not exceed a certain straight line which we will now deter-
mine. Suppose the circumference of the given segment
bisected at E: join AE, and produce it to meet the cir-

cumference of the described segment at F. Then ^jE^ is

equal to EB (III. 28), and EB is equal to EF for the
same reason that CB is equal to CD. Thus EA, EB, EF
are all equal ;

and therefore E is the centre of the circle
of which ADB is a segment (III. 9). Hence AF is the

longest straight line which can be drawn from A to the cir-

cumference of the described segment; so that the given
straight line must not exceed twice AE,

42. To describe an isosceles triangle having each of
the angles at the base double of the third angle.

This problem is solved in IV, IQ ; we may suppose the
solution to have been discovered by such an analysis as the

following.

Suppose the triangle ABD such a

triangle as is required, so that each of
the angles at B and D is double of the

angle at A.

Bisect the angle at D by the straight
line DC. Then the angle ADC is equal
to the angle at A

; therefore CA is

equal to CD. The angle CBD is equal
to the angle ADB, by hypothesis ;

the angle CDB is equal
to the angle at A

;
therefore the third angle BCD is equal

to the third angle ABD (I. 32). Therefore BD is equal
to CD (I. 6); and therefore BD is equal to AC.

Since the angle BDC is equal to the angle at A, the

straight line BD will touch at D the circle described
round the triangle ACD {Note on III. 32). Therefore the

rectangle AB, BC is equal to the square on BD (III. 36).
Therefore the rectangle AB^ BC is equal to the square
on^a

Therefore AB is divided at C in the manner required
in II. 11.

Hence the synthetical solution of the problem is evident.
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43. To inscribe a square in a given triangle.

Letyli5Cbcthe

given triangle, and

suppose DEFG the

required square.

Draw AH perpen-
dicular to EC, and
AK parallel to EG;
and letEF produc-
ed meet AK at A'

Then EG is to GF
as EA is to AK, and EG is to GD as EA is to AH{YI. 4).

But GF is equal to GB, by hypothesis.
Therefore EA is to AK as EA is to ^// (V. 7, V. 11).

Therefore ^i^ is equal to AK{V. 7).

Hence we have the following synthetical solution. Draw
AK parallel to EG, and equal to AH; and join EJC. Then
EK meets AG at one of the comers of the required square,
and the solution can be completed.

44. Through a given point between two given straight

lines, it is required to draw a straight line, such that the

rectangle contained hy theparts between the givenpoint and
the given straight lines may be equal to a given rectangle.

Let P be the given point,
and AE and AG the given

straight lines
; supposeMPN

the required straight line, so

that the rectangle MP, PiV
is equ4 to a given rectangle.

Produce J(P to Q, so that

the rectangle AP, PQ may
be equal to the given rect-

angle. Then the rectangle

MP, PN is equal to the

rectangle AP, PQ. Therefore a circle will go round

AMQN {Note on III. .35). Therefore the angle PNQ is

equal to the angle PAM {lll.ll).
Hence we have the following synthetical solution. Pro-

duce AP to Q, so that the rectangle AP, PQ may bo

equal to the given rectangle ; describe on PQ a segment
of a circle containing an angle equal to the angle PAM;
join P with a point of intersection of this circle and AG;
the straight line thus drawn solves the problem.
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45. In a given circle it is required to inscribe a tri-

angle so that two sides may jmss through two gicen pointSy
and the third side he parallel to a given straight line.

Let A and B be the given points, and CD the given
straight line. Suppose PMN to be the required triangle
inscribed in the given circle.

Draw iV;£^ parallel to ^i?; join EM, and produce it if

necessary to meet AB ?\.i F.

If the point F were known the problem might be con-

sidered solved. For ENM is a kno^vn angle, and therefore

the chord EM is known in magnituile. And then, since F
is a known point, and EM is a known magnitude, the posi-
tion ofM becomes known.

We have then only to shew how F is to be determined.

The angle MEN is equal to the angle MFA (I. 29). The
angle MEN is equal to the angle MPN (III. 21). Hence
MAF and BAP are similar triangles (VI. 4). Therefore

MA is to AF as BA is to AP. Therefore the rectangle

MA, AP is equal to the rectangle BA, AF(VI. 16). But
since J is a given point the rectangle MA, AP is known;
and AB is known: thus AF is determined.
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46. In a given circle it is required to inscribe a tri-

angle so that the sides mag pass through three given
points.

Let A, B, C he the three given points. Suppose PMN
to bo tho required triangle inscribed in the given circla

Draw NUi parallel to AB^ and determine the point F
as in the preceding problem. We shall then have to de-

scribe in the given circle a triangle EMN so that two of

its sides may pass through given points, F and C, and tho

third side be parallel to a given straight line AB. This
can be done by the preceding problem.

Tliis example and the preceding are taken from tho
work of Catalan already cited. The present problem is

sometimes called Castillon^s and sometimes Cramer's; tho

history of the general researches to which it has given riso

tvdll be found in a series of papers in the Mathematician^
Vol. Ill, by the late T. S. Davies.

ON LOCI.

47. A locus consists of all the points which satisfy cer-

tain conditions and of those points alone. Thus, for exam-

ple, the locus of the points which are at a given distance
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from a given point is the surface of the sphere described

from tlio given point as centre, with the given distance as

radius; for ail tlie points on this surface, and no other

points, are at the given distance from the given point. If

we restrict ourselves to all the points in a fixed plane which

are at a given distance from a given point, the locus is the

circumference of the circle described from the given point
as centre, with the given distance as radius. In future wo
shall restrict ourselves to loci which are situated in a fixed

plane, and which are properly called j^lane loci.

Several of the propositions in Euclid furnish good exam-

ples of loci. Thus the locus of the vertices of all triangles
which are on the same base and on the same side of it, and
which have the same area, is a straight line parallel to the

base; this is shewn in I. 37 and I. 39.

Again, the locus of the vertices of all triangles which
are on the same base and on the same side of it, and which
have the same vertical angle, is a segment of a circle de-

scribed on the base ;
for it is shewn in III. 21, that all the

points thus determined satisfy the assigned conditions, and
it is easily shewn that no other points do.

"We will now give some examples. In each example wo
ought to shew not only that all the points which we indi-

cate as the locus do fulfil the assigned conditions, but that

no other points do. This second part however we leave to

the student in all the examples except the last two; in

these, which are more difiicult, we have given the complete

investigation.

48. Required the locus of points which are equidis-

tant from two given points.

Let A and B be the two given points; join AB-, and

draw a straight line through the middle point oi AB at

right angles to AB; then it may be easily shewn that this

straight line is the required locus.

49. Required the locus of the vertices of all triangles
on a given hose AB, such that the square on the side ter-

minated at A 7nay exceed the square on the side termi-

nated at B, hy a given square.

Suppose C to denote a point on the required locus
; from

C draw a perpendicular on the given base, meeting it, pro-
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duced if necessary, at D. Then the square on AC i& equal
to the squares on AD and CD, and the square on BC is

equal to the squares on BD and CD (I. 47) ;
therefore the.

square on AC exceeds the square on BC by as much as the

square on AD exceeds the square on BD. Hence Z> is a
fixed point either in ^i? or in AB produced through B (40).
And the required locus is tlio straight line drawn througli

D, at right angles to AB.
50. Required the locus ofa point such that the straight

lines drawn from it to touch two given circles may be

Let A he the centre of the greater circle, B the centre

of a smaller circle
;
and let P denote any point on the re-

quired locus. Smce the straight lines drawn from P to

touch the given circles are equal, tlie squares on these

straight lines are equal. But tlie squares on PA and PB
exceed these equal squares by the squares on the radii of
the respective circles. Hence the square on PA exceeds
the square on PB, by a known square, namely a square
equal to the excess of the square on the radius of the circle

of which A is the centre over the square on the radius of

the circle of which B is tlie centre. Hence, the required
locus is a certain straight line wliich is at right angles to

AB (49).

This straight line is called the radical axis of the two
circles. *

If the given circles intersect, it follows from III. 36,
that the straight line which is the locus coincides with the

produced parts of the common chord of the two circles.

51. Required the locus of the middle points of all

the chords of a circle which pass through afixed point.

Let A be the centre of the given circle; B the fixed
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point; let any chord of the circle be drawn so that, pro-
duced if necessary, it may pass through B. Let P be the

middle point of this chord, so that P is a point on the re-

quired locus.

The straight line AP is at right angles to the chord of

which P is the middle point (III. 3); therefore P is on the

circumference of a circle of which ^^ is a diameter.

Hence if -5 be within the given circle the locus is the cir-

cumference of the circle described on ^^ as diameter
;

if

B be without the given circle the locus is that part of the

circumference of the circle described on AB as diameter,
which is within the given circle.

52. is a fixed point from which any straight line

is drawn meeting a fixed straight line at P
;

in OP a

point Q is taken such that OQ is to OP in a fixed ratio:

determine the locus of Q.

We shall shew that the locus of Q is a straight line.

For draw a perpendicular from O on the fixed straight

line, meeting it at (7
;
in 0(7 take a point D such that OD

is to OG in the fixed ratio
;
draw from O any straight line

OP meeting the fixed straight line at P, and in OP take a

point Q such that OQ is to OP in the fixed ratio; join

QD. The triangles ODQ and OOP are similar (VI. 6) ;

therefore the angle ODQ is equal to the angle OOP, and is

therefore a right angle. Hence Q lies in the straight line

drawn through D at right angles to OD.
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53. a* a fixed pointfrom which any straight line

is drawji meeting the circumference of afixed circle at P ;

in OP a point Q is taken such that OQ is to OP in a fixed
ratio : determine the locus of Q.

We shall show that the* locus is tho circumfercuco of a
circle.

For let C be the centre of the fixed circle
;
in OC take

a point D such that OD is to OC in the fixed ratio, and
draw any radius CP of the fixed circle

;
draw DQ parallel

to^
CP meeting OP, produced if necessary, at Q. Then the

triangles OCP and ODQ arc similar (VI. 4), and therefore

OQ is to OP as OD is to 06', that is, in the fixed ratio.

Therefore Q is a point on the locus. And DQ is to CP
in the fixed ratio, so that DQ is of constant length. Hence
the locus is the circumference of a circle of which D is the

centre.

54. There are four given points A, B, C, D in a

straight litie; required the locus of a point at which AB
and CD subtend equal angles.

Find a point O in tho straight line, such that the rect-

angle OA, OD may be equal to the rectangle OB, OC (34),
and take OK such that the square on OK may be equal to

either of these rectangles (II. 14) : the circumference of the
circle described from as centre, with radius OK^ shall be
the required locus.

[Wo will take the case in which the points are in tho

following order, O, A, B, C, Z>.]

For let P be any point on tho circumference of this
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circle. Describe a circle round PAD, and also a circle

round PBG; then OP touclies each of these circles (III. 37);
therefore the angle OPA is equal to the angle PDA,
and the angle OPB is equal to the angle PCB {III. 32).

But the angle OPB is equal to the angles OPA andAPB
together, and the angle PCB is equal to the angles CPI)
and PDA together (I. 32). Therefore the angles OPA
and APB together are equal to the angles CPD and
PDA together ;

and the angle OPA has been shewn equal
to the angle PPA ;

therefore the angle APB is equal to

the angle CPP.
We have thus shewn that any point on the circumference of

the circle satisfies the assigned conditions; we shall now
shew that any point wliich satisfies the assigned conditions

is on the circumference of the circle.

For take any point Q which satisfies the required con-

ditions. Describe a circle round QAD, and also a circle

round QBC. These circles will touch the same straight
line at Q; for the angles AQB and CQD are equal, and
the converse of III. 32 is true. Let this straight line which

touches both circles at Q be drawn
;
and let it meet the

straight line containing the four given points at R. Then
the rectangle RA, RD is equal to the rectangle RB, RO;
for each is equal to the square on RQ (III. 36). Therefore

R must coincide with O (34) ;
and therefore RQ must b^

equal to OK. Thus Q must be on the circumference of tlio

circle of which is the centre, and OK the radius.
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55. Required the locus of the vertices of all the tri-

angles AB(J which stand on a gieen base AB, and have
the side AC to the side BC in a constant ratio.

If the sides AC and BC are to be equal, the locus is

the straight lino which bisects ^^ at right angles. "We
will suppose that the ratio is greater than a ratio of equal-
ity; so that ^(7 is to be the greater side.

Divide AB at D so that AD is to DB in the given ratio

(VI. 10); and produce AB to E, so that ^^ is to EB in

the given ratio. Let P be any point in the required locus
;

join Pp and PE. Then PD bisects the angle APB, and
PE bisects the angle between BP and AP produced.
ITierefore the angle DPE is a right angle. Therefore P is

on the circumference of a circle described ob DE as dia-

meter.

"We have thus shewn that any point which satisfies the

assigned conditions is on the circumference of the circle

described on DE as diameter
;
we shall now shew that any

point on the circumference of this circle satisfies the as-

signed conditions.

Let Q be any point on the circumference of this circle,

QA shall be to QB in the assigned ratio. For, take O the
centre of the circle

;
and join QO. Then, by construction,

AE\^ to EB as AD is to DB, and therefore, alternately,AE \B to AD ii9. EB is to DB; therefore the sum of AE
and ^i> is to their difference as the sum of EB and DB is

to their diflferencc (23) ; that is, twice ^O is to twice DO as

twice DO is to twice BO; therefore AO is to DO as DO is
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to B0\ that is, JO is to OQ as QO is to OB. Therefore
the triangles AOQ and QOB are similar triangles (VI. 6);
and therefore J Q is to QB as QO is to BO. This shews
that the ratio oi AQ to BQ is constant; we have still to

shew that this ratio is the same as the assigned ratio.

We have already shewn that JO is to DO as DO is to

BO; therefore, the difference oi AO and DO is to DO as

the difference of DO and BO is to BO (V. 17); that is,

JZ> is to DO as BD is to BO
;
therefore JZ> is to BD as

X>0 is to BO; that is, JZ) is to DB as QO is to BO.
This shews that the ratio of QO to BO is the same as the

assigned ratio.

ON MODERN GEOMETRY.

56. We have hitherto restricted ourselves' tO Euclid's

Elements, and propositions which can be demonstrated

by strict adherence to Euclid's methods. In modern times
various other methods have been introduced, and have
led to numerous and important results. These methods

may be called semi-geometrical, as they are not confined

within the limits of the ancient pure geometry; in fact

the power of the modern methods is obtained chiefly by
combining arithmetic and algebra with geometry. The
student who desires to cultivate this part of mathematics

may consult Townsend's Chapters on the Modern Geo-

metry of the Pointy Line, and Circle.

We will give as specimens some important theorems,
taken from what is called the theory of transversals.

Any line, straight or curved, which cuts a system of

other lines is called a transversal ; in the examples which
we shall give, the lines will be straight lines, and the sys-

tem svill consist of three straight lines forming a triangle.

We will give a brief enunciation of the theorem which

we are about to prove, for the sake of assisting the memory
in retaining the result

;
but the enunciation will not bo

fully comprehended until the demonstration is completed.
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r>7. If a straight line cut the sides, or the sides pro-
duced, of a triangle, the product of three segments in
order is equal to the product of the other three segments.

Let ADC bo a triangle, and let a straight line be drawn
cutting the side BC at D, the side CA at E, and the side

AB produced through B at F. Then BD and DC arc

called segm(ints of the side BC, and CE and EA are called

segments of the side CA, and also AF and FB are called

segments of the side AB.

Through A draw a straight line parallel to BC, meetingDF produced at li.

Then the triangles CED and J^AII are equiangular to one
anotlier

;
therefore All is to CD as AE is to EC (VI. 4).

Therefore the rectangle AH, EC is equal to the rectangle
CD, AE (VL 16).

Again, the triangles FA 11 and FBD are equiangular to

one another
;
thereforeAH is toBD as FA is to FB (VI. 4).

Therefore the rectangle AH, FB is eqilal to the rectangle
BD, FA (VI. 16).

Now suppose the straight lines represented by numbers
in the manner explained in the notes to the second Book of
the Elements. \Ve have then two results which we can ex-

press arithmetically: namely, the 2n'oduct AH.EC is equal
to the product CD.AE; and the product AH.FB is equal
to the product BD.FA.
Therefore, by the principles of Jii*ithmotic, the product
AH. EC.BD .FA is equal to the product AH. FB.CD . AE,
and therefore, by the principles of arithmetic, the product
BD.CE.AF is equal to the product DC.EA . FB.

This is the result intended by the enunciation given
above. Each product is made by three segments, one from
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every side of the triangle : and the two segments which ter-

minated at any angular point of the triangle are never in the
same product. Thus if wo begin one product with the seg-
ment BD, the other segment of the side BG, namely DC^
occurs in the other product ;

then the segment CE occurs

in the first product, so that the two segments CD and CE,
which terminate at C, do not occur in the same product;
and so on.

The student should for exercise draw another figure
for the case in which the transversal meets all the sides

prodiiced, and obtain the same result.

58. Conversely, it may be shewn by an indirect proof
that if the product BD.CE. AF he equal to the product
DC. EA . FB, the three points i>, Ey F lie in the same
straight line.

59. If three straight lines he drawn through the

angular points of a triangle to the opposite sides, and
meet at the same pointy the product of three segments in
order is equal to the product of the other three segments.

Let ABC be a triangle. From the angular points to

the opposite sides let the straight lines AOD, BOE, COF
be drawn, which meet at the point O : the product
AF.BD.CE shall be equal to the product FB.DC.EA.

For the triangle ABD is cut by the transversal FOG,
and therefore by the theorem in 57 the following products
are equal, AF.BC.DO, and FB.CD.OA.

Again, the triangle ACD is cut by the transversal

EOB, and therefore by the theorem in 57 the following

products are equal, AO.DB.CE 2Cii6. OD.BC.EA.
22
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Therefore, by the principles of arithmetic, the following

products are equal, AF. BC. DO . AO . DB . CE and
FB.CD.OA.OD.BC. EA. Therefore the following

products are equal, AF. BD . GE and FB . DC. EA.
"VVe have supposed the point to be within the triangle ;

if O be without the triangle two of the points D, E, F will

fall on the sides produced.

60. Conversely, it may be shewn by an indirect proof
that if the product AF. BD . CE be equal to the product
FB.DC.EA, the three straight lines AD, BE, CFmQQt
at the same point.

Gl. We may remark that in geometrical problems the

following terms sometimes occur, used in the same sense as

in arithmetic
; namely arithmeticalprogression, geometri-

cal 2}rogression, and harmonical progression. A proposi-
tion respecting harmonical progression, wliich deserves

notice, will now be given.

62. Let ABC he a triangle; let the angle A he hisected

hy a straight line which meets BC at D, and let the ex-

terior angle at A he hisected hy a straight line which ineets

BC^ produced throicgh C,atE: then BD, BC, BE shall

he in harmonical progression.
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For BD is to DG as BA is to ^C (VI. 3) ; and BE is

to i^Cas BA is to ^C (VI. A). Thoreforo ^5/) is to DG
as i?^ is to EG{V.\\). Therefore BD is to BE as Z>C is

to EC (V. 16). Tlius of the three straight lines BD,BG,
BE, the first is to the third as the excess of the second
over the first is to the excess of the third over the second.
Therefore BD, BG^ BE are in harmonical progression.

This result is sometimes expressed by saying that BE
is divided harmonically at D and G.

22—2



EXERCISES IN EUCLID.

I. 1 to 15.

1. On a given straight line describe an isosceles tri-

angle having each of the sides equal to a given straiglit

line.

2. In the figure of I. 2 if the diameter of the snifillcr

circle is the radius of the larger, shew where the given

point and the vertex of the constructed triangle will bo
situated.

3. If two straight lines bisect each other at right an-

gles, any point in cithcTr of them is equidistant from the

extremities of the other.

4. If the angles ABC and ACB at the base of an
isosceles triangle be bisected by the straight lines BD,
CD, shew that DBC will be an isosceles triangle.

5. BAC is a triangle having the angle B double of the

angle A. If BD bisects the angle B and meets AC B.t D,
shew that BD is equal to AD.

6. In the figure of I. 5 if FC and BG meet at H
shew that FHand GHqxg equal.

7. In the figure of I. 5 MFC and BG meet at H,
shew that AH bisects the angle BAC.

8. The sides ^-C, ^i>ofa quadrilateral ABCD are

equal, and the diagonal ^(7 bisects the angle BAD: shew
that the sides CB and CD are equal, and that the diagonal
AC bisects the angle BCD.

9. ACB, ADB are two triangles on the same side of

AB, such that ^C is equal to BD, and ^Z> is equal to

BC, and AD and BC intersect at 0: shew that the tri-

angle AOB is isosceles.

10. llic opposite angles of a rhombus are equal.
'

11. A diagonal of a rhombus bisects each of the angles

through which it passes.
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12. If two isosceles triangles are on the same base the
sti-aight line joining their vertices, or that straight line

produced, will bisect the base at right angles.
13. Find a point in a given straight line such that its

distances from two given points may be equal.
14. Through two given points on opposite sides of a

given straight line draw two straight lines which shall meet
in that given straight line, and include an angle bisected
by that given straight line.

15. A given angle BAC is bisected
;
if CA is produced

to G and the angle BAG- bisected, the two bisecting lines
are at right angles.

16. If four straight lines meet at a point so that the
opposite angles are equal, these straight lines are two and
two in the same straight line.

I. 16 to 26.

17. ABC is a triangle and the angle A is bisected by
a straight line which meets BC at D

;
shew that BA is

greater than BD, and CA greater than CD.
18. In the figure of I. 17 shew that ABC and ACB

are together less than two right angles, by joining A to any
point in BC.

19. ABCD is a quadrilateral ot which AD is the

longest side and BC the shortest
;
shew that the angle

^^Cis greater than the angle ADC, and the angle BCD
greater than the angle BAD.

20. If a straight line be drawn through A one of the

angular points of a square, cutting one of the opposite sides,
and meeting the other produced at F, shew that AF i^

greater than the diagonal of the square.
21. The perpendicular is the shortest straight line

that can be drawn from a given point to a given straight
line; and of others, that which is nearer to the perpen-
dicular is less than the more remote

; and two, and only
two, equal straight lines can be drawn from the given point
to the given straight line, one on each side of the perpen-
dicular.

22. The sum of the distances of any point from the
three angles of a triangle is greater than half the sum of

the sides of the triangle.
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23. Tho four sides of any quadrilateral aro together
greater tlian the two diagonals togetlier.

24. Tho two sides of a triangle are together greater
than twice the straight line drawn from the vertex to tho

middle point of the base.

25. If one angle of a triangle is equal to the sum of

the other two, the triangle can bo divided into two isosceles

triangles.
26. If the angle C of a triangle is equal to tho sum

of the angles A and B, the side ^jS is equal to twice tho

straight line joining C to the middle point of AB.
27. Construct a triangle, having given the base, one of

the angles at the base, and the sum of the sides.

28. The perpendiculars lot fall on two sides of a tri-

angle from any point in the straight line bisecting the angle
between them are equal to each other.

29. In a given straight line find a point such that the

perpendiculars drawn from it to two given straight lines

shall be equal.
30. Through a given point draw a straight line such

that the perpendiculars on it from two given points may be
on opposite sides of it and equal to each other.

31. A straight line bisects the angle A of a triangle
ABC; from B a j^erpendicular is drawn to this bisecting
straight line, meetmg it at U, and BD is produced to meet
AC or yl 6^ produced at E: shew that BU is equal to BE.

32. AB, AC are any two straight lines meeting at A :

through any point P draw a straight line meeting them atE
and E, such that AE may be equal to AF.

33. Two right-angled triangles have their hypotenuses
equal, and a side of one equal to a side of the other : show
that they are equal in all respects.

I. 27 to 31.

34. Any straight lino parallel to the base of an iso-

sceles triangle makes equal angles with the sides. ,

35. If two straight lines A and B are respectively

parallel to two others C and Z>, shew that the incHnation of

^ to -5 is equal to that of C to Z>.

36. A straight line is drawn terminated by two parallel

straight lines ; through its middle point any straight lino is
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drawn and terminated by the parallel straight lines. Shew
that the second straight line is bisected at the middle point
of the first.

37. If through any point equidistant from two parallel

straight lines, two straight lines be drawn cutting the pa-
rallel straight lines, they will intercept equal portions of

these parallel straight lines.

38. If the straight line bisecting the exterior angle of

a triangle be parallel to the base, shew that the triangle is

isosceles.

39. Find a point i? in a given straight line CD, such

that if^5 be drawn to B from a given point A, the angle
ABC will be equal to a given angle.

40. If a straight line be drawn bisecting one of the

angles of a triangle to meet the opposite side, the straight
lines drawn from the point of section parallel to the other

sides, and terminated by these sides, will be equal.
41. The side BC oi a triangle ABC is produced to a

point D', the angle ACB is bisected by the straight line

CE which meets AB &t E. A straight line is drawn

through E parallel to BC, meeting AC at F, and the

straight line bisecting the exterior angle ACD at G. Shew
that EF is equal to FG.

42. AB is the hypotenuse of a right-angled triangle

ABC: find a point D in AB such that DB may be equal
to the perpendicular from D on AC.

43. ABC is an isosceles triangle : find points Z>, E in

the equal sides AB, AC such that BD, DE, EC may all

be equal.
44. A straight line drawn at right angles to BC

the base of an isosceles triangle ABC cuts the side AB at

D and CA produced at E: shew that AED is an isosceles

triangle.

I. 32.

45. From the extremities of the base of an isosceles

triangle straight lines are drawn perpendicular to the sides
;

shew that the angles made by them with the base are each

equal to half the vertical angle.
46. On the sides of any triangle ABC equilateral tri-

angles BCD, CAE, ABFare described, all external: shew
that the straight Imes AD, BE, CF are all equal,
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47. What is the magnitude of an angle of a regular

octagon ?

'

48. Through two given points draw two straight lines

forming with a straight line given in position an equilateral

triangle.
4y. If the straight lines bisecting the angles at the

base of an isosceles triangle be produced to meet, they will

contain an angle equal to an exterior angle of the triangle.
60. A is the vertex of an isosceles triangle ABC, and

BA is produced to D, so that ^Z> is equal to BA
;
and

DC is drawn : shew that BCD is a right angle.
51. ABC is a triangle, and the exterior angles at B

and C are bisected by the straight lines BD, CD respec-

tively, meeting at D : shew that the angle BDC together
with half the angle BAG make up a right angle.

52. Shew that any angle of a triangle is obtuse, right,
or acute, according as it is greater than, equal to, or less

than the other two angles of the triangle taken together.
53. Construct an isosceles triangle having the vertical

angle four times each of the angles at the base.

54. In the triangle ABC the side BC is bisected at E
and AB at G; AE is produced to F so that EF is equal
to AE, and CG is produced to // so that GH is equal to

CG : shew that FB and IIB are in one straight line.

55. Construct an isosceles triangle which shall have
one-third of each angle at the base equal to half the vertical

angle.
56. AB, AC are two straight lines given in position:

it is required to find in them two points P and Q, such

that, PQ being joined, AP and PQ may together bo equal
to a given straight line, and may contain an angle equal to

a given angle.
57. Straight lines are drawn tlirough the extremities of

the base of an isosceles triangle, making angles with it on
the side remote from the vertex, each equal to one-third of

one of the equal angles of the triangle and meeting the
sides produced: shew that three of the triangles thus
formed are isosceles.

58. AEB, CED are two straight lines intersecting at

E ; straight lines AC, DB are drawn forming two triangles
ACE, BED; the angles ACE, DBF are bisected by the

straight lines CF, BF, meeting at F. Shew that the angle
CFB is equal to half the sum of the angles EAC, EDB.
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59. The straight line joining the middle point of the

hypotenuse of a right-angled triangle to the right angle is

equal to half the hypotenuse ,

60. From the angle ^ of a triangle ABC a perpen-
dicular is drawn to the opposite side, meeting it, produced
if necessary, at D

;
from the angle B a perpendicular is

drawn to the opposite side, meeting it, produced if neces-

sary, at E\ shew that the straight lines which join JD and
E to the middle point of AB are equal.

61. From the angles at the base of a triangle perpen-
diculars are dra\Mi to the opposite sides, produced if neces-

sary : shew that the straight line joining the points of inter-

section will be bisected by a perpendicular drawn to it from
the middle point of the base.

62. In the figure of I. 1, if C and H be the points of

intersection of the circles, and AB he produced to meet
one of the circles at E, shew that ClIK is an equilateral

triangle.
63. The straight lines bisecting the angles at the base

of an isosceles triangle meet the sides at D and E: shew
that DE is parallel to the base.

64. AB^ ^(7 are two given straight lines, and P is a

given point in the former : it is required to draw through
P a straight line to meet AC at Q, so that the angle APQ
may be three times the angle AQP.

65. Construct a right-angled triangle, having given the

hypotenuse and the sum of the sides.

66. Construct a right-angled triangle, having given the

hypotemise and the difference of the sides.

67. Construct a right-angled triangle, having given the

hypotenuse and the perpendicular from the right angle
on it.

68. Construct a right-angled triangle, having given the

perimeter and an angle.
69. Trisect a right angle.
70. Trisect a given finite straight line.

71. From a given point it is required to draw to two

parallel straight lines, two equal straight lines at right

angles to each other.

72. Describe a triangle of given perimeter, having its

angles equal to those of a given triangle.
'
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I. 33, 34.

73. If a quadrilateral havo two of its opposite side?

parallel, and the two others equal but not parallel, any two
of its opposite angles are together equal to two right

angles.
74. If a straight lino which joins the extremities of two

equal straight lines, not parallel, make the angles on tho
same side of it equal to each other, the straight line which

joins the other extremities will bo parallel to the first.

75. No two straight lines drawn from tho extremities

of the base of a triangle to tho opposite sides can possibly
bisect each other.

76. If the opposite sides of a quadrilateral arc equal it

is a parallelogram.
77. If the opposite angles of a quadrilateral are equal

it is a parallelogram.
78. The diagonals of a parallelogram bisect each other.

79. If the diagonals of a quadrilateral bisect each other
it is a parallelogram.

80. If the straight line joining two opposite angles of
a parallelogram bisect the angles the four sides of the pa-
rallelogram are equal.

81. Draw a straight line through a given point such
that the part of it intercepted between tAVO given parallel

straight lines may be of given length.
82. Straight lines bisecting two adjacent angles of a

parallelogram intersect at right angles.
83. Straight lines bisecting two opposite angles of a

parallelogram are cither parallel or coincident.

84. If the diagonals of a parallelogram are equal all its

angles are equal.
85. Find a point such that the perpendiculars let fall

from it on two given straight lines shall be respectively

equal to two given straight lines. How many such points
are there ?

86. It is required to draw a straight line which shall

be equal to one straight line and parallel to another, and bo
terminated by two given straight lines.

, 87. On the sides AB, BC, and CD of a parallelogram
ABCD three equilateral triangles arc described, that on
BC towards the same parts as the parallelogram, and those

oil ABf CD towards the opposite parts: show that tho
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distances of the vertices of the triangles on AB, CD from
that on BC are respectively equal to the two diagonals of

the parallelogram.
88. If the angle between two adjacent sides of a paral,

lelogram be increased, while their lengths do not alter, tho

diagonal through their point of intersection will diminish.

89. Aj B, C are three points in a straight line, such
that AB is equal to BC: shew that the sum of tlio perpen-
diculars from A and C on any straight line which does not

pass between A and C is double the perpendicular from B
on the same straight lino.

90. If straight lines be drawn from the angles of any
parallelogram perpendicular to any straight line which is

outside the parallelogram, the sum of those from one pair
of opposite angles is equal to the sum of those from the
other pair of opposite angles.

91. If a six-sided plane rectilineal figure have its op-
posite sides equal and parallel, the three straight lines join-

ing the opposite angles will meet at a point.
92. AB, AC are two given straight lines; through a

given point B between them it is required to draw a straight
line GBH such that the intercepted portion GH shall be
bisected at the point B.

93. Inscribe a rhombus within a given parallelogram,
so that one of the angular points of the rhombus may be at
a given point in a side of the parallelogram.

94. ABCD is a parallelogram, and E, F, the middle

points ofAB and BC respectively ; show that BE and DF
will trisect the diagonal AC.

I. 35 to 45.

95. ABCD is a quadrilateral having BC parallel to

AD ;
shew that its area is the same as that of the parallelo-

gram which can be formed by drawing through the middle

point of DCn straight lino parallel to AB.
96. ABCD is a quadrilateral having BC parallel to

AD, E is the middle point of DC; shew that the triangle
AEB is half the quadrilateral. ,

97. Shew that any straight line passing through the

middle point of the diameter of a parallelogram and termi-

nated by two opposite sides, bisects tho parallelogram.
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98. Bisect a parallelogram by a straight line drawn
through a given point within it.

99. Construct a rhombus equal to a given parallelo-

gram.
100. If two triangles have two sides of the one equal

to two sides of the other, each to each, and the sum of the
two angles contained by these sides equal to two right an-

gles, the triangles are equal in area.

101. A straight line is drawn bisecting a parallelogram
ADCD and meeting AD at E and BC at F: shew that

the triangles EBF and CED are equal.
102. Shew that the four triangles into which a paral-

lelogram is divided by its diagonals are equal in area.

103. Two straight lines AB and CD intersect at E,
and the triangle AEC is equal to the triangle BED: shew
that BC is parallel to ^ Z>.

1 04. ABCD is a parallelogram ;
from any point P in

the diagonal BD the straight lines PA, PC are drawn.
Shew that the triangles PAB and PCB are equal.

105. If a triangle is described having two of its sides

equal to the diagonals of any quadrilateral, and the in-

cluded angle equal to either of the angles between these

diagonals, then the area of the triangle is equal to the area
of the quadrilateral.

106. The straight line which joins the middle points of

two sides of any triangle is parallel to the base.

107. Straight lines joining the middle points of ad-

jacent sides of a quadrilateral form a parallelogram.
108. />, E arc the middle points of the sides AB, AG

of a triangle, and CD, BE intersect at F: shew that the

triangle BFC is, equal to the quadrilateral ADFE.
109. The straight line which bisects two sides of any

triangle is half the base.

110. In the base ^(7 of a triangle take any point Z>;
bisect AD, DC, AB, BC at the points E, F, G, II respec-

tively : shew that EG is equal and parallel to FH.
111. Given the middle points of the sides of a triangle,

construct the triangle.
1 12. If the middle points of any two sides of a triangle

be joined, the triangle so cut off is one quarter of the whole.

113. The sides AB, AC oi a given triangle ABC are

bisected at the points E,F; Vl perpendicular is drawn from
A to the opposite side, meeting it at D. Shew that the
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^\\^\q FDE is equal to the angle BAC. Shew also that
AFDE is lialf the triangle ABC.

114. Two triangles of equal area stand on the same
base and on opposite sides: show that the straight lino

joining their vertices is bisected by the base or the base

produced.
115. Three parallelograms which are equal in all re-

spects are placed with their equal bases in the same straight
line and contiguous ; the extremities of the base of the first

are joined witli the extremities of the side opposite to the
base of the third, towards the same parts : shew that the

portion of the new parallelogram cut off by the second is

one lialf the area of any one of them.
116. ABCD is a parallelogram; from D draw any

straight line DFG meeting BC at i^and AB produced at
G; draw AF and CG\ shew that the triangles ABF,CFG are equal,

117. ABC\^ a given triangle: construct a triangle of

equal area, having for its base a given straight line ADy
coinciding in position with AB.

118. ABC is a given triangle: construct a triangle of

equal area, having its vertex at a given point in EC and its
base in the same straight line as AB.

119. ABCD is a given quadrilateral: construct ano-
ther quadrilateral of equal area having AB for one side,
and for another a straight line drawn through a given point
in CD parallel to AB.

120. ABCD is a quadrilateral: construct a triangle
whose base shall be in the same straight line asABy vertex
at a given point P in CD, and area equal to that of the

given quadrilateral.
121. ABC is a given triangle: construct a triangle of

equal area, having its base in the same straight line as AB,
and its vertex in a given straight line parallel to AB.

122. Bisect a given triangle by a straight line drawn
through a given point in a side.

123. Bisect a given quadrilateral by a straight lino
drawn through a given angular point.

124. If through the point O within a parallelogram
ABCD two straight lines are drawn parallel to the sides,
and the parallelograms OB and OD are equal, the point O
is in the diagonal A C.
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I, 46 to 48.

125. On the sides AG, BC of a triangle ABC, squares
ACDE, BCFII are described: shew that the straight
lines AF and BD are equal.

126. The square on the side subtending an acute an-

gle of a triangle is less than the squares on the sides

containing the acute angle.
127. The square on the side subtending an obtuse an-

gle of a triangle is greater than the squares on the sides

containing the obtuse angle.
128. If the square on one side of a triangle be less

than the squares on the other two sides, the angle contained

by these sides is an acute angle ;
if greater, an obtuse

angle.
129. A straight line is drawn parallel to the hypotenuse

of a right-angled triangle, and each of the acute angles is

joined with the points where this straight line intersects

the sides respectively opposite to them: shew that the

squares on the joining straight lines are together equal to
the square on the hypotenuse and the square on the straight
line drawn parallel to it.

130. If any point P be joined to A, B, C, Z>, the an-

gular points of a rectangle, the squares on PA and PC ara

together equal to the squares on PB and PD.
131. In a right-angled triangle if the square on one of

the sides containing the right angle be three times the

square on the other, and from the right angle two straight
lines be drawn, one to bisect the opposite side, and the
other perpendicular to that side, these straight lines divide
the right angle into three equal parts.

132. If ABC be a triangle whose angle ^ is a right
angle, and BE, CF be drawn bisecting the opposite sides

respectively, shew that four times the sum of the squares
on BE and CFis equal to five times the square on BC.

133. On the hypotenuse BC, and the sides CA, AB of

ft right-angled triangle ABC, squares BDEC, AF, and
AC are described: shew that the squares on DG and EF
ftre together equal to five tinaes the square on BC.
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11. 1 to 11.

134. A straight line is divided into two parts; shew
that if twice the rectangle of the parts is equal to the sum
of the squares described on the parts, the straight line is

bisected.

135. Divide a given straight line into two parts such
that the rectangle contained by them shall be the greatest

possible.
136. Construct a rectangle equal to the difference of

two given squares.
137. Divide a given straight line into two parts such

that the sum of the squares on the two parts may be the
least possible.

138. Shew that the square on the sum of two straight
lines together with the square on their difference is double
the squares on the two straight lines.

1 39. Divide a given straight line into two parts such

that the sum of their squares shall be equal to a given

square.
140. Divide a given straight line into two parts such

that the square on one of them may be double the square
on the other.

141. In the figure of II. 11 if CHhe produced to meet
I]F at L, shew that CL is at right angles to BF.

142. In the figure of 11. 11 if BE and CH meet at O,
shew that ^0 is at right angles to Gil.

143. Shew that in a straight line divided as in II. 11

the rectangle contained by the sum and difference of the

parts is equal to the rectangle contained by the parts,

II. 12 to 14.

144. The square on the base of an isosceles triangle is

equal to twice the rectangle contained by either side and

by the straight line intercepted between the perpendicular
let fall on it from the opposite angle and the extremity of

the base.

145. In any triangle the sum of the squares on the

sides is equal to twice the square on half the base together
with twice the square on the straight line drawn from tho

Vertex to the middle point of the base.
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146. ABC is a triangle having the sides AB and AC
equal; \i AB is produced beyond the base to D so that

BD is equal to AB, shew that the square on CD is equal
to the square on AB, together with twice the square
onBC.

147. The sum of the squares on the sides of a paral-

lelogram is equal to the sum of the squares on the

diagonals.
148. The base of a triangle is given and is bisected by

the centre of a given circle : if the vertex be at any point
of the circumference, shew that the sum of the squares on
the two sides of the triangle is invariable.

149. In any quadrilateral the squares on the diagonals
are together equal to twice the sum of the squares on the

straight lines joining the middle points of opposite sides.

150. If a circle be described round the point of inter-

section of the diameters of a parallelogram as a centre,
shew that the sum of the squares on the straight lines

drawn from any point in its circumference to the four an-

gular points of the parallelogram is constant.

151. The squares on the sides of a quadrilateral are

together greater than the squares on its diagonals by four

times the square on the straight line joining tlio middle

points of its diagonals.
152. In AB the diameter of a circle take two points C

and D equally distant from the centre, and from any point
E in the circumference draw EC, ED: shew that the

squares on EC and ED are together equal to the squares
on ylCand AD.

153. In BC the base of a triangle take D sueh that

the squares on ^^ and BD are together equal to the

squares on ^(7 and CD, then the middle point oi AD will

be equally distant from B and G.

154. The square on any straight line drawn from the

vertex of an isosceles triangle to the base is less than the

square on a side of the triangle by the rectangle contained

by the segments of the base.

155. A square BDEC is described on the hypotenuse
BC of a right-angled triangle ABC: shew that the squares
on DA and AC are together equal to the squares on EA
and AB.

156. ABC is a triangle in which C is a right angle,
and DE is drawn from a point D m AC perpendicular to
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AB: shew that tlio rectangle AB, AE is equal to tlio

rectangle AC, AD.
157. If a straight line be drawn through one of the

angles of an equilateral triangle to meet the opposite side

produced, so that the rectangle contained by the whole

straight line thus produced and the part of it produced is

equal to the square on the side of the triangle, shew that
the square on the straight line so drawn will be double the

square on a side of the triangle.
158. In a triangle whoso vertical angle is a light angle

a straight line is drawn from the vertex perpendicular
to the base : show that the square on this perpendicular ia

equal to the rectangle contained by the segments of the
base.

159. In a triangle whose vertical angle is a right angle
a straight line is drawn from the vertex perpendicular to

the base : shew that the square on either of the sides adja-
cent to the right angle is equal to the rectangle contained

by the base and the segment of it adjacent to that side.

160. In a triangle ABC the angles B and Care acute:
if E and F be the points where perpendiculars from the

opposite angles meet the sides AC, AB, shew that the

square on BG is equal to the rectangle AB, BF, together
with the rectangle AC, CE.

161. Divide a given straight line into two parts so that
the rectangle contained by them may be equal to the square
described on a given straight line which is less than half
the straight line to be divided.

III. 1 to 15.

162. Describe a circle with a given centre cutting a

^ven circle at the extremities of a diameter.
163. Shew that the straight lines drawn at right angles

to the sides of a quadrilateral inscribed in a circle from
their middle points intersect at a fixed point.

164. If two circles cut each other, any two parallel

straight lines drawn through the points of section to cut
the cu-cles are equal.

165. Two circles whose centres are A and B intersect
at C

; through C two chords DCE and FCG are drawn
equally inclined to AB and termmated by the circles:

slic^v that DE and FG are equal.
23
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166. Through either of the points of intersection of

two given circles draw the greatest possible straight line

terminated both ways by the two circumferences.

167. If from any point in the diameter of a circle

straight lines are drawn to the extremities of a parallel

chord, the squares on these straight lines are together equal
to the squares on the segments into which the diameter is

divided.

168. A and B are two fixed points without a circle

PQR ;
it is required to find a point P in the circumfer-

ence, so that the sum of the squares described onAP and
BP may be the least possible.

169. If in any two given circles which touch one an-

other, there be drawn two parallel diameters, an extremity
of each diameter, and the point of contact, shall lie in the
same straight line.

170. A circle is described on the radius of another
circle as diameter, and two chords of the larger circle are

drawn, one through the centre of the less at right angles to

the common diameter, and the other at right angles to the
first through the point where it cuts the less circle. Shew
that these two chords have the segments of the one equal
to the segments of the other, each to each.

171. Through a given point within a circle draw the
shortest chord.

172. O is the centre of a circle, P is any point in its

circumference, PN a perpendicular on a fixed diameter :

shew that the straight line which bisects the angle OPN
always passes through one or the other of two fixed points.

173. Three circles touch one another externally at the

points yl, B, C; from A, the straight lines AB, AC are

produced to cut the circle BC at D and E\ shew that I)E
is a diameter of BC, and is parallel to the straight lino

joining the centres of the other circles.

174. Circles are described on the sides of a quadri-
lateral as diameters : shew that the common chord of any
adjacent two is parallel to the common chord of the other

two.

175. Describe a circle which shall touch a given circle,

have its centre in a given straight line, and pass through a

given point in the given straight line.
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III. 16 to 19.

] 76. Shew that two tangents can be drawn to a circle
fioni a given external point, and that they are of equal
length.

177. Draw parallel to a given straight line a straight
line to touch a given circle.

178. Draw perpendicular to a given straight line a

straight line to touch a given circle.

179. In the diameter of a circle produced, determine
a point so that the tangent drawn from it to the circum-
ference shall be of given length.

180. Two circles have the same centre: shew that all

chords of the outer circle which touch the inner circle are

equal.
181. Through a given point draw a straight line so that

the part intercepted by the circumference of a given circle
shall be equal to a given straight line not greater than the
diameter.

182. Two tangents are drawn to a circle at the oppo-
site extremities of a diameter, and cut off from a third

tangent a portion AB: if C be the centre of the circle
shew that ACB is a right angle.

183. Describe a circle that shall have a given radius
and touch a given circle and a given straight line.

184. A circle is drawn to touch a given circle and a
given straight line. Shew that the points of contact are

always in the same straight line with a fixed point in the
circumference of the given circle.

185. Draw a straight line to touch each of two given
eirclea

186. Draw a straight line to touch one given circle so
that the part of it contained by another given circle shall

be equal to a given straight line not greater than the dia-

meter of the latter circle.

187. Draw a straight line cutting two given circles so

that the chords intercepted within the circles shall have

given lengths,
188. A quadrilateral is described so that its sides

touch a circle : shew that two of its sides are together

equal to the other two sides.

189. Shew that no parallelogram can be described
about a circle except a rhombus.

23-2
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190. ABD, ACE arc two straight lines touching a
circle at B and C, and if DE be joined DE i% equal to BD
and CE together : shew that DE touches tlio circle.

191. If a quadrilateral be described about a circle the

angles subtended at the centre of the circle by any two

opposite
sides of the figure are together equal to two

right angles.
192. Two radii of a circle at right angles to each other

when produced are cut by a straight line which touches the
circle: shew that the tangents drawn from the points of
section are parallel to each other.

193. A straight line is dra^vn touching two circles:

show that the chords are parallel which join the points of

contact and the points where the straight lino through tho
centres meets the circumferences.

194. If two circles can be described so that each
touches the other and three of the sides of a quadrilateral

figure, then tho diffcronce between the sums of the opposite
sides is double the common tangent drawn across the quad-
rilateral.

195. AB is the diameter and G the centre of a semi-
circle : shew that O the centre of any circle inscribed in

the semicircle is equidistant from C and from tho tangent
to the semicircle parallel to AB.

196. If from any point without a circle straight lines

be drawn touching it, the angle contained bv the tangents
is double the angle contained by the straight line joining
the points of contact and the diameter drawn through on©
of them.

197. A quadrilateral is bounded by tho diameter of a

circle, the tangents at its extremities, and a third tangent:
shew that its area is equal to half that of the rectangle con-

tained by the diameter and the side opposite to it.

1 98. If a quadrilateral, having two of its sides parallel,
be described about a circle, a straight line drawn through
the centre of the circle, parallel to either of the two paral-
lel sides, and terminatqd by the other two sides, shall be

equal to a fourth part of the perimeter of the figure.
199. A series of circles touch a fixed straight line at

a fixed point: shew that the tangents at the points where

they cut a parallel fixed straight line all touch a fixed circle.

200. Of all straight lines which can be drawn from two

given points to nicct in the convex circumference of a
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given circle, the sum of the two is least which make equal

angles with the tangent at the point of concourse.

201. (7 is the centre of a given circle, CA a radius, B
a point on a radius at right angles to CA ; -join AB and

jiroduce it to. meet the circle again at Z>, and let the tan-

gent at D meet CB produced at E: shew that BDE is an
isosceles triangle. ,

202. Let the diameter BA of a circle be produced to

P, so that AP equals the radius; through A draw thb

tangent A ED, and from P draw PEC touching the circle

at C and meeting the former tangent at E; join BC and

l>roduce it to meet AED at D : then will the triangle
DEC be equilateral.

III. 20 to 22.

203. Two tangents AB, AC are drawn to a circle;

D is any point on the circumference outside of the triangle

ABC: shew that the sum of the angles ABD and ACD
is constant.

, . « «. .

204. P, Q are any points m the circumferences ot two

segments described on the same straight line AB, and on

the same side of it
;
the angles PAQ, PBQ are bisected

by the straight lines AE, BR meeting at R : shew that the

angle ARB is constant.

205. Two segments of a circle are on the same base

AB, and P'is any point in the circumference of one of the

segments ;
the straight lines APD, BPC are drawn meet-

ing the circumference of the other segment at D and C\
^Cand BD are drawn intersecting at Q. Shew that the

angle AQB is constant.

206. APB is a fixed chord passing through P a point

of intersection of two circles AQP, PBR; and QPR is

any other chord of the circles passing through P: shew

that AQ and RB when produced meet at a constant

angle.
207. AOB\% a triangle; (7 and D are points m BO

and AO respectively, such that the angle GDC is equal to

the angle DBA : shew that a circle may be described

round the quadrilateral ABCD.
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208. ABCD is a quadrilateral inscribed in a circle, and
the sides AB, CD when produced meet at O : shew that
the triangles AOC, BOD are equiangular.

209. tShew that no parallelogram except a rectangle
can be inscribed in a circle.

210. A triangle is inscribed in a circle: show that the
gum of the angles in the three segments exterior to tlie

triangle is equal to four right angles.
211. A quadrilateral is inscribed in a circle: shew

that the sum of the angles in the four segments of the circle

exterior to the quadrilateral is equal to six right angles.
212. Divide a circle into two parts so that the angle

contained in one segment shall be equal to twice the angle
contained in the other.

213. Divide a circle into two parts so that the angle
contained in one segment shall be equal to five times the

angle contained in the other.

214. If the angle contained by any side of a quadri-
lateral and the adjacent side produced, be equal to the

opposite angle of the (|uadrilateral, shew that any side of
the quadrilateral will subtend equal angles at the opposite
angles of the quadrilateral.

2 1 5. If any two consecutive sides of a hexagon inscribed
in a circle be respectively parallel to their opposite sides,
the remaining sides are parallel to each other.

216. A, B, C, D arc four points taken in order on the
circumference of a circle

;
the straight lines AB, CD pro-

duced intersect at P, and AD, BC at Q : shew that the

Straight lines which respectively bisect the angles APC,
AQC uro perpendicular to each other.

217. If a quadrilateral be inscribed in a circle, and a

straight line be drawn making equal angles with one pair
of opposite sides, it Avill make equal angles with the other

pair.
218. A quadrilateral can have one circle inscribed in

it and another circumscribed about it : shew that the

straight lines joining the opposite points of contact of the
inscribed circle are perpendicular to each other.

III. 23 to 30.

219. The straight lines joining the extremities of the
chords of two equal arcs of a circle, towards the same parts
are parallel to each other.
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220. The straight lines in a circle which join the ex-

tremities of two parallel chords are equal to each other.

221. AB is a common chord of two circles
; through C

any point of one circumference straight lines CAD, CBE
are drawi terminated by the other circumference: shew
that the arc DE is invariable.

222. Through a point C in the circumference of a circle

two straight lines ACB, DGE are drawn cutting the circle

at B and E : shew that the straight line which bisects the

angles ACE, DCB meets the circle at a point equidistant
from B and E.

223. The straight lines bisecting any angle of a quadri-
lateral inscribed in a circle and the opposite exterior angle,

meet in the circumference of the circle.

224. ^5 is a diameter of a circle, and 2) is a given

point on the circumference, such that the arc DB is less

than half the arc DA : draw a chord DE on one side of

AB m that the arc EA may be three times the arc BD.
225. From A and B two of the angular points of a

triangle ABC, straight lines are drawn so as to meet the

opposite sides at P and Q in given equal angles: shew
that the straight line joining P and Q will be of the same

length in all triangles on the same base AB, and having
vertical angles equal to C.

226. If two equal circles cut each other, and if through
one of the points of intersection a straight line^

be drawn
terminated by the circles, the straight lines joining its

extremities with the other point of intersection are equal.

227. OA, OB, OC are three chords of a circle; the

angle AOB is equal to the angle BOC, and OA is nearer

to the centre than OB. From B a perpendicular is drawn
on OA, meeting it at P, and a perpendicular on OC pro-

duced, meeting it at Q : shew that ^P is equal to CQ.
228. AB h a given finite straight line; through

A two indefinite straight lines are drawn equally inclined

to AB ; any circle passing through A and B meets these

straight lines at L and M, Shew that if AB be between

AL and AM the sum of AL and AM is constant; iiAB
be not betweenAL andAM the difference of AL and AM
is constant.

229. AOB and COD are diameters of a circle at right

angles to each other; E is a point in the arc AC, and

EFG is a chord meeting COD at F, and drawn in such a
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direction that EF is equal to the radius. Shew that the

arc BG is equal to throe times the arc AE.
230. The straight lines which bisect the vertical angles

of all triangles on the same base and on the same side of

it, and having equal vertical angles, all intersect at the
same point.

231. If two circles touch each other internally, any
chord of the greater circle which touches the less shall

be divided at the point of its contact into segments which
subtend equal angles at the point of contact of the two
circles.

III. 31.

232. Right-angled triangles are described on the same

hypotenuse: shew that the angular points opposite the

hypotenuse all lie on a circle described on the hypotenuse
as diameter.

233. The circles described on the equal sides of an
isosceles triangle as diameters, will intersect at the middle

point of the base.

234. The greatest rectangle which can be inscribed in

a circle is a square.
235. The hypotenuse AB of a right-angled triangle

ABC is bisected at I>, and EDF is drawn at right angles
to AB, and DE and DF are cut off each equal to UA

;

CE and CF are joined: shew that the last two straight
lines will bisect the angle C and its supj^lement respec-

tively.
236. On the side AB of any triangle ABC as diameter

a circle. is described; EF is a diameter parallel to BC:
shew that the straight lines EB and FB bisect the interior

and exterior angles at B.
237. If AD, CE ho drawn perpendicular to the sides

BC, AB of a triangle ABC, and DE be joined, shew that

the angles ADE and AGE arc equal to each other.

238. If two circles ABC, ABD intersect at A and B,
and AC, AD be two diameters, shew that the straight
line CD will pass through B.

239. If O be the centre of a circle and OA a radius

and a circle be described on OA as diameter, the circum-
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forence of this circle will bisect any chord drawn through
it from A to meet the exterior circle.

240. Describe a circle touching a given straight lino at
Vi given point, such that the tangents drawn to it from two
given points in the straight line may be parallel.

241. Describe a circle with a given radius touching a
given straight lino, such that the tangents drawn to it

from two given points in the straight line may be parallel.

242. If from the angles at the base of any triangle

l>erpendiculars are drawn to the opposite sides, produced
if necessary, the straight line joining the points of inter-

section will be bisected by a perpendicular drawn to it from
the centre of the base.

24.3. AD is a diameter of a circle
;
B and (7are points

on the circumference on the same side of ^Z>; a perpen-
dicular from D on BC produced through (7, meets it ^t Ei
shew that the square on ylZ> is greater than the sum of the

squares on AB, BC, CD, by twice the rectangle BC, CE.

244. AB is the diameter of a semicircle, P is a point
on the circumference, PM is perpendicular to AB; on

AM, BM as diameters two semicircles are described, and

AP, BP meet these latter circumferences iitQ,B: shew
that QR will be a common tangent to them.

245. AB, AC SiYQ two straight lines, B and C are given

points in the same; BD is drawn perpendicular to AC,
and DE perpendicular to AB ;

in like manner CF is drawn

perpendicular to AB, and FG to AC. Shew that EG is

parallel to BC,
246. Two circles intersect at the points A and B, from

which are drawn chords to a point C in one of the circum-

ferences, and these chords, produced if necessary, cut the
other circumference at D and E: shew that the straight
line DE cuts at right angles that diameter of the circle

ABC which passes through C.

247. If squares be described on the sides and hy-

potenuse of a right-angled triangle, the straight line joining
the intersection of the diagonals of the latter square with
the right angle is perpendicular to the straight line joining
the intersections of the diagonals of the two former.

248. C is the centre of a given circle, CA a straight
line less than the radius; find the point of the circum-
ference at which CA subtends the greatest angle.
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249. A Bis, tlio diameter of a semicircle, D and E are

any two points in its circumference. Shew that if the

chords joining A and B Avith D and E each way intersect

at i^and G^ then FO produced is at right angles to AB.

250. Two equal circles touch one another externally,
and through the point of contact chords are drawn, one
to each circle, at right angles to each other: shew that

the straight line joining the other extremities of these
chords is equal and parallel to the straight line joining the
centres of the circles.

251. A circle is described on the shorter diagonal of a
rhombus as a diameter, and cuts the sides

;
and the points

of intersection are joined crosswise with the extremities of

that diagonal : shew that the parallelogram thus formed
is a rhombus with angles equal to those of the first.

252. If two chords of a circle meet at a right angle
within or without a circle, the squares on their segments
are together equal to the squares on the diameter.

III. 32 to 34.

253. ^ is a point in the circumference of a circle, whose
centre is C; PA, a tangent at any point P, meets CB
produced at A, and PD is drawn perpendicular to CB :

shew that the straight line PB bisects the angle APD.
2rA. If two circles touch each other, any straight line

drawn through the point of contact will cut off similar seg-
ments.

255. AB is any chord, and ^Z> is a tangent to a circle

at A. DPQ is any straiglit line parallel to AB, meeting
the circumference at P and Q. Shew that the triangle .

PAD is equiangular to the triangle QAB. ]

256. Two circles ABDH, ABG, intersect each other
j

at the points A, B; from B a straight line BD is drawn in •

the one to touch the other
;
and from A any chord what-

j

ever is drawn cutting the circles at G and II: shew that ^

BG is parallel to DH.
257. Two circles intersect at A and B. At A the

tangents AC, AD are drawn to each circle and terminated
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by the circumference of the other. If CB, BD be joined,
shew that AB or AB produced, if necessary, bisects the
angle CBD.

258. Two circles intersect at A and B, and througliP any point in the circumference of one of them the
chords PA and PB are drawn to cut the other circle at
C and D : shew that CD is parallel to the tangent at P.

259. If from any point in the circumference of a circle
a chord and tangent be drawn, the perpendiculars dropped
on them from the middle point of the subtended arc are

equal to one another.

260. AB is any chord of a circle, P any point on the
circumference of the circle

;
PM is a perpendicular on Jf^

and is produced to meet the circle at Q ;
and ANi^ drawn

perpendicular to the tangent at P : shew that the triangleNAM is equiangular to the triangle PAQ.
261. Two diameters AOB, COD of a circle are at

right angles to each other; P is a point in the circum-

ference; the tangent at P meets COD produced at Q,
and AP, BP meet the same line at E, S respectively:
shew that RQ is equal to SQ

262. Construct a triangle, having given the base, the
vertical angle, and the point in the base on which the per-

pendicular falls.

263. Construct a triangle, having given the base, the
vertical angle, and the altitude.

264. Construct a triangle, having given the base, the
vertical angle, and the length of the straight line drawn
from the vertex to the middle point of the base.

265. Having given the base and the vertical angle of a

triangle, shew that the triangle will be greatest when it is

266. From a given point A without a circle whose
centre is O draw a straight line cutting the circle at the

points B and C, so that the area BOC may be the greatest

possible.
267. Two straight lines containing a constant angle

always pass through two fixed points, their position being
otherwise unrestricted : shew that the straight line bisect-

ing the angle always passes through one or other of two
fixed points.

268. Given one angle of a triangle, the side opposite
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it, and tho sum of the other two sides, construct the
triangle.

III. 35 to 37.

269. If two circles cut one another, the tangents drawn
to the two circles from any point in the common chord
produced are equal.

270. Two circles intersect at A and B : shew that AB
produced bisects their common tangent.

271. If AD, CEarG drawn perpendicular to the sides

BC, AB of a triangle ABC, shew that the rectangle con-
tained by BC and BD is equal to the rectangle contained

by BA and BE.

272. If through any point in the common chord of two
circles which intersect one another, there be drawn any two
other chords, one in each circle, their four extremities shall

all lie in the circumference of a circle.

273. From a given point as centre describe a circle

cutting a given straight line in two points, so that the rect-

angle contained by their distances from a fixed point in the

straight line may be equal to a given square.

274. Two circles ^/?CZ>, i5^Z?C/^, having .the common
tangents AE and DF, cut one anotlier at ^ and (7, and
the chord BC is produced to cut the tangents at G and // :

shew that the square on (?// exceeds the square on AE or

DF by the square on BC.

275. A series of circles intersect each other, and are
such that the tangents to them from a fixed point arc

equal : shew that the straight lines joining the two points
of intersection of each pair will pass through this point,

276. A BC is a right-angled triangle ;
from any point

D in the hypotenuse BC a straight line is drawn at right

angles to BC, meeting CA at E and BA produced at F:
shew that the square on DE is equal to the difference of

the rectangles BD, DC and AE, EC ;
and that the square

on DF is equal to the sum of the rectangles BD, DC and

AF, FB.

277. It is required to find a point in the straight line

which touches a circle at tlie end of a given diameter, such
that when a straight line is drawn from this point to the

other extremity of the diameter, the rectangle contained
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by tlie part of it without the circle and the part within tho

circle may be equal to a given square not greater than that*

on tho diameter.

IV. 1 to 4.

278. In IV. 3 shew that the straight lines drawn
through A and B to touch the circle will meet.

279. In IV. 4 shew that the straight line^ which bisect
the angles B and C will meet.

280. In IV, .4 shew that tho straight lino DA will

bisect the angle at A.
281. If the circle inscribed in a triangle ABC touch

the sides AB, ylC at the points D, E, and a straight lino
be drawn from A to tho centre of the circle meeting the
circumference at G, show that the point G is the centre of
the circle inscribed in the triangle ADE.

282. Shew that the straight lines joining the centres of
the circles touching one side of a triangle and the others

produced, pass through tho angular points of the triangle.
283. A circle touches the side BC of a triangle ABO

and the other two sides produced : shew that the distance
between the points of contact of the side BG with this

circle and witli the inscribed circle, is equal to the dififer-

ence between the sides AB and AG^
284. A circle is inscribed in a triangle ABC^ and a

triangle is cut off at each angle by a tangent to the circle.

Shew that the sides of the three triangles so cut off aro

together equal to the sides of ABC.
285. D is the centre of the circle inscribed in a tri-

angle BAC^ and AD\^ produced to meet the straight line

drawn through B at right angles to BD at O : shew that O
is the centre of the circle which touches the side BC and
the sides AB, AC produced.

286. Three circles aro described, each of which touches
one side of a triangle ABC, and the other two sides pro-
duced. If D be the point of contact of the side BG, E that

of AC, and F that of AB, shew that AE is equal to BD,
BF to CE, and CD to AF.

287. Describe a circle which shall touch a given circle

and two given straight lines which themselves touch the

given circle.
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288. If the three points be joined in which the circle

inscribed in a triangle meets the sides, shew that the ro^

suiting triangle is acute angled.
^

289. Two opposite sides of a quadrilateral are toge-
ther equal to the other two, and each of the angles is less

than two right angles. Shew that a circle can bo inscribed
in the quadrilateral.

290. Two circles IIPL, KPM, that touch each other

externally, have the common tangents HK, LM ;
HL and

KM being joined, shew that a circle may be inscribed in

the quadrilateral HKML.
291. Straight lines are drawn from ihe angles of a

triangle to the centres of the opposite escribed circles :

shew that these straight lines intersect at the centre of the
inscribed circle.

292. Two sides of a triangle whose perimeter is con-

stant are given in position ; shew that the third side

always touches a certain circle.

293. Given the base, the vertical angle, and the radius

of the inscribed circle of a triangle, construct it.

IV. 5 to 9.

294. In IV. 5 shew that the perpendicular from F on
BC will bisect BG.

295. If DE be drawn parallel to the base BC of a

triangle ABC, shew that the circles described about the

triangles ABC dindiADE hawc a common tangent.
296. If the inscribed and circumscribed circles of a

triangle be concentric, shew that the triangle must be

equilateral.
297. Shew that if the straight line joining the centres

of the inscribed and circumscribed circles of a triangle

passes through one of its angular points, the triangle is

isosceles.

298. The common chord of two circles is produced to

any point P ;
PA touches one of the circles at A, PBC is

any chord of the other. Shew that the circle which passes

through A, B, and C touches the circle to which PA is

a tangent.
299. A quadrilateral ABCD is inscribed in a circle,

and AD, BC are produced to meet at E: shew that the

circle described about the triangle ECD will have the

tangent at j& parallel to AB.
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300. Describe a circle which shall touch a given straight

line, and pass through two given points.

301. Describe a circle which shall pass through two

given points and cut off from a given straight line a chord
of given length.

302. Describe a circle which shall have its centre in a

given straight lino, and cut off from two given straight
lines chords of equal given length.

303. Two triangles have equal bases and equal vertical

angles : shew that the radius of the circumscribing circle

of one triangle is equal to that of the other.

304. Describe a circle which shall pass through two

given points, so that the tangent drawn to it from another

given point may be of a given length.

305. C is the centre of a circle
; CA, CB are two

radii at right angles; from B any chord BP is drawn
cutting CA at iV^: a circle being described round ANP,
shew that it will be touched by BA.

306. AB and CD are parallel sti-aight lines, and the

straight lines which join their extremities intersect at E:
shew that the circles described round the triangles ABE,
CDE touch one another.

307. Find the centre of a circle cutting off three equal
chords from the sides of a triangle.

308. If O be the centre of the circle inscribed in the

triangle ABC, and AO hQ produced to meet the circum-
scribed .circle at Fj shew that FB, FO, and FC are all

equal.
309. The opposite sides of a quadrilateral inscribed in

a circle are produced to meet at P and Q, and about the

triangles so formed without the quadrilateral, circles are

described meeting again at R : shew that P, R, Q are in

one straight line.

310. The angle ACB of any triangle is bisected, and
the base AB is bisected at right angles, by straight lines

which intersect at D : shew that the angles ACB, ADB
are together equal to two right angles.

311. ACDB is a semicircle, AB being the diameter,
and the two chords AD, BC intersect at E: shew that it

a circle be described round CDE it will cut the former at

right angles.
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812. The diagonals of a given quadrilateral ABCD
intersect at O : shew that the centres of the circles de-

scribed about tlie triangles OAB, OBC, OCD, ODA, will

lie in the angular points of a pa: allelogram.

313. A circle is described round the triangle ABC\
the tangent at C meets AB produced at D

;
the circle

"whose centre is D and radius DC cuts AB at E: shew
that EC bisects the angle A CB,

314. AB, ^(7 are two straight lines given in position;
BC is a straight line of given length ; D, E are the middla

points of AB, AC; DF, EF ^yq drawn at right angles to

AB, yl 6' respectively. Shew that AF wiW be constant for

all positions oi BC,

315. A circle is described about an isosceles triangle
ABC in which AB is equal to ^C; from A a straight
line is drawn meeting the base at D and the circle at E :

shew that the circle which passes through B, D, and E,
touches AB.

316. -<4C is a chord of a given circle ;
B and D are

two given points in the chord, both within or both without
the circle : if a circle be described to pass through B and

D, and touch the given circle, shew that AB and CD
subtend equal angles at the point of contact.

317. A and B are two points within a circle : find the

point P in the circumference such that if PAH, PBK bo
drawn meeting the circle at H and JT, the chord HK shall

be the greatest possible.

318. The centre of a given circle is equidistant from
two given straight lines : describe another circle wliich shall

touch these two straight lines and shall cut off from the

given circle a segment containing an angle equal to a given
angle.

319. O is the centre of the circle circumscribing a

triangle yl 7?(7; Z>, E, i^the feet of the perpendiculars from

A, B, C on the opposite sides : shew that OA, OB, 00 are

respectively perpendicular to EF, FD, DE.

320. If from any point in the circumference of a given
circle straight lines bo drawn to the four angular points
of an inscribed square, the sum of the squares on the four

straight lines is double the square on the diameter.
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321. Shew that no rectangle except a square can be
described about a circle.

322. Describe a circle about a given rectangle.

323. If tangents be drawn through the extremities of
two diameters of a circle the parallelogram thus formed
will be a rhombus.

IV. 10.

^324. Shew that the angle ACD in the figure of IV. 10
is equal to three tipaes the angle at the vertex of the

triangle.

325. Shew that in the figure of IV. 10 there are two

triangles which possess the required property: shew that

there is also an isosceles triangle whose equal angles arc

each one third part of the third angle.

326. Shew that the base of the triangle in IV. 10 is

equal to the side of a regular pentagon inscribed in the
smaller circle of the figure.

327. On a given straight line as bd,siB describe an isos-

celes triangle having the third angle treble of each of the

angles at the base.

328. In the figure of IV. 10 suppose the two circles to

cut again at E : then DE is equal to DC
329. If A be the vertex and BD the base of the con-

structed triangle in IV. 10, D being one of the two points
of intersection of the two circles employed in the construc-

tion, and E the other, and ^^ be drawn meeting BD pro-
duced at G^ shew that GAB is another isosceles triangle

of the same kind.

330. In the figure of IV. 10 if the two equal chords

of the smaller circle be produced to cut the larger, and

these points of section be joined, another triangle will be

formed having the pi'operty required by the proposition.

331. In the figure of IV. 10 suppose the two circles to

cut again at E
; join AE, CE, and produce AE, BD to

meet at G : then CDGE is a parallelogram.

332. Shew that the smaller of the two circles employed
in the figure of IV. 10 is equal to the circle described

round the required triangle.
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333. In tho figure of IV. 10 if ^i^be the diameter of

the smaller circle, I>F is equal to a radius of tho circle

which circumscribes tho triangle BCD.

IV. 11 to 16.

334. Tho straight lines which connect the angular

points of a regular pentagon which are not adjacent inter-

sect at the angular points of another regular pentagon^

335. ABCDE is a regular pentagon; join AC andi

BE, and let BE meet ylC at i^; shew that ACis equal to

the sum oiAB and BF.
336. Shew that each of the triangles made by joining

the extremities of adjoining sides of a regular pentagon is

less than a third and greater than a fourth of tho whole
area of the pentagon.

337. Shew how to derive a regular hexagon from an

equilateral triangle inscribed in a circle, and from the con-

struction shew that the side of the hexagon equals the
radius of the circle, and that the hexagon is double of the

triangle.

338. In a given circle inscribe a triangle whose angles
are as the numbers 2, 5, 8.

339. If ^BCDEF is a regular hexagon, and A (7, BD,
CE, DF, EA, FB be joined, another hexagon is formed
whose area is one third of that of the former.

340. Any equilateral figure which is inscribed in a
circle is also equiangular.

VI. 1,2.

341. Shew that one of the triangles in the figure of

IV. 10 is a mean proportional between the other two.

342. Through D, any point in the base of a triangle

ABO, straight lines DE, DF are drawn parallel to tho

sides AB, AC, and meeting the sides at E, F: shew that

the triauG^le AEFh a mean proportional between the tri-

angles FBD, EDO.
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343. Perpendiculars are drawn from any point within
an eciuilateral triangle on the three sides : shew that their •

sum is invariable.

344. Find a point within a triangle such that if straight
lines be draAvn from it to the three angular points the tri-

angle will be divided into three equal triangles.
345. From a point E in the common base of two tri-

angles ACB, ADB, straight lines are drawn parallel to

AC, AD, meeting BC, BD at F, G : shew that FG is par-
allel to CD.

346. From any point in the base of a triangle straight
lines are drawn parallel to the sides : shew that the inter-

section of the diagonals of every parallelogram so formed
lies in a certain straight line.

347. In a triangle ABC a straight line ^Z> is drawn
perpendicular to the straight line BD which bisects the

angle B : shew that a straight line drawn from D parallel
to ^C will bisect ^C.

348. ABC is a triangle ; any straight line parallel to

BC meets AB at D and AC at E
; join BE and CD meet-

ing at F: shew that the triangle ADF is equal to the

triangle AEF.
349. ABC is a triangle; any straight line parallel to

BC meets AB at D and AC at E; join BE and CD meet-

ing at F: shew that if AFho produced it will bisect BC.
350. If two sides of a quadrilateral figure be parallel

to each other, any straight line drawn parallel to them will

cut the other sides, or those sides produced, proportion-

ally.
^

351. ABC is a triangle ;
it is required to draw from

a given point F, in the side AB, orAB produced, a straight
line to ACi or J[ (7 produced, so that it may be bisected bv

BC.

VI. 3, A.

352. The side BC of a triangle ABC is bisected at D.
and the angles ADB, ADC are bisected by the straight,
lines DE, DF, meeting AB, AC at E, irrespectively:
shew that EF is parallel to BC.

353. AB IS a diameter of a circle, CD is a chord at

right angles to it, and E is any point in CD ; AE and BE
24—2
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are drawn and produced to cut the circle at F and G:
shew that the quadrilateral CFDG has any two of its

adjacent sides in the same mtio as the remaining two.

354. Apply VI. 3 to solve the problem of the trisec-

tion of a finite straight line.

355. In the circumference of the circle of which AB is

a diameter, take any point P; and draw PC, PD on

opposite sides of AP, and equally inclined to it, meeting
^i[? at C and i> : shew that ACis to BC as ylZ) is to BD.

356. AB is a straight line, and D is any point in it :

determine a point P in AB produced such that PA is to

PB as DA is to DB.
357. From the same point A straight lines are drawn

isaliing the angles BAC, CAD, DAE each equal to half a

right angle, and they are cut by a straight line BCDE,
which makes BAE ah isosceles triangle : shew that BC ov

DE is a mean proportional between BE and CD.
358. The angle ^ of a triangle ABC is bisected by

AD which cuts the base at D, and O is the middle point
of BC : shew that OD bears the same ratio to OB that the
difference of the sides bears to their sum.

359. AD and AE bisect the interior and exterior

angles at yl of a triangle ABC, and meet the base at

D and E ;
and is the middle point of BC : shew that

OB is a mean proportional between OD and OE.
360. Three points D, E, F in the sides of a triangle

^^56" being joined form a second triangle, such that any
two sides make equal angles with the side of the former at

which they meet : shew that AD, BE, CF are at right

angles to BC, CA, AB respectively.

VI. 4 to 6.

361. If two triangles be on equal bases and between
the same parallels, any straight line parallel to their bases

will cut off equal areas from the two triangles.
362. AB and CD are two parallel straight lines

;
E is

the middle point of CD
;
^C and BE meet at F, and AE

and BD meet at G : shew that FG is parallel to AB,
363. A, B, C are throe fixed points in a straight line

;

any straight line is drawn through C ;
shew that the per-

pendiculars on it from A and B are in a constant ratio.
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364. If the perpendiculars from two fixed points on a

straight lino passing between them be in a given ratio, the

straight line must pass through a third fixed point.
365. Find a straight line such that the perpendiculars

on it from three given points shall be in a given ratio to
each other.

366. Through a given point draw a straight line, so
that the parts of it intercepted between that point and
perpendiculars drawn to the straight line from two other

given points may have a given ratio.

367. A tangent to a circle at the point A intersects
two parallel tangents at B, C, the points of contact of

which with the circle are D, E respectively ;
and BE, CD

intersect at F : shew that AF is parallel to the tangents
BD, CE.

368. P and Q are fixed points ;
AB and CD are fixed

parallel straight lines
; any straight line is drawn from P

to meet AB at 31, and a straight line is drawn from Q
parallel to PM meeting CD at N : shew that the ratio of
PM to QN is constant, and thence shew that the straight
line through M and iV passes through a fixed point.

369. Shew that the diagonals of a quadrilateral, two
of whose sides are parallel and one of them double of the

other, cut one another at a point of trisection,

370. ^^.and
B are two points on the circumference of a

circle of winch C is the centie
; draw tangents at A and B

meeting at T; and from A draw AN perpendicular to

CB : shew that ^T is to BC as BN is to NA.
371. In the sides AB, AC oi a. triangle ABC are

taken two points D, E, such that BD is equal to CE;
DE, BC are produced to meet at F: shew that AB is to

AC &s EF is to DF.
372. If through the vertex and the extremities of the

base of a triangle two circles be described intersecting
each other in the base or base produced, their diameters

are proportional to the sides of the triangle.

373. Find a point the perpendiculars from which on

the sides of a given triangle shall be in a given ratio.

374. On AB, AC, two adjacent sides of a rectangle,
two similar triangles are constructed, and perpendiculars
are drawn to AB, AC from the angles which they subtend,

intersecting at the point P. If AB, AC be homologous
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sides, shew that P is in all cases in one of the diagonals of

the rectangle.
375. In the figure of I. 43 shew that if EG and FII

be produced they will meet on -4 (7 produced.
376. APB and CQD arc parallel straight lines, and

AP is to PB as DQ is to QC: shew that the straight
lines PQ, AC, BD, produced if necessary, will meet at a

point : shew also that the straight lines PQ, AD, BC, pro-
duced if necessary, will meet at a point.

377. ACB is a triangle, and the side AC \^ produced
to D so that CD is equal to AC, and BD is joined : if any
straight line drawn parallel to AB cuts the sides AC, CB,
and from the points of section straight lines be drawn

parallel to DB, shew that these straight lines will meet
AB at points equidistant from its extremities.

378. If a circle be described touching externally two

given circles, the straight line passing through the points
of contact will intersect the straiglit line passing through
the centres of the given circles at a fixed point.

379. D is the middle point of the side BC of a tri-

angle ABCy and P is any point in AD; through P the

straight lines BPE, CPF are drawn meeting the other

sides at ^, i^: shew that j^i^is parallel to BC.
380. AB is the diameter of a circle, E the middle

point of the radius OB
;
on AE, EB as diameters circles

are described; PQL is a common tangent meeting the

circles at P and Q, and AB produced at L : shew that

EL is equal to the radius of the smaller circle.

381. ABCDE is a regular pentagon, and AD, BE
intersect at O : shew that a side of the pentagon is a mean
proportional between AG and AD.

382. ABCD is a parallelogram ;
P and Q are points

in a straight line parallel to AB
;
PA and QB meet at

a, and PD and QC meet at S; shew that liS is parallel
to^i>.

383. A and B are two given points ;
A C and BD are

perpendicular to a given straight line CD ;
AD and BC

intersect at E, and EF is perpendicular to CD : shew that

AF and BF make equal angles with CD.
384. From the angular pohits of a parallelogi-am ABCD

perpendiculars are drawn on the diagonals meeting tliem at

E, F, G, H respectively : shew that EFGH is a parallelo-

gram similar to ABCD^
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385. If at a given point two circles intersect, and their

centres lie on two fixed straight lines which pass through
that point, shew that whatever be the magnitude of the
circles their common tangents will always meet in one of

two fixed strai^'ht lines which pass, through the given point.

vi. 7 tola

386. If two circles touch each other, and also touch
a given straight line, the part of the straight line between
the points of contact is a mean proportional between the

diameters of the circles.

387. Divide a given arc of a circle into two parts, so

that the chords of these parts shall be to each other in a

given ratio.

388. In a given triangle draw a straight line parallel
to one of the sides, so that it may be a mean proportional
between the segments of the base.

389. ABC is a triangle, and a pei-pendicular is drawn
from A to the opposite side, meeting it at D between B
and C: shew that if ^Z) is a mean proportional between
BD find CD the angle BAC is a right angle,

390. ABC is a triangle, and a perpendicular is drawn
from A on the opposite side, meeting it at D between
B and C : shew that if BA is a mean proportional between
BD and BC, the angle BAC is a right angle.

391 . C is the centre of a circle, and A any point within

it
;
CA is produced through yl to a point B such that tho

radius is a mean proportional between CA and CB : shew

that if P be any point on the circumference, the angles

CPA and CBP are equal.
392. is a fixed point in a given straight line OA,

and a circle of given radius moves so as always to bo

touched by OA ;
a tangent OP is drawn from O to tho

circle, and in OP produced PQ is, taken a third proper-
tional to OP and the radius: shew that as the circle

moves along OA, the point Q will move in a straight

line.

393. Two given parallel straight lines touch a circle,

and SPT is another tangent cutting the two former tan-

gents at S and T, and meeting tie circle at P : shew
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that tho rectangle aS'P, PT is constant for all positions
of P.

394. Find a point in a side of a triangle, from which
two straight lines drawn, one to the opposite angle, and the

other j)arallel to the base, shall cut off towards the vertex
and towards the base, equal triangles.

395. ACB is a triangle having a right angle at C; from
A a straight line is drawn at right angles to AB^ cutting
BC produced at E

;
from B a straight line is drawn at

right angles to AB, cutting AG produced at D : shew that

the triangle ECD is equal to the triangle ACB.
396. The straight line bisecting the angle ABC of

the triangle ABC meets the straight lines drawn through
A and C, parallel to BC and AB respectively, at E and F:
shew that the triangles CBE, ABF are equal.

397. Shew that the diagonals of any quadrilateral

figure inscribed in a circle divide the quadrilateral into

four triangles which are similar two and two ; and deduce
Uie theorem of III. 35.

398. AB, CD are any two chords of a circle passing
through a point O ;

EF is any chord parallel to OB
; join

CE, ^P meeting AB n,t the points G and //, and DE, CF
meeting AB at the points K and L : shew that the rect-

angle OG, OH is equal to the rectangle OF^, OL.

399. ABCD is a quadrilateral in a circle; the straight
lines CE, Z>P which bisect the angles ACB, ADB cut BD
and AC 2it Pand G respectively : shew that EF is to EG
as PP is to EC.

400. From an angle of a triangle two straight lines are

drawn, one to any point in the side opposite to the angle,
and the other to the circumference of the circumscribing
circle, so as to cut from it a segment containing an angle

equal to the angle contained by the first drawn line and
the side which it meets: shew that the rectangle con-

tained by the sides of the triangle is equal to the rectangle
contained by the straight lines thus drawn.

401. The vertical angle C of a triangle is bisected by a

straight line which meets the base at D, and is produced
to a point E, such that the rectangle contained by CD and
CE IS equal to the rectangle contained by -^C and CB :

shew that if the base and vertical angle be given, the posi-
tion ofP is invariable*
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402. A square is inscribed in a right-angled triangle

ABCj one side DE of tlie square coinciding with the hypo-
tenuse AB of the triangle: shew that the area of the

square is equal to the rectangle AD, BE.
403. ABCD is a parallelogram ;

from B a straight
line is drawn cutting the diagonal AC at E, the side DC
at G, and the side AD produced at E: shew that the

rectangle EE, EG is equal to the square on BE.
404. If a straight line drawn from the vertex of an

isosceles triangle to the base, be produced to meet the
circumference of a circle described about the triangle,
the rectangle contained by the whole line so produced,
and the part of it between the vertex and the base shall

be equal to the square on either of the equal sides of the

triangle.
405. Two straight lines are drawn from a point A to

touch a circle of which the centre is E
;
the points of con-

tact are joined by a straight line which cuts EA at H; and
on HA as diameter a circle is described : shew that the

straight lines drawn through E to touch this circle will

meet it on the circumference of the ^ven circle.

VI, 19 to Z),

406. An isosceles triangle is described having each
of the a,ngles at the base double of the third angle: if the

angles at the base be bisected, and the points where the
lines bisecting them meet the opposite sides be joined,
the triangle will be divided into two parts in the proportion
of the base to the side of the triangle.

407. Any regular polygon inscribed in a circle is a
mean proportional between the inscribed and circumscribed

regular polygons of half the number of sides.

408. In the figure of VI. 24 shew that EG and KIT
are parallel.

409. Divide a triangle into two equal parts by a

straight line at right angles to one of the sides.

410. If two isosceles triangles are to one another in

the duplicate ratio of their bases, shew that the triangles
are similar.
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411. Through a given point draw a chord in a given!
circle so tliat it shall be divided at the point in a given
ratio.

412. From a point without a circle draw a straiglit
line cutting the circle, so that the two segments shall bo

equal to each other.

413. In the figure of II. 11 shew that four other

straiglit lines, besides the given straight line are divided

in tlie required manner.
414. Construct a triangle, having given the base, the

vertical angle, and the rectangle contained by the sides.

415. A circle is described round an equilateral triangle,
and from any point in the circumference straight lines

are drawn to the angular points of the triangle : shew-

that one of these straight lines is equal to the other two

together.
416. From the extremities B, C of the base of an

isosceles triangle ABC, straight lines are drawn at right

angles to AB, AC respectively, and intersecting at D:
shew that the rectangle BC, AD is double of the rectangle

AB, DB.
417. ABC is an isosceles triangle, the side AB being

equal to AC ; F\& the middle point oiBC\ on any straight
line through A perpendiculars FG and CE are drawn :

shew that the rectangle A C, EF is equal to the sum of the

rectangles FC, EG and FA, FG.

XI. 1 to 12.

418. Shew that equal straight lines drawn from a given

point to a given plane are equally inclined to the plane.
419. If two straight lines in one plane be equally in-

clined to another plane, they will be equally inclined to the

common section of these planes,
420. From a point A a perpendicular is drawn to a

plane meeting it at ^
;
from B a perpendicular is drawn

on a straight line in the plane meeting it at (7 : shew that

ACia perpendicular to the straight line in the plane.
421. ABC is a triangle ;

the perpendiculars from A
and B on the opposite sides meet at D

; through D a

straight line is drawn perpendicular to the plane of the

triangle, and E is any point in this straight line : shew that
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the straight line joining E to any angular point of the tri-

angle is at right angles to the straight line drawn through
that angular point parallel to the ox^posite side of the tri-

angle.
422. Straight lines are drawn from two given points

without a given plane meeting each other in that plane :

find when their sum is the least possible.
423. Three straight lines not in the same plane meet

at a point, and a plane cuts these straight lines at equal
distances from the point of intersection : shew that the

perpendicular from that point on the plane mil meet it at

the centre of the circle described about the triangle formed

by the portion of the plane intercepted by the planes pass-

ing through the straight lines.

424. Give a geometrical construction for drawing a

straight line which shall be equally inclined to three

straight lines meeting at a point.
425. From a point E draw EC, ED perpendicular to

two planes CAB, DAB which intersect in AB^ and from

D draw DF perpendicular to tlie plane CAB meeting it at

F: shew that the straight line CF, produced if necessary,

is perpendicular to AB.
426. Perpendiculars are drawn from a point to a plane,

and to a straight line in that plane : shew that the straight

line joining the feet of the perpendiculars is perpendicular
to the former straight line.

XI. 13 to 21.

427. BCD is the common base of two pyramids, whose

vertices A and E lie in a plane passing through BC-, and

AB, AC are respectively perpendicular to the faces BED,
GED : shew that one of the angles at A together with the

angles at E make up four right angles.

428. Within the area of a given triangle is inscribed

another triangle: shew that the sum of the angles sub-

tended by the sides of the interior triangle at any point

not in the plane of the triangles is less than the sum of the

angles subtended at the same point by the sides of the ex-

terior angle.
429. From the extremities of the two parallel straight
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lines AB, CD parallel straight lines Aa, Bh, Cc, Dd are
drawn meeting a plane at a, b, c, d: show that AB is to

CD as ah to cd.

430. Shew that the perpendicular drawn from the ver-

tex of a regular tetrahedron on the opposite face is three

times that drawn from its own foot on any of the other faces.

431. A triangular pyramid stands on an equilateral
base and the angles at the vertex are right angles : shew
that the sum of the perpendiculars on the faces from any
point of the base is constant.

432. Three straight lines not in the same plane Inter-

sect at a point, and through their point of intersection

another straight lino is drawn within the solid angle formed

by them: shew that the angles which this straight line

makes with the first three are together less than the sum,
but greater than half the sum, of the angles which the first

three make with each other.

433. Three straight lines which do not all lie in one

plane, are cut in the same ratio by three planes, two ofwhich
are parallel: shew that the third will be parallel to the
other two, if its intersections with the three straight lines

are not all in the same straight line.

434. Draw two parallel planes, one through one straight

line, and the other through another straight line which does
not meet the former.

435. If two planes which are not parallel be cut by two

parallel pianos, the lines of section of the first two by the

last two will contain equal angles.
436. From a point A in one of two planes are drawn

AB at right angles to the first plane, and ^C perpendicular
to the second plane, and meeting the second plane at B,C;
shew that BC is perpendicular to the line of intersection of

the two planes,
437. Polygons formed by cutting a prism by parallel

planes are equal.
438. Polygons fonned by cutting a pjTamid by parallel

planes are similar.

439. The straight line PBhp cuts two parallel planes
at B, b, and the points P, p are o(iuidistant from the planes ;

PAa, pcC are other straight lines drawn from P, p to cut

the planes : shew that the triangles ABC, abc are equal
440. Perpendiculars AE, BF are di*awn to a plane
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from two points A, B above it; a plane is drawn throughA perpendicular to AB: shew that its line of intersection
with the given plane is perpendicular to EF.

I. 1 to 48.

441. ABC is a triangle, and P is any point within it:

shew that the sum of PA, PB, PC is less than the sum of
the sides of the triangle.

442. From the centres A and B of two circles parallel
radii AP, BQ are drawn

;
the straight line PQ meets the

circumferences again at R and S : shew that ARi8 parallel

to BS.

443. If any point be taken within a parallelogram the

sum of the triangles formed by joining the point with the

extremities of a pair of opposite sides is half the parallelo-

gram.
444. If a quadrilateral figure be bisected by one dia-

gonal the second diagonal is bisected by the first.

445. Any quadrilateral figure which is bisected by
both of its diagonals is a parallelogram.

446. In the figure of I. 5 if the equal sides of the tri-

angle be produced upwards through the vertex, instead of

downwards through the base, a demonstration of I. 15 may
be obtained without assuming any proposition beyond I. 5.

447. -4 is a given point, and B is a given point in a

given straight line : it is required to draw from A to the

given straight line, a straight line A P, such that the sum
ofAP and PB may be equal to a given length.
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448. Shew that by superposition the first case of I. 2G

may be immediately demonstrated, and also the second
case with the aid of I. 16.

449. A straight line is drawn terminated by one of the
sides of an isosceles triangle, and by the other side pro-

duced, and bisected by the base : shew that the straight
lines thus intercepted between the vertex of the isosceles

triangle and this straight line, are together equal to the
two e(iual sides of the triangle.

450. Through the middle point M of the base BC of a

triangle a straight line DME is drawn, so as to cut off

equal parts from the sides AB^ AC, produced if necessary:
shew that BD is equal to CE.

451. Of all parallelograms which can be formed with
diameters of given lengths the rhombus is the greatest.

452. Shew from I. 18 and I. 32 that if the hypote-
nuse BG of a right-angled triangle ABC be bisected at Z>,
then AD, BD, CD are all equal.

453. If two equal straight lines intersect each other

any where at right angles, the quadrilateral formed by
joining their extremities is equal to half the square on
either straight line.

454. Inscribe a parallelogram in a given triangle, in

such a manner that its diagonals shall intersect at a given
point within the triangle.

455. Construct a triangle of given area, and having two
of its sides of given lengths.

456. Construct a triangle, having given the base, the
difference of the sides, and the diflference of the angles at

the base.

457. AB, AC are two given straight lines: it is re-

quired to find \\\ AB vl point P, such that if PQ be ^rawn
perpendicular to AC, the sum ofAP and AQ may be equal
to a given straight line.

458. The distance of the vertex of a triangle from the
bisection of its base, is equal to, greater than, or less than
half of the base, according as the vertical angle is a right,
an acute, or an obtuse angle.

459. If in the sides of a given square, at oqual distances
from the four angular points, four other points be taken,
one on each side, the figure contained by the straight lines

A\ hich join them, shall also be a square.
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460. On a given straight lino as base, construct a tri-

angle, having given the difference of the sides and a point
through which one of the sides is to pass.

461. ABC is a triangle in which BA is greater than
CA

;
the angle A is bisected by a straight line which meets

BC at D ;
shew that BD is greater than CD.

462. If one angle of a triangle be triple another tho

triangle may be divided into two isosceles triangles.

463. If one angle of a triangle be double another, an
isosceles triangle majy^

be added to it so as to form toge-
ther with it a single isosceles triangle.

464. Let one of the equal sides of an isosceles triangle
be bisected at X>, and let it also be doubled by being pro-
duced through the extremity of tho base to E, then the
distance of the other extremity of the base from E is double
its distance from D.

465. Determine the locus of a point whose distance
from one given point is double its distance from another

given point.

466. A straight line AB \» bisected at
(7, and on AG

and CB as diagonals any two parallelograms ADCE and
CFBG are described

;
let the parallelogram whose adja-

cent sides are CD and CF be completed, and also that
whose adjacent sides are CE and CG : shew that the diago-
nals of these latter parallelograms are in the same straight
line.

467. ABCD is a rectangle of which A, C are opposite

angles ;
E is any point in BC and F is any point in CD :

shew that twice the area of the triangle AEF, together
w^ith the rectangle BE, DF is equal to the rectangle
ABCD.

468. ABC, DBC are two triangles on the same base,
and ABC has the side AB equal to the side AC; a. circle

passing through C and D has its centre E on CA, produced
if necessary; a circle passing through B and D has its

centre F on BA, produced if necessary : shew that the

quadrilateral AEDF has the sum of two of its sides equal
to the sum of the other two.

4G9. Two straight lines AB, AC are given in position:
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it is required to find in -^J? a point P, such that a perpen-
dicular being drawn from it to AC, the straight hue AP
may exceed this perpendicular by a i)roposed length.

470. Shew that the opposite sides of any equiangular

hexagon arc parallel,and thatanytwo sides which are adjacent
are together equal to the two to Avhich they are parallel.

471. From Z> and E, the corners of the square BDEC
described on the hypotenuse BC of a right-angled triangle

ABC, perpendiculars DM, EN are let fall on AC, AB
respectively: shew that AM is equal to AB, and AN
equal to A C.

472. AB and AC are two given straight lines, and
P is a given point : it is required to draw through P a

straight line which shall form with AB and AC the least

possible triangle.

473. ABC is a triande in which (7 is a right angle :

shew how to draw a straight line parallel to a given straight

line, so as to be terminated by CA and CB, and bisected

\>^ AB.
474. ABC is an isosceles triangle having the angle at

B four times either of the other angles ;
^^ is produced

to D so that BD is equal to twice AB, and CD is joined :

shew that the triangles ACD and ABC are equiangular to
one another.

475. Through a point ^within a parallelogram ABCD
straight lines are drawn parallel to the sides ; shew that
the difference of the parallelograms of which KA and KC
are diagonals is equal to twice the triangle BKD.

476. Construct a right-angled triangle, having given
one side and the difference between the other side and the

hypotenuse.

477. Tlie straight lines AD^ BE bisecting the sides

BC, AC of Si triangle intersect at G: shew that AG is

double of GD.
478. BA (7 is a right-angled triangle ;

one straight line

is drawn bisecting the right angle A, and another bisecting
the base BC at right angles ;

these straight lines intersect

at E: if D be the middle point of BC, shew that DE is

equal to DA.
479. On AC the diagonal of a square ABCD, a rhom-

bus AEEC is described of the same area as the square,
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aud having its acute angle at ^ : if AF be joined, shew
that the angle BAC is, divided into three equal angles.

480. AB, AC are two fixed straight lines at right
angles ;

Z> is any point in AB, and E is any point in AC;
on DE as diagonal a half square is described with its

vertex at G : shew that the locus of G is the straight line

which bisects the angle BAC.
481. Shew that a square is greater than any other par-

allelogram of the same perimeter.
482. Inscribe a square of given magnitude in a given

square.
483. ABC is a triangle ; ^Z> is a third of AB, and

AE is a third of AC-, CD and BE intersect at F: shew
that the triangle BFC is half the triangle BAC, and that
tlie quadrilateral ADFE is equal to either of the triangles
CFE or BDF.

484. ABC is a triangle, having the angle C a right
angle ;

the angle A is bisected by a straight line which
meets BC sd, D, and the angle B is bisected by a straight
line which meets AC at E

;
AD and BE intersect at O :

shew that the triangle AOB is half the quadrilateral
ABDE.

485. Shew that a scalene triangle cannot be divided

by a straight line into two parts which will coincide.

486. ABCD, ACED are parallelograms on equal bases

BC, CE, and between the same parallels AD, BE; the

straight lines BD and AE intersect at F : shew that BF
is equal to twice DF.

487. Parallelograms AFGC, CBKH are described on

AC, i?(7 outside the triangle ABC; FG and KH meet at

Z; ZC is joined, and through A and B straight lines AD
and BE are drawn, both parallel to ZC, and meeting FG
and KH at D and E respectively : shew that the figure

ADEB is a parallelogram, and that it is equal to the sum

of the parallelograms FC, CK.
488. If a quadrilateral have two of its sides parallel

shew that the straight line drawn parallel to these sides

through the intersection of the diagonals is bisected at that

point.
489. Two triangles are on equal bases and between

the same parallels : shew that the sides of the triangles in-

tercept equal lengths of any. straight line which is parallel

to their bases.

25
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490. In a right-angled triangle, right-angled at A, if

the side -<46' be double of the side A 13, the angle B is more
tlian double of the angle C.

491. Trisect a parallelogram by straight lines drawn

through one of its angular pohits.

492. AHK is an equilateral triangle ;
ABGD is a

rhombus, a side of which is equal to a side of the triangle,
and the sides BG and CD of which pass through // and
K respectively : shew that the angle A of the rhombus is

ten-ninths of a right angle.

493. Trisect a given triangle by straight lines drawn
from a given point in one of its sides.

494. In the figure of I. 35 if two diagonals be drawn
to the two parallelograms respectively, one from each ex-

tremity of the base, and the intersection of the diagonals be

joined with the intersection of the sides (or sides produced)
in the figure, shew that the joining straight line will bisect

the base.

II. ltol4.

495. Produce one side of a given triangle so that the

rectangle contained by this side and the produced part
may be equal to the difference of the squares on the other
two sides.

496. Produce a given straight line so that the sum of

the squares on the given straight line and on the part
produced may be equal to twice the rectangle contained by
the whole straight line thus produced and the part pro-
duced.

497. Produce a given straight line so that the sum of
the squares on the given straight line and on the whole

straight lijie thus produced may be equal to twice the

rectangle contained by the whole straight line thus pro-
duced and the part produced.

498. Produce a given straight line so that the rectangle
contained by the whole straight line thus produced and the

part produced may be equal to the square on the given
straight line.

499. Describe an isosceles obtuse-angled triangle such
that the square on the largest side may be equal to three
times the square on either of the equal sides.

500. Find the obtuse angle of a triangle when the
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square on the side opposite to the obtuse angle is greater
than the sum of the squares on the sides containing it, by
the rectangle of the sides.

501. Construct a rectangle equal to a given square
when the sum of two adjacent sides of the rectangle is

equal to a given quantity.
502. Construct a rectangle equal to a given square

when the difference of two adjacent sides of the rectangle
is equal to a given quantity.

503. The least square which can be inscribed in a

given square is that which is half of the given square.
504. Divide a given straight line into two parts so that

the squares on the whole line and on one of the parts
may be together double of the square on the other part.

505. Two rectangles have equal areas and equal peri-
meters : shew that they are equal in all respects.

506. ABCD is a rectangle ;
P is a point such that

the sum of PA and PC is equal to the sum ofPB and
PD : shew that the locus ofP consists of the two straight
lines through the centre of the rectangle parallel to its

sides.

™
III. lto37.

507. Describe a circle which shall pass through a given

point and touch a given straight line at a given point.

508. Describe a circle which shall pass through a given

point and touch a given circle at a given point.

509. Describe a circle which shall touch a given circle

at a given point and touch a given straight line.

510. AD, BE are perpendiculars from the angles
A and j5 of a triangle on the opposite sides

;
BF is per-

pendicular to ED or ED produced : shew that the angle
FBD is equal to the angle EBA.

511. If ABC be a triangle, and BE, CF the perpen-
diculars from the angles on the opposite sides, and K the

middle point of the third side, shew that the angles FEK,
EFK are each equal to A.

512. ^15 is a diameter of a circle
; AC and AD are

two chords meeting the tangent at ^ at jE^ and F re-

spectively: shew that the angles FCE and FDE are

equal. 25-2
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513. Show that the four straight lines bisecting tlio

angles of any quadrilateral form a quadrilateral which can
be inscribed in a circle.

514. Find the shortest distance between two circles
which do not meet.

515. Two circles cut one another at a point vl : it is

required to draw through A a straight line so that the
extreme length of it intercepted by the two circles may be
equal to that of a given straight line.

516. If a polygon of an even number of sides be in-

scribed in a circle, the sum of the alternate angles together
with two right angles is equal to as many right angles
as the figure has sides.

517. Draw from a given point in the circumference of a

circle, a chord which shall be bisected by its point of inter-

section with a given chord of the circle.

518. When an equilateral polygon is described about
a circle it must necessarily be equiangular if the number
of sides be odd, but not otherwise.

519. AB'\^ the diameter of a circle whose centre is (7,

and DCE is a sector having the arc DE constant
; join

AE, BD intersecting at P; shew that the angle APB is

constant.

520. If any number of triangles on the same base BC,
and on the same side of it have their vertical angles equal,
and perpendiculars, intersecting at Z>, be drawn from B
and C on the opposite sides, find the locus of 2>

;
and shew

that all the straight lines which bisect the angle BDG
pass through the same point.

521. Let O and C be any fixed points on the circum-
ference of a circle, and OA any chord; then if AC be

joined and produced to B, so that OB is equal to OA,
the locus of B is an equal circle.

522. From any point P in the diagonal BD of a

parallelogram ABGD, straight lines PE, PF, PC, PH
are drawn perpendicular to the sides AB, BC, CD, DA :

shew that EF is parallel to GH.
523. Through any fixed point of a chord of a circle

other chords are drawn
;
shew that the straight lines from

the middle point of the first chord to the middle points of

the others will meet them all at the same angle.

524. ABC is a straight line, divided at any point B
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into two parts; ADB and CDB are similar segments of

circles, having the common chord BD
;
CD and AD are

produced to meet the circumferences at F and E respec-
tively, and AF, CE, BF, BE are joined: shew that ABF
and CBE are isosceles triangles, equiangular to one an-
other.

525. If the centres of two circles which touch each
other externally be fixed, the common tangent of those
circles will touch another circle of which the straight line

joining the fixed centres is the diameter.
526. ^ is a given point : it is required to draw from

A two straight lines which shall contain a given angle and
intercept on a given straight line a part of given length.

527. A straight line and two circles are given: find
the point in the straight line from which the tangents
drawn to the circles are of equal length.

528. In a circle two chords of given length are drawn
so as not to intersect, and one of them is fixed in position ;

the opposite extremities of the chords are joined by-

straight lines intersecting within the circle : shew that the
locus of the point of intersection will be a portion of the
circumference of a circle, passing through the extremities

of the fixed chord.

529. A and B are the centres of two circles which
touch internally at C, and also touch a third circle, whose
centre is D, externally and internally respectively at

E and F: shew that the angle ADB is double of the

angle ECF.
5^0. C is the centre of a circle, and CP is a perpen-

dicular on a chord APB: shew that the sum of CP and
AP is greatest when CP is equal to AP.

531. AB, BC, CD are three adjacent sides of any

polygon inscribed in a circle; the arcs AB, BC, CD are

bisected at L,M,N; and LM cuts BA, BC respectively
at P and Q : shew that BPQ is an isosceles triangle ; and
that the angles ABC, BCD are together double of the

angle LMN.
532. In the circumference of a given circle determine

a point so situated that if chords be drawn to it from
the extremities of a given chord of the circle their differ-

ence shall be equal to a given straight line less than the

given chord.

533. Construct a triangle, having given the sum of the
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sides, the difference of the segments of the base made by
the perpendicular from the vertex, and tlie diflercncc of

the base angles.
634. Ou a straight lino AB as base, and on the

same side of it are described two segments of circles
;

P is any point in the circumference of one of the seg-
ments, and the straight line BP cuts the circumference of

the other segment at Q: shew that the angle PAQ is

equal to the angle between the tangents at A.

535. AKL is a fixed straight line cutting a given
circle at K and L

; APQ, ARS are two other straight
lines making equal angles with AKL, and cutting the
circle at P, Q and B, S : shew that whatever be the posi-
tion of APQ and ARS, the straight line joining the mid-
dle points of PQ and BS always remains parallel to itself.

536. If about a quadrilateral another quadrilateral
can be described such that every two of its adjacent sides

are equally inclined to that side of the former quadrilateral
which meets them both, then a circle may be described

about the former quadrilateral.

537. Two circles touch one another internally at the

point A : it -is required to draw from A a straight line

such that the part of it between the circles may be equal
to a given straight line, which is not greater than the

diflference between the diameters of the circles.

538. AI3CD is a parallelogram ;
AE is at right angles

to AB, and CE is at right angles to CB : shew that ED, if

produced, will cut AC at right angles.
539. From each angular point of a triangle a perpen-

dicular is let fall on the opposite side : shew that the rect-

angles contained by the segments into which each perpen-
dicular is divided by the point of intersection of the three

are equal to each other.

540. The two angles at the base of a triangle are

bisected by two straight lines on which perpendiculars are

drawn from the vertex : shew that the straight line which

passes through the feet of these perpendiculars will be

parallel to the base and will bisect the sides.

541. In a given circle inscribe a rectangle equal to a

given rectilineal figure.
542. In an acute-angled triangle ABC perpendiculars

AD, BE are let fall on BC, CA respectively; circles
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described on AC, BG as diameters meet BE, AD respec-

tively at F, G and H, K\ shew that F, G, H, K lie on the
circumference of a circle.

543. Two diameters in a circle are at right angles;
from their extremities four parallel straight lines are
drawn

;
shew that they divide the circumference into four

equal parts.
544. E is the middle point of a semicircular arc AEB,

and CDE is any chord cutting the diameter at D, and the
circle at C: shew that the square on CE is twice the quad-
rilateral AEBC.

545. AB is a fixed chord of a circle, AC is ^ move-
able chord of the same circle

;
a parallelogram is described

of which AB and AC are adjacent sides: find the locus of
the middle points of the diagonals of the parallelogram.

546. AB is a fixed chord of a circle, AC is a. moveable
chord of the same circle

;
a parallelogram is described of

which AB and AC are adjacent sides: determine the

greatest possible length of the diagonal drawn through A.

547. If two equal circles be placed at such a distance

apart that the tangent drawn to either of them from the

centre of the other is equal to a diameter, shew that they
will have a common tangent equal to the radius.

548. Find a point in a given circle from which if two

tangents be drawn to an equal circle, given in position, the

chord joining the points of contact is equal to the chord

of the first circle formed by joining the points of inter-

section of the two tangents produced; and deterniine the

limit to the possibility of the problem.

549. ^i? is a diameter of a circle, and AF is any
chord ;

C is any point in AB, and through C a straight
line is drawn at right angles to AB, meeting AF, pro-
duced if necessary at G, and meeting the circumference at

D : shew that the rectangle FA, AG, and the rectangle

BA, AC, and the square on AD are all equal.

550. Construct a triangle, having given the base, the

vertical angle, and the length of the straight line drawn
from the vertex to the base bisecting the vertical angle.

651. A, B, C are three given points in the circumfer-

ence of a given circle : find a point P such that if AP^
BP, CP meet the circumference at D, E, F respectively,

the arcs DE, EFmQ,y be equal to given arcs.
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552. Find tho point in tho circumference of a given
circle, the sum of whose distances from two given btraiglit
lines at right angles to each other, which do not cut tho

circle, is tho greatest or least possible.

553. On tho sides of a triangle segments of a circle are
described internally, each containing an angle equal to the
excess of two right angles above the opposite angle of tho

triangle : shew that the radii of tho circles are equal, that
the circles all pass through one point, and that their chords
of intersection are respectively perpendicular to the oppo-
site sides of tho triangle.

IV. 1 to 16.

554. From the angles of a triangle ABC perpendi-
culars are drawn to the opposite sides meeting them at

Z>, E, F respectively : shew that DE and DF are equally
inclined to AD.

555. The points of contact of the inscribed circle

of a triangle are joined; and from tho angular points of

the triangle so formed perpendiculars arc drawn to tho

opposite sides : shew that the triangle of which the feet of

these perpendiculars are the angular points has its sides

parallel to the sides of the original triangle.

556. Construct a triangle having given an angle and
the radii of the inscribed and circumscribed circles.

557. Triangles are constructed on the same baSe with

equal vertical angles ;
shew that the locus of the centres of

the escribed circles, each of which touches one of the sides

externally and the other side and base produced, is an
arc of a circle, the centre of which is on the circumference
of the circle circumscribing the triangles.

558. From the angular points A, B, (7 of a triangle

perpendiculars are drawn on the opposite sides, and ter-

niinated at the points D, E, F on the eircumfercncc of the

circumscribing circle : if Z be the point of intersection of

the perpendiculars, shew that LD, LE, LF are bisected

by the sides of tho triangle.
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559. ABCDE is a regular pentagon ; join ^(7 and BD
intersecting at O : shew that ^0 is equal to DO, and that
the rectangle AC, CO is equal to the square on EC.

560. A straight line PQ of given length moves so that
its ends are always on two fixed straiglit lines CP, CQ ;

straight lines from P and Q at right angles to CP and CQ
respectively intersect at B

; perpendiculars from P and Q
on CQ and CP respectively intersect at S: shew that the
loci of B and S are circles having their common centre
at (7.

561. Right-angled triangles are described on the same

hypotenuse : shew that the locus of the centres of the in-

scribed circles is a quarter of the circumference of a cu'cle

of which the common hypotenuse is a chord.

562. On a given straight line AB any triangle ACB is

described; the sides AC, BC are bisected and straight
lines drawn at right angles to them through the points of

bisection to intersect at a point D; find the locus of D.
563. Construct a triangle, having given its base, one of

the angles at the base, and the distance between the centre

of the inscribed circle and the centre of the circle touchmg
the base and the sides produced.

564. Describe a circle which shall touch a given straight
line at a given point, and bisect the circumference of a

given circle.

565. Describe a circle which shall pass through a given

point and bisect the circumferences of two given circles.

566. Within a given circle inscribe three equal circles,

touching one another and the given circle.

567. If the radius of a circle be cut as in II. 11, the

greater segment will be the side of a regular decagon in-

scribed in the circle.

568. If the radius of a circle be cut as in II. 11, the

square on its greater segment, together with the square on
the radius, is equal to the square on the side of a regular

pentagon inscribed in the circle.

569. From the vertex of a triangle draw a straight

line to the base so that the square on the straight line may
be equal to the rectangle contained by the segments of the

base.

570. Four straight lines are drawn in a plane forming
four triangles; shew that the circumscribing circles of

these ti-iangles all pass through a common point.
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571. The perpendiculars from the angles A and ^ of a

triangle on the opposite sides meet at D
;
the circles de-

scribed round ADC and DBC cut AB or AB i^roduced at

the points E and F : shew that AEis equal to BF.

572. The four circles each of which passes through the

centres of three of the four circles touching the sides of a

triangle are equal to one another.

573. Four circles are described so that each may
touch internally three of the sides of a quadrilateral : shew
that a circle ;may be described so as to pass through the
centres of the four circles.

574. A circle is described round the triangle ABC,
and from any point P of its circumference perpendiculars
are drawn to BC, CA, AB, which meet the circle again at

D, E, F: shew that the triangles ABC andDEF are equal
in all respects, and that the straight lines AD, BE, CF are

parallel.

575. With any point in the circumference of a given
circle as centre, describe another circle, cutting the former
at A and B

;
from B draw in the described circle a chord

BD equal to its radius, and join AD, cutting the given
circle at Q : shew that QD is equal to the radius of the

given circle.

576. A point is taken without a square, such that

straight lines being drawn to the angular points of the

square, the angle contained by the two extreme straight
lines is divided into three equal parts by the other two

straight lines : shew that the locus of the point is the cir-

cumference of the circle circumscribing the square.
'

577. Circles are inscribed in the two triangles formed

by drawing a perpendicular from an angle of a triangle on
the opposite side

;
and analogous circles are described in

relation to the two other like perpendiculars : shew that

the sum of the diameters of the six circles together with
the sum of the sides of the original triangle is equal to

twice the sum of these perpendiculars.

578. Three concentric circles are drawn in the same
plane : draw a straight line, such that one of its segments
between the inner and outer circumference may be bisected

at one of the points at which the straight lino meets the
middle circumference.



EXERCISES IN EUCLID. 395

VI. ItoD.

579. AB\^ a diameter, and P any point in the circum-
ference of a circle; AP and BP are joined and produced
if necessary; from any point (7 in AB a straight line is

drawn at right angles io AB meeting AP at D and BP
at E, and the circumference of the circle at F: shew that
CP is a third proportional to CE and CF.

580. A, B, C are three points in a straight lino, and D
a point at which AB and BG subtend equal angles : shew
that the locus of P is the circumference of a circle.

581. If a straight line be drawn from one corner of a

square cutting ojff one-fourth from the diagonal it will cut
off one-third from a side. Also if straight lines be drawn
similarly from the other corners so as to form a square, this

square will be two-fifths of the original square.
582. The sides AB, AC of n given triangle ABC are

I^roduced to any points P, E, so that PE is parallel to BC
The straight line PE is divided at F so that PFis to FE
as BP is to CE: shew that the locus of i^is a straight
line.

583. A, B, C are three points in order in a straight
line : find a point P in the straight line so that PB may be
a mean proportional between PA and PC.

584. A, B are two fixed points on the circumference
of a given circle, and P is a moveable point on the circum-

ference; on PB is taken a point P such that PP is to

PA in a constant ratio, and on PA is taken a point E
such that PE is to PB in the same ratio : shew that PE
always touches a fixed circle.

585. ABC is an isosceles triangle, the angle at A being
four times either of the others : shew that ifBC be bisected

at P and E, the triangle APE is equilateral.
586. Perpendiculars are let fall from two opposite

angles of a rectangle on a diagonal: shew that tliey will

divide the diagonal into equal parts, if the square on one
side of the rectangle be double that on the other.

587. A straight line AB is divided into any two parts
at C, and on the whole straight line and on the two parts
of it equilateral triangles APB, ACE, BCF are de-

scribed, the two latter being on the same side of the straight



396 EXERCISES IN EUCLID,

line, and the former on the opposite side
; G, II, ^aro the

centres of the circles inscribed in these triangles : shew
that the angles AGII, BGKarc respectively equal to tlic

angles ADC, BDC, and that GHh equal to gA^.
588. On the two sides of a right-angled triangle squares

are described : shew that the straight lines joining the
acute angles of the triangle and the opposite angles of the

squares cut off equal segments from the sides, and that
each of these equal segments is a mean proportional be-
tween the remaining segments.

589. Two straight lines and a point between them are

given in position : draw two straight lines from the given
point to terminate in the given straight lines, so that they
shall contain a given angle and have a given ratio.

590. With a point A in the circumference of a circle

ABC as centre, a circle PBC is described cutting the
former circle at the points B and C

; any chord AD of the
former meets the common chord BC atE, and the circum-
ference of the other circle at : shew that the angles
EDO and DPO are equal for all positions of P.

591. ABC, ABF are triangles on the same base in the
ratio of two to one

;
AF and BF produced meet the sides

at D and E
;
in FB a part FG is cut off equal to FE, and

BG is bisected at : shew that BO is to BE as DF is to

DA.
592. A is the centre of a circle, and another circle

passes through A and cuts the former at B and C; AD is

a chord of the latter circle meeting BC at E, and from D
are drawnDF and DG tangents to the former circle : shew
that G, E, F lie on one straight line.

593. In AB, AC, two sides of a triangle, are taken

points D, E; AB, AC are produced to F, G such that BF
is equal to AD, and CG equal to ^^; BG, CFare joined

meeting at H: shew that the triangle FUG is equal to the

triangles BHC, ADE together.
594. In any triangle ABC if BD be taken equal to

one-fourth of BC, and CE one-fourth oi AC, the straight
line drawn from C through the intersection of ^^ and
AD will divide AB into two parts, which are in the ratio of

nine to one.

595. Any rectilineal figure is inscribed in a circle :

shew that by bisecting the arcs and drawing tangents to

the points of bisection parallel to the sides of the recti-
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lineal figure, we can form a similar rectilineal figure cir-

cumscribing the circle.

596. Find a mean proportional betAveen two similar

right-angled triangles which have one of the sides contain-

ing the right angle common.
597. in the sides AC, BC of a triangle ABC points

Z> and E are taken, such that CD and GE are respectively
the third parts of AC and BC; BD and AE are drawn

intersecting at O : shew that EO and DO are respectively
the fourth parts oi AE and BD.

598. CA, CB are diameters of two circles which touch
each other externally at (7; a chord ^Z> of the former

circle, when produced, touches the latter at E, while a
chord BF of the latter, when produced, touches the former
at G: shew that the rectangle contained hy AD smd BE
is four times that contained by DE and EG.

599. Two circles intersect at A, and BAG is drawn

meeting them at B and C
;
with B, C as centres are de-

scribed two circles each of which intersects one of the

former at right angles : shew that these circles and the

circle whose diameter is BC meet at a point.

600. ABCDEF is a regular hexagon : shew that BF
divides AD in the ratio of one to three.

601. ABC,DEE are triangles, having the angle A equal
to the angle D; and AB i^ equal to DF: shew that the

areas of the triangles are as ^C' to DE.
602. If M, N be the points at which the inscribed and

an escribed circle touch the side u4C of a triangle ABC;
shew that if BM be produced to cut the escribed circle

again at P, then NP is a diameter.

603. The angle ^ of a triangle ABC is a right angle,
and D is the foot of the perpendicular from A on BC;
DM, DN are perpendiculars on AB, AC: shew that the

angles BMC, BNC are equal.
604. If from the point of bisection of any given arc of

a circle two straight lines be drawn, cutting the chord of

the arc and the circumference, the four points of intersec-

tion shall also lie in the circumference of a circle.

605. The sideAB of a triangle ABC is touched by the

inscribed circle at D, and by the escribed circle at E:
shew that the rectangle contained by the radii is equal to

the rectangle AD, DB and to the rectangle AE^ EB.



398 EXERCISES IN EUCLID.

GOG. Shew that the locus of the middle points of

straight lines parallel to the base of a triangle and termi-

nated by its sides is a straight line.

607. A parallelogram is inscribed in a triangle, having
one side on the base of the triangle, and the adjacent sides

parallel to a fixed direction : shew that tlio locus of the

intersection of the diagonals of the parallelogram is a

straight line bisecting the base of the triangle,
608. On a given straight line AB as hypotenuse a

right-angled triangle is described; and from A and B
straight lines arc drawn to bisect the opposite

sides : shew
that the locus of their intersection is a circle.

609. From a given point outside two given circles

which do not meet, draw a straight line such that the por-
tions of it intercepted by each circle shall be respectively

proportional to their radii.

610. In a given triangle inscribe a rhombus which
shall have one of its angular points coincident with a point
in the base, and a side on that base.

611. ABC is a triangle having a right angle at C\
ABDE is the square described on the hypotenuse ; F,G,H
are the points of intersection of the diagonals of the squares
on the hypotenuse and sides : shew that the angles DCEy
GFH are together equal to a right angle.

MISCELLANEOUS.

612. O is a fixed point from which any straight Hue is

drawn meeting a fixed straight line at P
;
in OP a point

Q is taken such that the rectangle OP, OQ is constant:

shew that the locus of Q is the circumference of a circle.

613. is a fixed point on the circumference of a circle,
from which any straight line is drawn meeting the circum-
ference at P; in OP a point Q is taken such that the

rectangle OP, OQ is constant : shew that the locus of Q is

a straight line.

614. The opposite sides of a quadrilateral inscribed in

a circle when produced meet at P and Q : shew that the

square on PQ is equal to the sum of the squares on the

tangents from P and Q to the circle.
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615. ABCD is a quadrilateral inscribed in a circle ;

the opposite sides AB and DC are produced to meet at F;
and the opposite sides BC and AD at E : shew that the
circle described on EF as diameter cuts the circle ABCD
at right angles.

616. From the vertex of a right-angled triangle a

perpendicular is drawn on the hypotenuse, and from the
foot of this perpendicular another is drawn on each side of

the triangle : shew that the area of the triangle of which
these two latter perpendiculars are two of the sides cannot
be greater than one-fourth of the area of the original

triangle.
617. If the extremities of two intersecting straight

lines be joined so as to form two vertically opposite tri-

angles, the figure made by connecting the points of bisec-

tion of the given straight lines, will be a parallelogram
equal in area to half the difference of the triangles.

618. AB, AC are two tangents to a circle, touching it

at B and C; H is any point in the straight line which

joins the middle points of AB and AC; shew that AE is

equal to the tangent drawn from E to the circle.

619. AB, AC are two tangents to a circle; PQ is

a chord of the circle which, produced if necessary, meets
the straight line joining the middle points oi AB, AC at

R
;
shew that the angles RAP, AQR are equal to one

another.

620. Shew that the four circles each of which passes

through the middle points of the sides of one of the four

triangles formed by two adjacent sides and a diagonal of

any quadrilateral all intersect at a point.

621. Perpendiculars are drawn from any point on the

three straight lines which bisect the angles of an equi-
lateral triangle : shew that one of them is equal to the sum
of the other two.

622. Two circles intersect at A and B, and CBD is

drawn through B perpendicular to ^^ to meet the circles
;

through A a straight line is drawn bisecting either the

interior or exterior angle between ^(7 and AD, and meet-

ing the circumferences at E and F: shew that the tangents
to the circumferences at ^ and i^ will intersect in AB pro-
duced.

623. Divide a triangle by two straight lines into three
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parts, which, when properly arranged, shall form a paralle-

logram whose angles are of given magnitude.
G24. ABGD is a parallelogram, and P is any point:

shew that the triangle PAC is equal to the difference

of the triangles PAB and PAD, ifP is within the angle
BAD or that which is vertically opposite to it

;
and that

the triangle PAC is equal to the sum of the trianglesPAB
and PAD, if P has any other position.

625. Two circles cut each other, and a straight Ihie

ABCDE h drawn, which meets one circle at A and />,

the other at B and E, and their common chord at C:
shew that the square on BD is to the square on ^^ as the

rectangle BC^ CD is to the rectangle AC, CE.
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